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Abstract Considering the generalized Davey-Stewartson equation it — Au + A|ulPu + pE(Ju|?)|u|?"2u = 0,
where A > 0, p = 0, E = F~1(¢2/|£|?)F, we obtain the existence of scattering operator in Z(R") := {u €
H'(R") : |zju € L2(R™)}.
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1 Introduction

In the present paper, we study the existence of the scattering operator for the generalized
Davey-Stewartson equation

it — Au + Mu|Pu + pE(|u]?)|u|??u = 0, (1.1)

where A > 0, u > 0, u = u(t,z) : R — C, @ = du/0t, A is the Laplace operator on R",
E = F~1(&2/|€)?)F, F denotes the Fourier and F~1 is its inverse transformation. Eq.(1.1) is a
generalization of the following Davey-Stewartson system:

{ iy + 0Ug 2y + Uzga, = X|U|2U + budy,,
¢$1$1 + m¢$2$2 = (|u|2)x1

In the theory of surface waves of water waves, the 2D generalization of the usual cubic 1D
Schrodinger equation turns out to be the Davey-Stewartson equation (cf. [2,3]). The parameters
0 and m are real, both y and b are complex. A large amount of work has been devoted to the
study of the Cauchy problem of equation (1.2) (e.g. [3,5,6,8,9,10,11,13]). Ghidaglia and
Sautl, Guo and Wang!®! discussed the well-posedness of (1.2) and (1.1) (¢ = 2) in the energy
space H', Wang and Guol'® showed the existence of scattering operators in a “band” of H?,
where the Cauchy data should be suitably small in the critical spaces. In this paper, we shall
use a different way considering the scattering operator of (1.1) for the large initial data. First,
we will derive the pseudo conformally invariant conservation law of (1.1), which is similar to the
nonlinear Schrédinger equation (cf. [4]). But some of the methods in [4] can not work on this
kind of nonlinearity E(|u|?)|u|?"2u, we need to use some special properties of the operator E
in the theory of Fourier analysis, and some techniques in [12]. By using the pseudo conformally
invariant conservation law of (1.1) and applying the time-space LP — L?" estimate method, we

(1.2)
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shall establish a decaying estimate and uniform boundedness for the solutions of (1.1), where
we assume that the initial value

u(0,2) = up(x) € Z(R™) :={u e HI(R”) s xlu € LQ(R")}
with the norm
lulls = [Jull g + || |2|wl| . (1.3)

Whence, we can obtain that the scattering operator S : Z(R™) — S(R™).
Now we state the main result of this paper.

Theorem 1.1. Letn € Né p.2¢—2¢€ [2,-4), (-4 =0 if n=1,2), St) = e "4,
n n = 3,

2 _ (1l _1 —J n=2
H=n-boam={ T 20

there exists a unique solution u(t) of the integral equation

fu) = MulPu+ pE(|u|?)|u|?u. Ifu™ € 3, then

u(t) = S(tyu- +i K St — 1) (u(r))dr (1.4)

such that u € C(R,$) N LYM(R, L"), (2< r < a(n))

Jim_[|S(=tu(t) —u s =0.

Moreover, there exists a unique u™ € ¥ such that

. . ot _
Jim [[S(=t)u(t) —u™ s = 0.

In addition, .
u(t) = S(t)u™ — z/t S(t—7)f(u(r))dr.

Thus the scattering operator S : u~ — u"V is a well-defined homeomorphism from ¥ to itself.

Let us now describe the content of this paper. The first section is introduction. In the second
section we shall derive three conservation identities including the L2, the energy conservation
law and the pseudo conformally invariant conservation law. Finally, we prove the main theorem
in section 3. As a byproduct, the global existence and uniqueness for initial data in X are also
obtained.

2 Derivation of the Conservation Laws

Proposition 2.1. Letn € N, u be a solution of (1.1) with the initial value ug(x) € X. Then,
we have the following conservation laws for all t € R:
(i) L%-norm law:
[u(®)ll2 = lluoll2;

(ii) Energy conservation law:
5 IVult)]l2 + 5 )tz + 2% U 5

1 2 A p+2 | M 1 2
:§HVUO||2 + mlluo\lm + 2—qHE2 (|U0|q)‘ o)

where B3 = FH&l/|€)F.
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(iii) Pseudo conformally invariant conservation law (the pcic law for short, cf. [4]):

4\
p+2

. 8A o Ap 1 2 ¢ 2
|z — 2itVull3 + m#uung; g U ()l + o5 e = 4)/0 Tllu(r)l} 137

4p k 1 2
+ing—n-2) / | B (u(r)[9)|dr = lzuol .

Proof. Let eq(u) = iuy — Au + Mu|Pu + pE(Jul?)|u|??u.
(i) It is known that it holds by virtue of the properties of the operator E. We omit its
proof.
(if) We consider
Re(eq(u),ut) =0,

where (-, -) denotes L?-inner product.
Noticing that
Dillullp5 = (0 + 2)Re(|ul"u, us)
and
Dil|E# (i), = 2qRe(E(ul") ul'~*u, ).
we have N
DIVl + 5l + 2B (ul ] =o. 21)

Integrating (2.1) over [0, t], we obtain the desired identity.
(iii) We consider
Re(eq(u)u) = 0.

Noticing that
V(Vui) = Aut + |Vul?,

we have
~Imu@ — ReV(Vua) + |Vul? + MuPT2 + pBE(Ju|?)|u|? = 0. (2.2)

Next, we easily see that
Re(eq(u)u,r) = 0.

Noticing that
-2
ReAut,r = V(ReVui,r) — V(g|Vu\2> + nT|Vu\2,

V(z|uP*?) = n|ulPT2 + (p + 2)Re|ulPut,r,

we have

— Imuti,r — V[Re(Vuﬂrr) - §|Vu\2] - anQ‘qu

+ Iﬁ [V (]ul?2) — nful?*?] + pReE(|u]®)[ult~2ui,r = 0. 2.3)
Consider

Ot (ut,r) + V(zura) = 2uiti,r + 2RexuVig + nua,

its imaginary part yields

Imd (uti,r) + ImV (zup @) = nIm(up@) + 2Im(ug@,r). (2.4)
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From (2.2)—(2.4), we have
— Imd; (uti,r) — ImV (zu, @) — nReV (Vua) + 2|Vul? + nX\|ulP T + nuE(|Ju]?)|u|?
_ _ _z 2 2) p+2\ _ p+2
2V [Re(VuuTr) 5 [Vul } + P [V(2[uPT?) — njulP*?]

+ 2uReE(|u|?)|u|? *ui,r = 0. (2.5)
Denoting (2.5) by
0X
E+V'Y+Z+S:0, (2.6)
where
X = —Im(uu,r), (2.7)
2
Y = —nReVua — 2Re(Vui,r) + z|Vul* + ?xm\p” — Imzu,a, (2.8)
p
npA 9
Z = 2|Vul]? + —=|ulP*? + npE(Jul?)|u|?, 2.9
[Vl ij2|| B ([u]?)]u| (2.9)
S = 2uReE(|u|?)|u|? *ut,r, (2.10)
we also have
Or|wu — 2itVu|* = O |ur|* — AlmzuVa — 4(VY + Z + ) + 40, (t*|Vul?). (2.11)
Since
ImV (Vuir?) = ImAutr? + 2ImVuiz
and )
§8t|ur|2 = ImAuar?,
we have
Or|ru — 2itVu|?* = 2ImV (Vuar?) — 44(VY + Z + S) + 8| Vu|? + 4t0,|Vu|>. (2.12)

Integrating (2.12) over R™ and in view of (2.1), we obtain that

8\ 4 1 4\
. 2 2y, 11p+2 Koo i 2 p+2
Dy [Hl‘u — 2itVul|3 + mt ullpiz + 7t |Ez (|U|q)H2} + m(”p — Dtfullyis
4
4%7?Uw4—2ﬁHE%OuPHE+:/ ReE(|u|?)|u|??ui,rdz = 0. (2.13)
R’VL

Now, we estimate

1
/ ReE(|u|q)|u\q_2mEﬂdaﬁ:/ E(|u|q)\u\q_2xReuVadx:—/ E(|u]%)z - V(ju|?)dz
Rn Rn q Jrn

_1 i ’LLq €T uq
B q/Rn \§|2(7:| | F (2V (Jul?))de
1

ST ORPNIC IS O e NS 0)q
SBR[ e e Ve

Let v = Flu|?, we have

4t/Sda: - —#HE%(\UW)HZ (2.14)
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Hence, we have from (2.13)

A 2
(np — tl|ullp 5

8/\ 4/.L 1 2
D — 2itVul|2 + —Z—2||u||PT2 + L2 B3 (|ul }
t|lvu — 26 UH2+p+2 ullpis + . B2 (lul®)||5] + )

(2.15)

4
N fmq_n—z)tuﬁuu\%ui =

Integrating (2.15) over [0, ¢], we obtain the pcic law.

3 Proof of Theorem 1.1

Now we recall the lemma needed to prove this theorem.

Lemma 3.1. (cf. [12, Proposition 0.1] or [7, Theorem 10.1]) Let2 < r, ¢ < a(n) (r, ¢ #
oo if n=2), S(t) = e "A. Then there erists a constant C > 0 such that

[15( )@Hvau Bs,) S < Cllellas, (3.1)

— < ’ s ’
|59 o < W, &

hold for all ¢ € H®, f € LV(Q)/(I;BS,’Q) and for all I C R, where 1/p+1/p’ =1.
Remark. Both (3.1) and (3.2) hold true if we replace B;, by H; when s € N (see [1,7]).

Proof of Theorem 1.1. 1t is clear that Proposition 2.1 holds if we replace ug by u™.
Using Proposition 2.1, we can get

[ullp+2 < C, lullm < C.
Thus, we obtain by the Sobolev embedding and the interpolation inequality

lulle < ellull yr-arse < Cllullin ™2 ullF57 <€, p+2<r<am)

7‘71)

and from the energy equality, we have for 2 <r < p+ 2,

lullr < Cllully™ llullpye < C,

where 0 = € [0,1]. Hence, we obtain

r—2  pt2
p T
lu]l» < C, 2<r <a(n). (3.3)

On the other hand, by the Sobolev embedding and the pcic law, we have

ullr = ||e‘%u|| <C|v(e Fru ||2 “qu 2/%(r)
A 20 -2 2/(r)
CH ( 44t u+ )H || Il < Clt|~ . (3.4)
Therefore, we obtain
lull, < Cmin{1, 1=/}, 2<r <an) (3.5)

and
ull v (m;ry < G, 2<r<an). (3.6)
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Noticing that
xS(—t)u = S(—t)(zu — 2itVu), (3.7)

we have via the pcic law
||$S(_t)uHL°°(]R;L2 < C.

)
So we have from the property of the operator S(¢) (cf. [4]
u € C(R,).

Thus, we proved u € C(R,X) N LY ")(R; L"), 2 < r < a(n).
Now we introduce the Galilei-type operator

J(t) = x — 2itV. (3.8)
By (3.7) and (3.4), we acquire
J(t) = S(t)xS(-t), (3.9)
T(t)u(t) = —2ite T v (e~ Fru(t)). (3.10)
Let w(t) = e~ 2 u(t), we get
lw(®)] = [u@)],  [J(Ou®)] = 2}t [Vw(t)]. (3.11)
Owing to (1.4), we have
S(—t)u(t) =u™ + z[ S(=7)f(u(r))dr, (3.12)
J()u(t) = S(t)zu + 1[ St —71)J(7) f(u(r))dr. (3.13)
By (3.4), we have for T < 0 and r > 2+ 2/n
Hu||LT(_OO7T;LT) . C(</T (‘t|,n(1/2—1/r))rdt>l/r < C|T|7n(r72—2/n)/2r' (3.14)

In view of (3.10), it is clear that

T (u(r) = ~2ire V(£ (w(r) (3.15)
and
|7 f (u(m)| = 2I7[ [V f (w(r)]- (3.16)
Let p=2+4/n,1/p+1/p' =1, we have
[7f (), =217 [V f (w(r)],- (3.17)
Since

V() = MV |wP)w + Mw|PVw + pE(V |[w])[w|**w + pE(jw]| ")V (|w]*~*w),

we obtain from the Hoélder’s inequality and the properties of the operator E, i.e. E € M,,
1< p< oo (cf [1]), that

IVl < C(Iwli, + ol ) IVwl,, (3.18)

ma2
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where ;- = 242 — pi - l = ﬁ (obviously, my,ma > 2 +4/n > 2+ 2/n). Then, by (3.15),

(3.16) and (3.11) we see that
|7 ()], <

So we have by the Hoélder’s inequality and (3.14)

C (Il + llullZ )1 Tu(r)]l,- (3.19)

2¢—2
HJf HLP —00,T;L°") < (Hu||im1(—oo7T;Lm1) + ||U||Lqmz(_oo,T;Lm2))||JU||LP(—<><>,T;L”)

S CBM)[Jull Lo (—os0,;L0) (3.20)

where B(T) := |T|~np(mi=2=2/n)/2my 4| p|=n(2a=2)(m2=2=2/n)/2m2  Thys, from (3.13) and
Lemma 3.1, we have

[Jull Lo (—o0,520) < Cllzu |2 + HJf(u(T))||LP'(7oo,T;L4/3)
< Cllzu |2 + CB(T) || Jul| Lo (=00, 13 10)- (3.21)

Taking Ty > 0 sufficiently large so that

l\:JI)—l

Cp(To) <

we have for T < —Tj
[Jull Lo (~00,m;20) < Cllu” |5 (3.22)

Due to (3.13), (3.20) and (3.22), we have for T' < —Tj
HmS -
<C||Jf(u

Ju(t) — wu_HLoo(_oo,T;m) = [|[J(®)u(t) = S(t)zu~ HL°°(—oo,T;L2)

HLP —00,T; L") < CB(T) — 0, T — —oo.

Thus, we obtain
|25 (—t)u(t) — :mf”2 — 0, t — —o0. (3.23)

On the other hand, by (1.4), the Strichartz inequality and (3.14), we have for T' < —Tj

lull 2o (—oo.rimy < Cllu” e + ClF (W)l o (—o0 zimr,)

— 2q—2
<Ol |l + C(”u” L™1 (—o00,T;L™1) + ||uHLqu oo’T;L"q))HUHL/’(*OO,T;H},)

_ 1
S Ol + 5llull 2o (—oo,rm)-

Thus,
llull o (—oo,m;m1) < C. (3.24)

From (3.12), (3.14) and (3.24), we get
HS(—t)U( ) —u HLoo —oo,T;H) CHf( )HLPI(foo,T;H;,) < Cﬁ(T) - 0’ T — —oo.

Thus, we have
[S(=t)u(t) —u ||z —0,  t— —o0.

Hence, we obtain
IS(=t)u(t) — u™ || — 0, t — —o0.

We now define

+oo
ut () = u(t) + z/t S(t—7)f(u(r))dr
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and let uT(0) = u™. Then we show in the same way as above that
||S(—t)u(t) —u*HZ — 0, t — +o0.

The proof of the uniqueness of u(t) and u™ is standard, one can refer to [3,4]. Thus, the
existence of the scattering operator S : u~ — u™ is established.
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