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Abstract The one-dimensional tran sient quantum Euler-Poisson system for semi— 

conductors iS studied in a bounded interva1．The quan tum correction can be interpreted 

as a dispersive regularization of the classical hydrodynamic equations and mechan ical 

effects． 

The existence an d uniqueness of local—in—time solutions are proved with lower regu— 

larity an d without the restriction on the smallness of velocity，where the pressure—density 

is general(can be non—convex or non-monotone)． 
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1． Introduction 

In 1927，M adelung gave a fluid—dynamical description of quantum systems governed 

by the Schr6dinger equation for the wave function ： 

，
2 

i~0t~=一≥△ 一 in 
(．，0) = 0 in R ， 

R ×(0，∞) 

where d ≥ 1 is the space dimension，￡ > 0 denotes the scaled Planck constant，and 

V=y(x，t)is some(given)potentia1．By separating the amplitude and phase of = 

exp(iS／~)，the particle density P= and the particle current density J=pVS 

for irrotational flow satisfy the so-called Madelung equations[1】 

Otp+divj：0， 

Otj+div(孚) 一譬p ( )=⋯ (1．1) 
(1．2) 
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The equations(1．1)一(1．2)can be interpreted as the pressureless Euler equations includ— 

ingthe quan um B0hm poteI1tial 
E △ 

2 P 
(1．3) 

They have been used for the modelling of superfluids like Helium lI l 2，3 1． 
Recently，Madelung—type equations have been derived to model quantum phenom— 

ena in semiconductor devices，like resonant tunnelling diodes，starting from the W igner— 

Boltzmann equation[4】or from a mixed—state Schr6dinger—Poisson system[5，6】．There 
are several advantages to the fluid—dynamical description of quantum semiconductors． 

First，kinetic equations，like the W igner equation，or Schr6dinger systems are computa- 

tionally very expensive，whereas for Euler—type equations efficient numerical algorithms 

are available【7，8】．Second，the macroscopic description allows for a coupling of classical 

and quantum models．Indeed，setting the Planck constant E in(1．2)equal to zero，we 

obtain the classical pressureless equations．So in both pictures，the same(macroscopic 

1 variables can be used．Finally，as semiconductor devices are modelled in bounded do— 

mains．it iS easier to find physically relevant boundary conditions for the macroscopic 

variables than for the W igner function or for the wave function． 

The Madelung—type equations derived by Gardner【4】and Gasser et a1．【5】also 
include a pressure term and a momentum relaxation term taking into account of in— 

teractions of the electrons with the semiconductor crysta1．and are self．consistently 

coupled to the Poisson equation for the electrostatic potential ： 

p+divj=0 

Otj+div(孚)+ 一譬p ( )=一事 
△ =P—C( ) in Q×(0，∞)， 

(1．4) 

(1．5) 

(1．6) 

where Q c is a bounded domain，丁>0 is the(scaled)momentum relaxation time 

constant， >0 the(scaled)Debye length，and c(x)is the doping profile modelling the 

semiconductor device under consideration[9，10]．The pressure is assumed to depend 
only on the particle density and，like in classical fluid dynamics，often to have the 

expression 

P(J9)=T o J97
， p≥O， 7≥l， (1．7) 

with the temperature constant To>0 employed[4，1 1]．Isothermal fluids correspond to 
= 1，isentropic fluids to 7>1．Notice that the particle temperature is T(p)=Tof_。． 

The equations(1．4)一(1．6)are referred to as the quantum Euler—Poisson system or 
the quan tum hydrodynamic mode1． 

In this paper，we investigate the local existence of solutions of the following one— 

dimensional quantum Euler—Poisson problem： 

pt+(pu)。=0 (1．8) 

维普资讯 http://www.cqvip.com 

http://www.cqvip.com


308 Hao Chengchun，Jia Yueling and Li Hailiang V01．16 

)c+(pu2+P 1 2p( ) 一 
=P—C(x)， 

( ，P)(z，t=0)=(uo，po)， 

( ，pz， z)( =o，t)=( ，p ， )( =l，t)：(o，o，o) 

(1．9) 

(1．10) 

(1．11) 

(1．12) 

for( ，t)∈(0，1)×(0，oo)，where P0>0． 
So far，to our knowledge．the known results on the existence of the time．dependent 

system (1．4)一(1．6)with different boundary conditions have been obtained in『121 for 

smooth local—in—time solutions on bounded domains and in『131 for general pressure 
and non—constant doping profile with the smallness of the velocity

． 

In this paper，we consider the initial—boundary—value problem (IBVP)f1．8)．(1．12)， 

with different boundary conditions compared to the one in f131 and『121 with general 
pressure and non—constant doping profile，and without the restriction on the sm allness 

of the velocity．、ve will establish the loca1．in．time existence of classical solutions fP， ， ) 

of the IBVP(1．8)一(1．12)． 

In dealing with the IBVP(1．8)一(1．12)，we introduce a new variable to overcome the 
difficulties caused by the lack of smallness of initial data and by the avoidance avoid 

hyperbolicity with the equation for ．This will be explained later in Section 3
． 

Notations：Denote Q：= (0，1)．Let L2= L (Q)and日七=Hk(f~)stand for the 
Lebesgue space of square integrable functions and the Sobolev space of function with 

square integrable weak derivatives of up to order k，respectively
．

The norm of L2 

is denoted by II·II，and the norm of H七is lI． The space璐 =璐 (Q)is the 
closure of (Q)in the norm of H七．Let T>0 and let B be a Banach space．Then 
Ck(0， ； )(Ck([0， 】； )，respectively)denotes the space of —valued up to后．times 

continuously differentiable functions on(0，T)([0，T]respectively)，L (0， ； )is the 
space of —valued L2_functions on(0， )．C always denotes a generic positive constant

．  

It is convenient to m ake use of the variable transform ation P = w2
， e = 西 in 

(1．8)一(1．12)which yields the following IBVP for(w， ，e)： 

2wwt+(w )z=0， 

( +(W2U2-{-P( ) = +去E2W2( ) 一 W2U 
ez=w 一C( )， 

( ，w，e)( ，t=o)=(tt0，wo，eo)， 

( ，wz，e)( =o，t)=( ，w ，e)( =l，t)=(o，o，0)， 

(1．13) 

(1．14) 

(1．15) 

(1．16) 

(1．17) 

where 0=、／ ，eo=／．( 3( )一C(y))dy．From(1．14)and(1．17)，it is c1ear that 0 
wzzz(0，t) wzzz(1，t)：0．This problem is equivalent to(1．8)．(1．12)for the classica1 
solution with positive particle density

． 
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Throughout this paper．we will assume compatibility conditions for the IBVP(1．1 3)一 

f 1．171 in the sense that the time derivatives of the boundary values and the spatial 

derivatives of the initial data axe compatible at( ，t)= (0，0)and( ，t)= (1，0)in 

(1．13)一(1．17)． 
We have the following local existence result for the IBVP(1．8)一(1．12)： 

Theorem 1．1 Assume that 

P(p)∈C (0，+。。)， C( )∈H ， (1．18) 

(P0， 0)∈H ×H such that po(x)>0 for z∈[0，1]_Then，there is a number >0 

(determined by(3．5，}))．such that there exists a classical solution l、P，u， of the IBvP 

(1．8)一(1．12)in the time interval 0，T satisfying 

p(t)ll；-t-Ilu(t)lli-t-lie(t)幛<。。 for t≤ 

Theorem 1．1 iS proven by an iteration method and compactness arguments．More 

precisely，we construct a sequence of approximate solutions which is uniformly bounded 

in a certain Sobolev space in a fixed time interva1．Compactness arguments imply that 

there iS a limiting solution which iS just a 1ocal—in—time solution of(1．13)一(1．17)． 

Following『1 31，the idea of the 1oca1 existence result iS first to 1ineaxize the system 

(1．13)一(1．15)，around the initial data(WO，UO，eo)，and then，to consider the equations 

for the perturbation( ，77，E)=(W—W0， —U0，e—e0)．The main step is to change the 
evolution equation for the perturbation of particle density into a semi—linear fourth— 

order wave equation，then，construct iterated equations of( ， )(P∈N)from 
a fixed—point procedur e，and obtain the uniformly boundedness of their solutions．At 

last，by the standard compactness argument，the desired solutions( ，77，E)of the 
perturbation problem come out as P tend to infinity． A further analysis shows that 

(W， ，E)=( +W0，77+U0，E+e0)with W>0 is the expected local—in—time solution 

of the original problem (1．13)一(1．17)． 

2． A Semi—linear Fourth—order W ave Equation 

Consider V：={ ∈H ： zlz：0，1=Uxxxlz：0，1=0)and L ，endowed the scalar 

products(·，·)and(·，·)，respectively．Furthermore，we consider the following initial— 
value problem on L2： 

， + =i 
Ut+ + +￡ ，=F(￡)， ￡>0， 

u(0)=U0， (0)=Ul， 

(2．1) 

(2．2) 

where the primes denote derivatives with respect to time，7-，／．I> 0 axe constant，A = 

is an operator defined on 

D( )={ ∈H ： l ：0，1=Uxxxl ：0，1=0)， (2．3) 
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and the operators￡ and F are given by 

(￡u， )= 6( ，￡)u。 dz， u， ∈ 

( ) = ， ∈ 2 

where b，，：[0，l】×[0，T] IR are measurable functions· 
Re1ated to the operator A，we introduce the coercive，continuous，symmetric bilinear 

form a(u， ) ． 
r L 

0(u，JU)=王／／ uzz z dx， u， E 
0 

There exists a complete orthonormal family of eigenvectors(ri}isu of L and a family 

of eigenvalues{ )i∈N such that 0< 1< 2<⋯ and ∞ as i ∞·The family 

n) ∈N is also orthogonal for a(u，V)on H，i．e． 

(n，rj)= ， a(ri，rj)=v(A#i， )= Vi，j； 

By using the Faedo-Galerkin method[14，l5】，it is possible to prove the existence 

of the solutions of(2．1)-(2．2)．The result is summarized in the following theorem· 
Theorem  2．1 Let To> 0．A8SUrl~e that 

F∈C1(0，To；L )， b∈C ([0，死】；H。)n W ，。。(0，TO；H )． (2．4) 

Then u0∈D(A、)and Ul∈H。there exists 8 solution oj(2．1)一(2．2)satisfying 

u∈ ([0， ]； ( ))n C ([0，死]；日)n C ([0， ]；L2) 

M oreover,assume additionally that 

F∈C ([0， 】；H ) 

Th en， u0∈H n D(A)and u1∈H satisfy 

it holds 

vAuo+C( 1)一F(O)∈H ， 

u∈C ([O， 】；H5-2／)， f=0，l，2 

Proof The proof is standard，ef．[13，l6] the details are omitted． 

(2．5) 

(2．6) 
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3． Local Existence 

In this section we prove Theorem 1．1． We 1inearize the equations(1．13)．(1．15) 

around the initial state(W0，U0，eo)and prove the local-in-time existence for the per— 

turbation( ，叼，E)： (W一叫0，u—U0，e～e0)．For this，we reformulate the original 

initial-boundary value problem (1．13)-(1．15)．For given Up=( ， ， )，we obtain 
the following linearized problems for Up+ ：( p+1， +l， +1)，P∈N，write“以”for 
the spatial derivative and “ ”for the time derivative： 

J +1+ 1 +1：卯( ， )， I 
+1( ， )=0． 

f + + + + +1+ + + ( ，uP)ox~~+ =9 ( ， )， { 
p+ ( ， )=0， + ( ，0)= ( )：=一叫。。u。一 叫。u。 ， 

l 0xep+l(0，t)=如 +1(1，t)=0， 【 
+1(o，t)= +1(1，t)=0． 

』 +1=(2wo+ ) ， 
【 +1(0，t)= +1(1，t)=0． 

where ：{E。and 

9。( ， )=一 1 u
。 一 

一= 

W O 

+ E + e。+ 
2 WO 7- "十 ( + ) 

E ( p+叫o) ( +wo) 2 ( +U0) 

2( p+wo) 。 p+W0 

( ，Up)=2( + 0)， 

一

雌 。一 + ( + o) 2( +U0) 

+( p+wo)。( +uo)( 

+  
2(vp+uo) ( +wo) 

(3．1) 

(3．2) 

(3．3) 

+ W0 ’ 

+ W0 

+uo) 一( +uo) ( p+Wo) 

+( +叫。)( + 。) + { + 一( +叫。) ( +e。) 
一  

c +叫。)。+ +wo c c )+ ％ -_ 等 (3．4) 
We apply an induction argument to prove the existence of solutions of(3．1)．(3．3)． 

．

Lemma 3·1 Under the assumption of Theorem』．』，i．e．P(p)∈C (0，∞)，c(x)∈ 

H ，(WO，u0)∈H ×H with wo(x)>0， ∈(0，1)，there exists 0 sequence{Up} 1 

solutions of ／)- ． in the time interval t∈[0， ] r sDme >0 c i‘s 
independent o]p，satisfying the regularity properties 

f 77p∈C ([0， ]；H ) { 
∈C ([0， 】；H ) l=0’1】2；P∈N L ∈C ([0， 】；H ) (3．5) 
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and the un rm boundedness 

f I1,7；(t)ll +II( ， )(t) ≤Mo， {II
( ， ， )(t)I 日。 H。≤Mo，p∈N，t∈[0， ] (3·6) 

【Ilnp(t)ll ≤1，ll ∞(t)ll ≤ 4 11o111 

where mo>0 is a constant independent UV ∈N)and ． 

Proof Stepl：solutions of(3．1)一(3．3)．We introduce a new variable唧 satis· 
fying 

f 2 +2 zt上p+ pt上pz：0， 
{~op(o， (0))=wo(xo)， (3．7) 
L )=up( (t)，t)． 

where X0=z(0)．From (1．6)，(1．9)and(3．7)，for( ，t)∈(0，1)×(0，oo)we have 

【 一唧】( ，t)=0， i 【Wp一 (z，0)=0 

Along the characteristic 

(t)=Up( (t)，t)， x(o)=X0∈(0，1)， 

it follows from (3．7)that 

which implies 

p
( (t)，t)=俪 exp t一 1 u

p (z(s)，s)ds> 

>0 i， P0>0， 

and 

m ≤qop≤M i， up∈H 

where m and M  are constants independent of P．Moreover，we have 

ll鲁llL ≤ -- p--e c 卅；日 ， M． 
Therefore，we shall replace_=一or_÷一 by-=-and reset Up：=( ， ， ， )． 

Obviously，U =(0，0，0，W0(x0))satisfies(3．5)一(3．6)．Starting with U =(0，0，0， 

叫0( 0))，we prove the existence of a solution U =( 2，r／2，E2， 2)to(3．1)．(3．3)satis· 

fying(3．5)·(3．6)．The functions go(x，U )，gl( ，U )and ( ，U )only depend on the 

initial value(0，0，0，W0(x0))and the boundedness of 口such that 

go(x，U )∈H2， gl( ，U )∈H ， ( ，U )∈H2， 

I[go(x，U )II2+J Jgl(x，U )l J1+II ( ， )II2≤CoO-，E，M)(Io+1)， (3．8) 
Otgo(z，U )=Otg1( ，U )=Ot~(z，U )=0 
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where Co> 0 is some constant and 

而：II 0II2+Ilu0II2+IIcII +Ile011； (3．9) 

For the linear system(3．1)一(3．3)，the local existence of a solution U =( 2，叼2，E2， 2) 

follows from the theory of ordinary differential equations，applied to(3．1)；Theorem 

2．1 with f(x，t)=go(x，U )and b(x，t)= (z，U )，applied to(3．2)；and integral 

theory，applied to(3．3)．The solution U satisfies(3．5)with =T and the first two 

inequalities of(3．6)with P=2． 
We show in the following that U satisfies the last two inequalities of(3．61 for 

t∈『0， 1，where >0 iS given by 

r 

=min( 2 (而+ ln2 1) ’2(3+／0)’ 

From (3．1)and by integrating，we obtain 

Co )． ( +1)J‘ 

叼2(t)=9。( ， ) t 
exp_[一(t—s))ds， t∈[0,Td 

hence，in view of(3．10) 

~2(t)ll；≤砰Ilgo(x，U )11；≤1，t∈[0， ]． 

(3．10) 

(3．11) 

Multiplying the differential equation in(3．2)by ，integrating the resulted equation 

over(0，1)X(0，t)for t∈[0， ]and integrating by parts，we have 

砂2船(t)ll ≤ 

≤ 

l II +c0(x0+1)2T1)e2(3“0)T1 

4110
1II ． (3．12) 

This proves the last two estimates in(3．6)．Moreover，by the Poincar6 inequality 

and the boundary conditions in(3．2)，it follows from(3．12)that 

( ≤( +4)11o II ， t∈[0， ] (3．13) 

Now，assume that there exist solutions{U )p’l ≥2)of(3．1)．(3．3)on the time 
interval[0， ]where is given by(3．10)，satisfying(3．5)一(3。6)．As the procedure 
above，for given Up，there exists a solution Up+ =( +l，rlp+1， +l， p+1)of(3．1)一 

(3．3)in the interval[0，Td，satisfying 

rlp+l∈C ([0，Td；H )， 

+l∈Cf([0，Td；H5-2／)，l=0，1，2 

+l∈C ([0，Td；H )． 

(3．14) 
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We will prove that there exist constants ∈(0， ]and >Co(i= l，2j 3，4j 5) 

independent of{U ) 1 j such that if Up satisfies on[0j T ]that 

驯l ≤ II =： ， 

( ， )(t)ll +ll (t)ll ≤K1， 

a (t)ll ≤K2， II 4 (t)ll；≤K3， (t)幛≤K4， 

叩p(t)ll；≤l， ll巩 (驯 ≤K5， 

then on[0， ]j Up+ also satisfies the following inequalities 

)ll ≤ II ， 

( +1， +1)(t)ll +ll +1(t)ll ≤K1， 

a p+1(t)I1 ≤K2， I1 p+ (t)11{≤K3， I1 +1(t)ll ≤K4 

,7p+1(t)II；≤l， II~'Tp‘+1(t)ll；≤K5． 

(3．15) 

(3．16) 

(3．17) 

(3．18) 

(3．19) 

(3．2O) 

(3．21) 

(3．22) 

Notice that it follows from (3．15)and(3．19)，employing the boundary conditions in 

(3．2)and Poincar~’S inequalityj 

( ≤( +4)110 II ， l1 + ( ≤( 4
- +4)110 II。， t∈[ ]． (3_23) 

Step 2：estimates for go，gl and ．Let Up satisfy(3．15)·(3．18)．Then a direct 

computation shows the following estimates for go(Zj Up)and gl(z，Up)j for t∈[0j ]， 

go(．，uv)(t)II ≤C(1+／o+IIa 2 p(t)lI +IIa p(t)II +II~~(t)ll ) 

≤C(1+Io+Ko+K1+K2) ， 

gOz(．，UP)(t)II ≤C(1+／o+ll (t)ll +II~~(t)ll +Ila2~p(t)ll 
+11a2~p( ；+lla主2 t 川21) 

≤C(1+／o+Ko+K1+／<2+K3+K4) ， 

gOzz(．，up)(t)II ≤C(1+／o+ll (t)ll +ll( ， )(t)ll +ll (t)ll 

+1104~p( +ll 2 t 川21)。 

≤C(1+／o+Ko+K1+ +K3+K4)。， 

gl(·，up)(t)II ≤C(1+／o+II~~(t)ll；+Ila~~p(t)ll +ll (t)ll 
+ll p(t)幛+ll一 p(t)ll。) 

≤C(1+／o+Ko+Kl+K2+K4) ， 

gl (·，Up)(t)ll ≤C(1+／o+I1％(t)ll +II~'p(t)ll +ll巩 (t)ll 

+ll (t)ll +Il (t)ll )。 

≤C(1+／o+Ko+K】+K2+ ) ， 

、l， 、l， 、l 、l， 、l，  4  5  6  7  8  
2  2  2  2  2  

3  3  3  3  3  

／，＼ ／，＼ ／，＼ ， ＼ ，I＼  
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9 (．， p)(t)II ≤c(1+Zo+1]G(t)fi +ii~／(t)ii。+IIG (t)ii}+iir／~(t)ii 

+11o。G(t)ll +Iio。G(t)ll +lI 2 p(t)II +lI (t)II ) (3．29) 
≤c(1+／o+K0+K1+K2+K4+Ks) ， 

9 。(．，up)(t)ii ≤c(1+／o+iia~~p(t)II{+iia~G(t)li}+iiG(t)ll{ 

+ ( +iiG'(t)ii + ( +ilr／~(t)il n、 
+II 叩 ( )II +11a~Wp(t)II +II (t)II ) 。 

≤C(1+ + +K1+K2+K3+K4-t-Ks) ， 

and estimates for ( ，Up)and E ( ，t)，for t∈[0， ]， 

(．，UP)(t)ll；≤c(1+／o+IIr／p(t)ll~) 

≤c(1+／o) ， 

(·，UP)(t)ll；≤c(1+／o+II叩 (t)II；) 

≤c(1+／o+Ks) ， 

(t)II；+II (t)ll ≤c(1+Io+IlCp(t)ll；+II (t)ll -t-IIG(t)ll~) 

≤c(1+Io+ + 】+ ) ， 

(3．31) 

(3．32) 

(3．33) 

where C>1 is a constant independent of Ki(i=0，1；2，3，4，5)． 

Step 3：estimates for r／p+1．Integrating(3．1)，we have 

C 

r／p+1(X，t)：／exp{一(t—s))90( ，up)(s)ds，0≤t≤ ≤ ， ∈[0，1】．(3．34) 
~，0 

上lrom I ·z4)一I ·26)we obtain the following estimates 

II叩p+ (t)II ≤( II9。(z， p)IIds) 
≤cT：(1+Zo+Ko+K1+ ) ， 

ll如叩p+ (t)II ≤( ll9。 (z， p)lIds) 
≤ (1+Zo+Ko+K1+K2+K3+K4)4， 

ll 叩p+ (t)II ≤( ll夕。。。( ， )llds) 
≤ (1+／o+Ko+K1+K2+K3+K4)。． 

Moreover，from f3，11 we have 

“(t)ll ≤C(1lr／p+l(t)ll +II9o(z，uP)II ) 

≤c(1+砰)(1+／o+ +K1+K2) ， 

如 +1(t)ll ≤C(1la=r／p+1(t)II +fig0 (z，uP)II ) 

≤C(1+砰)(1+％+ o+K1+ + + ) 

(3．35) 

(3．36) 

(3．37) 

(3．38) 

(3．39) 
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圳 
2+ K3+ K4 

c。．4。 

Thus， +1 satisfies(3．22)if 

K5：2C(1+砰)(1+ +K。+ 1+ 2+ 3+ 4) 

and if satisfies 1 

≤ — =， 、／L
1 

(3．41) 

(3．42) 

where 

L1：min{3C(1+Io+K。+ 1+ 2) ，3C(1+Io+K。+ 1+K2+K3+ 4)。)·(3．43) 

where 

differential equation in(3．2)by 

×(0， )and integrate by parts· 

川 

／0 2 + 川 s) ≤(II II + II9 II2ds)exp{ ‘(2+2 + (t)ll；+2I1．u。”； ds 
≤( + +T,L3)e (6 )， (3·44 

We have(3．16)if 

3： (1+ +Ko+K1+K2+ 4)。 

K1：4(i+ )， (3．45) 

and 

≤ min ， 

By differentiating the ev

t
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l y．

g

th e resulted equation by +1 and +1 and integratlI g OVe u’上 ^kU,上 c。 ⋯  J’ 

and integrating by parts，rwe have from(3．29)and(3·22)， 

+1
( )ll2+

≤ 

2

(，~llO~@
+。

+l(t) ll2

311~；(o)11 3110~11 2uIIO?Oll 3／= llgi(．，己，p zds) ≤( +l + + + ／n ， p)( ) ds) 
．＼eXp{ 2， ， )／o ( +3II77p+1lI；+3lIuo )ds) 

№ 

萋．一 

m 璐 

t堇训 

{8  ̈

{8 

～ 

S ¨ ．一 

h 
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where 

We have(3．21)if 

4=C(1+／O+Ko+K1+K2+K4+ ) ， 

5=3 max(2， 1八~(263+K5)． 

K4=2c(1+ )， 

(3．47) 

(3．48) 

and 

T,~< m in 1
，等)． 

Applying to the differential equation in(3．2)with respect to z，then multiplying the 

resulted equation by +1 and以 +1 and integrating over(0，1)×(0， )respectively， 

and using integration by parts，we have，with the help of(3．28)，(3．22)and(3．44)，that 

以 + (圳I +( +1)II如 + (驯I +2 3 + (圳I 
≤ [3lI9 ·， ㈤ +(3+6l )ll +6lIu II ]ds) 
．exp (4】 ) 州㈤ 0ll2)ds> 

≤C(1+／o+T,L6)e ( +。 0) 

where 

(3．49) 

6=3C(1+ + 0+ 1+ 2+K4)。+(15+6／o)(1+ + 3)eT1(。+ ) 

We have(3．21)if 

K2=C(1+／O)， 

and 

r 1 

≤min{F， L L6 4(8+3I
o) 

(3．50) 

嘶 (驯f ≤(3『I 略 (。)『I +( +3) 。+2 II。 

+／0(311g~z(‘， )(t)II ~3117；+1(t)ll +211r／v+1(t)ll。+211u。II +4ll +1(t) ds、) 
·

exp{2／o (3+2『I + (￡)『I}+2『Iu。『I{+II + (t)I + 3ll％2 i+ (t)Ilz)ds 
≤C(1+ + (1+ +Ks+L7))e L (3

．51) 

、●  ， ， ，  

y ，+ 2  

Z n ．三 

尝． 

d  

试 
n a ．耍-v一 一 

．暑 

m．曼 

t d K h 
．薹一吣 

m 
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Lr：C(1+／o+ + 1+ + + + ) ， (3．52) 

8：2(7+21o+蚝 + (1+ +TIL4)e )． (3-53) 

We have(3．20)if 

n(去， 
From (3．2)，(3．46)，(3．44)，(3．31)，(3．49)and(3．27)，we obtain 

ll p+1(t)Il ≤C(1l +1(t)ff +ll +1(t)ll +ll p+l(t)ll 

+ll ( ，Up)( ) +1(t)ll +ll91( ，up)(t)ll ) 

≤C(1+／o+T．L4 e L +2(1+Io+T．L3)e ( + ，0)+ 3 

+C(1+Io) C(1+／o+T,L4 eT．L5 

+C(1+／o+T,L6 e (8+3Io) ． (3．54) 

Differentiating the differential equation in(3．2)with respect to ，integrating over 

(0，1)，and employing(3．51)，(3．49)，(3．46)and(3．2s)，we can estimate +1 as 

P102~p+1(t)II ≤C⋯oq ， "+1(t)ll +ll如 ，p+1(t)ll。+ll如 p+1(t)ll 

+II ( ，Up)(t) +1(t)ll +ll ( ， p)(t) +1(t)l12+IIg1 ( ，uP)(t)ll ) 

≤c(1+／0+ (1+／o+K5+L7))e L +2C(1+／o+T,L6 e (8+31o)To 

+C(1+Io) ( (1+／o+ 4)e L5 

+C(1+／o+T,L4 e L )+L3． (3．55) 

We have(3．21)if 

K3：L3+K1+ (1+ + 3) ， (3．56) 

n )． 
Thus，we take 

T,=min ， ， __可，去，去，击，等，去， 
ln 2 l ln 2 ln 2 1 

’ ：一Ls’ 丽  ’ (3 7) 
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Now we ct1oose the constants as follows．Let Ki be given by(3．45)， 2 by(3．50)， 

by(3．56)， by(3．48)， 5 by(3．41)．The constant is determined by(3．57)． 

This shows that(Cp+l， +1)satisfies(3．19)一(3．22)for t E[0， 】． 

Step 5：the end of the proof．The uniform boundedness of +l E C ([0， 】；H ) 

of(3．14)follows from similar computation as (3．33)，where the index P is replaced by 
P + 1． 

By induction，we conclude that{ ) l is uniformly bounded in[0， 】with 

given by(3．57)and satisfies(3．5)一(3．6)uniformly for 

=max{K0，Ki， K2，K3，K4， ) 

The proof of Lem m a 3．1 is com plete． 

Proof of Theorem 1．1 By Lemma 3．1，the sequence{Up) l satisfies(3．5)一(3．6) 

uniformly in[0， 】．By applying the Ascoli—Arzela theorem and the Aubin lemma to 

{ p) l，it follows that there exists U=( ，叩，E， )satisfying 

叩E C ([0， 】；H )， 

E Cf([0， 】； 

E E C ([0， 】； 日 1 

H5-21)， f=0，1，2， 

and(maybe after extracting a subsequence) 

strongly in ([0， 】；H5 一 )， f-0，1，2 

叩 strongly in ([0， 】；H2一 )， 

E strongly in ([0， 】；H2一 )， 

(3．58) 

(3．59) 

(3．60) 

(3．61) 

for any >0．Note here，as in[i i]，we can prove that the whole approximate solution 
sequence converges as  P ∞ ． 

It is not difficult to verify that U is a solution of(3．1)一(3．3)where Up is replaced 
by U．Setting 

W = W0+ > 0， u = u0+ 叩， z= 0z+ E， 

we see that u E ([0， 】；日 )from(3．58)and(1．13)，(叫，u， )((P=W ，u， )，respec— 
tively)is a local—in-time solution of the IBVP(1．13)一(1．17)((1．8)．(1．i2)，respectively)． 
The proof of Theorem 1．1 is complete． 
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