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Abstract In this article, the author studies the initial-(Dirichlet) boundary problem for
a high-field version of the Schrodinger-Poisson equations, which include a nonlinear term in
the Poisson equation corresponding to a field-dependent dielectric constant and an effective
potential in the Schrédinger equations on the unit cube. A global existence and uniqueness
is established for a solution to this problem.
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1 Introduction

In the present article, we consider the self-consistent quasi-linear Schrédinger-Poisson equa-
tions (QSP) on the unit cube  := (0, 1)¢

iat"/)m = _%A'l/)m + V¢, meN, (11)

-V ((6()+61|VV|2)VV) =n-—n", (1.2)

n(@,t) = Anltm(x, 1), (1.3)
m=1

with the following initial data and boundary conditions

Pm (2, O) = dm(z). meN, (1.4)
Um(z,t) =0, on 0Q, meN, (1.5)
Viz,t) =0, on 09, (1.6)

where d € N, d < 3, ¢t € R and ¢y, €1 > 0. The wave functions {¢m(x,t)}men form a
sequence of complex-valued functions. A is the Laplace operator on R? and the electrostatic
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potential V' (x,t) is a real-valued function. {Ay, }men is a specified sequence of probabilities with
ZmeN Am = 1. n* is a given time-independent dopant density which may be represented as

n* =nh —ny, (1n

where nB is the density of donors and n, is the density of acceptors. We always look forward
to seeking a solution satisfying the following charge neutrality:

/(n—n*)dsz. (1.8)
0

This system (1.1)—(1.3) appears in the physical area of semi-conductor science and plasma
in the simulation of transport of charged particle [12]. A great deal of interesting research has
been devoted to the mathematical analysis for the Schrédinger-Poisson systems (see [1,2,3,5,6,7,8,9,
11,13] and references therein). In [2], Castella proved the global existence and the asymp-
totic behavior of solutions in the function space L? for the mixed-state unipolar Schrédinger-
Poisson systems without the defocusing nonlinearity, and in [3], the initial boundary value
problem for Schrodinger-Poisson system was considered where the system consists of a series of
Schrodinger equations. In [5], by using the pseudo-conformal conservation law of the bipolar
defocusing nonlinear Schréodinger-Poisson system and applying the time-space LP-LP estimate
method, we established the global existence and uniqueness and large-time behavior of the
solution to the bipolar defocusing nonlinear Schrodinger-Poisson system with initial data in
Y :={u € L?: |zju € L?}. In addition, the stationary solutions of (QSP) were discussed in
[6]. And the boundary valued problem with periodic conditions to (QSP) was considered in
[7]. In [8], by applying the estimates of a modulated energy functional and the Wigner measure
method, Jiingel and Wang discussed the combined semi-classical and quasineutral limit of the
bipolar nonlinear Schriodinger-Poisson in the whole space. However, to our knowledge, there
was no previous result on Dirichlet boundary problem for (QSP). In this article, we study the
initial-(Dirichlet) boundary problem for a high field version of the Schrédinger-Poisson system
including nonlinear terms in the Poisson equation (corresponding to a field-dependent dielectric
constant) and effective potentials in the Schrodinger equation on a unit cube. We prove the
global existence and uniqueness of solution for this problem with the help of the Schauder fixed
point theorem.

Now, let us introduce the following work spaces

X i= {0 = (Ym)men : ¥m € L), [¥]x = (3 AnllmlFa)? <oo},  (19)

meN
X!= {\IJ = (¢m)m€N Dthm € H(}(Q)v ||\Il||X1 = (z )‘m”wm”%ﬂ(ﬂ))l/z < OO} (110)
meN
and
X = {0 = (Wn)men : ¥m € HAONH(Q), [l x2 = (3 Al lfey)™* < o0} (1.11)
meEN

We can state our result on the global existence as follows.
Theorem 1.1 Let @ = (¢ )men € X2 and n* € C1(£)). Then, there is a unique solution
(T, V) of (1.1)—-(1.6) such that

T e CY(R; X)NnC(R; X?), (1.12)
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V € C(R; X?). (1.13)

with the conserved quantities
@ e Olx = 20)x, (1.14)
(i) VO )5 + el VV (L )2 + 3 Se1l|lVV (., t)|74() =const. (1.15)

2 Basic Estimates on Quasi-linear Poisson Equation

For convenience, we first introduce some notations. Denote A = (Ai)le, p=(p1, -.pd) €
R%, D; = 8/0x;, Dy, = 8/0pj, Dp = (Dp,,-+, Dp,) = Vp.

We now recall the following lemmas which will be used to prove our results.

Lemma 2.1(see [4, Theorem 15.19]) Let 2 be a bounded domain in R? satisfying an
exterior sphere condition at each point of the boundary 9Q. Let @ : w — divA(z,u, Du) +
B(z,u, Du) = 0 be a divergence structure operator with coefficients A* € C*7( x R x R9),
i=1,---,d, B€C'(QxRxRY), 0<~<1,satisfying the following hypotheses for all £ € R¢
and (z,2,p) € 2 x R x RY,

> Dy Allaz, )& > v(zD(1 +[p)7IE) 2.1)

i,J
where 7 > —1 is some real number and v is a positive, non-increasing function on R;

|DpA(z,2,p)| < u(jz)(1+ )" (2.2)

where p is a positive, non-decreasing function on R;

(1 +1pDID-Al + (Dol + B < ul|z])(1 + Ip))": (2.3)
p-A(z,z,p) 2 p|* — la12|" —a: (2.4)
B(x, 2, p)signz < by|p|*~ + |byz/* 7t 4 b5t (2.5)

where o = 742, a1, ag, by, b1, by are nonnegative constants. Then, for any function ¢ € C(99),
there exists a solution u € C(2) N C?7(Q) of the Dirichlet problem Qu = 0 in Q, u = ¢ on 9.
Lemma 2.2(cf. [10,Théoreme 1.1]) Let 2 C R be an open domain with regular bound-

ary 0f). Let A be an elliptic operator of second order
Au = Za”@x e + Zb,

where
Aij = Qji, biv (S (“Vl(ﬁ)’

Zaij&fj > vle)?, Vee R?,  for some v >0,
]
c>=0.
Assume that f € H">(Q) and ¢ is a convex function in C(R?). If there exists v € H2P(Q)(p >

d) such that
Av+ (Vo) — <0 in Q.
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v=0 on OfL.
Then, the problem
Au+o(Vu)— f=0 in Q,
u=0 on 90
admits a unique solution u € H& (). Moreover, u € H>P(£2) for all p < co.
Let A¥(z,z,p) = (€0 + €1|P|*)ps, B(x,2,p) = n—n* and ¢ = 0. By computing, we know
that the structure conditions (2.1)—(2.5) hold. In fact,
3Dy At = (0 +ealplP)IER = C(L+ Ipl)?IEP,
(%)
IDpA| = d(eo + €1|p|?) + 2e1|p|* = deo + e1(d + 2)[p|* < C(1 + |pl)?,
(1 +PDID: AL+ [DaA| + [n — 07| < |1 =1 llea < In— n*llo@ (T + PD,

p-A = (0 +e1p)|p)* > e1lpl,

o o el/3 ya-1
n—n"<|n—n"lcm =(n—n Hc(ﬁ))

Then, for n — n* € C1(£2), we obtain from Lemma 2.1 that there exists a solution V' € c)n

C?7(Q) of the Dirichlet problem (1.2) and (1.6).
Moreover, we have for p > d

1AV

P < ClAViic@) < ClAV gy @)

that is,
V € H*P(Q).
By Lemma 2.2, and taking coeflicients

aij(x) (60+51|VV| ) 5 bij=0,c=0

satisfying
Za@‘j&fj > (0 + 1| VVP)EI? > eole)?

and
=0,

we obtain V € H3? (p < o).

Lemma 2.3 Let V be a solution of equation (1.2) with the boundary condition (1.6) and
n—n* € H(). Then

(@) 1VV]|zeg@) < gnn n ||<51<3/W‘°’un—n I3y for 2 <p <4, (2.6)

.. w111/2

(i) 1AV]lz2 (e < 1/2 I~ n* [ gy lln = Lz 0

Proof (i) Multlply (1.2) by V and integrate. We get

/(n—n*)de:/—V-((50+61WV|2)VV)de
Q Q

_ /Q(eﬁelwvﬁ)wv;?dx:eouvvu%m) e[V e -
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Thus, by the Holder and the Poincaré inequalities, we have
£l VV|iZaq < /(n —n")WVdz < ||n— 0|2l Viizz@) < Clin— 0"l 2@ IVV]iL2(@)
Jo

that is,

Q

IVV] 2@ < j“” —n"||L2(q);

and
e1|VV |74 < /Q(n —n")Vdz < |In - n"|| Ly [ViliLe @) < Clin—n*lLi@)IVV i

that is,
c o113
1YV lzagy < =lin = n*li0)-
€1

Thus, by interpolation, we get the desired result (2.6).
(ii) Multiply (1.2) by —AV and integrate. By applying the proceeding assertions and the
boundary condition (1.6), we arrive at

- /(n—n*)Ade= / V- ((eg + &1|VV})VV)AVdz
JQ [e)
= eollAV|[12q) +51/ V- ([VV]PVV)AVdz
Q

= 50HAV|I%Q(Q) +e1 Z/Qamj(|VV12(9in)0Iﬂ,LVdm

—elz/ (VV 28,V s,2,0,Vd
i
= AV 2y - 1 Z/ﬂ Oy, (IVV 205, V)By, Ve
i
= EOHAVHiz(Q) +ElZ /Q ,vV12(6Zl£]V>2d.T
7,5 °
1
+512/ 8levv|2 . §8$j|8,,;tV|2d;r
AL
. . €
= g0l AV 320 +elz/QNV|2(dzizjv)2dx+ %Z/Q(O%IVVIQ)zdx
27.] ]
> eol|AV|[72(0)

This, with the help of the Hélder’s inequality, yields

| /\

EOHAVII%Z(Q) /Q(n —n")AVdz < |ln—n !|H1 (Q)HAVHH @)

IA

IVV]iLs)lln — ”*HH;B(Q) <Cln- ”*HLl(sz)“” - ”*HH;/3(Q)'

Hence, (2.7) follows.
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3 Global Existence and Uniqueness

We give the proof of Theorem 1.1 in the following. Let us show the conserved quantities
(1.14) and (1.15) first.

We use v, as a multiplier to (1.1) and integrate the resulting equation over Q. Then
(1.14) follows by taking the imaginary part.
Multiplying (1.1) by 8;¢,, and integrating it, we obtain

1 _ _
/ { — By, + 5 VO V,) + V¢m8t1/1m}dx =0.
Q
Taking the real part, we get
1 2 1 2
ZatHVmeLZ(Q) = _5./52V3t]¢m| dz.

Thus, we have

1
%atnv\pu%( —%/ Voyndz — 5/ 8V - (o + e [VV2)VV)]Vidz
Q Q -

Il

% / A((eo + 1| VV 1) VV) - VVdx
Q

"

1 3
-1 | 00TV Eaey + 30 TV s

which implies (1.15).
Denote for R, T >0
Yer ={ ¥ = n)men: ¥ €CH0,T;X)N L0, T; X?),
[llcorx) < I1®@lx, 1¥]Lemrxz) < R, [|¥]ciorx) < R}

It is clear that Y r is a bounded closed convex set (cf.[3]).
Given A = (am(t,z)) € Ygr , denote

’I’LA(t,w) = Z >\m!(1m|27

m=1
then, we have

Inallzs < Y- Amllamlis < |21% < C,

m=1

o

Inallzee <D Amllamllie < l1®]%: < CR.
m=1
By interpolation, we see

Inallcr < CR¥?  ¥p>1, 1/p+1/p = 1.

We replace n by n4 in the Poisson equation (1.2), then, we know that there exists a solution
V of (1.2) by the statement of Section 2, and by Lemma 2.3, we have, for 2 < p < 4,
IVVlize < Cllna — n* |5 lna — n*( 72
< Cllna —n*| 32~ < CRYP 4 Clln|[ 7
< C+CRYP-!
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and
[8Vliz2 < Cllna =n7lg2 < Clmally? +{nl7 )
< CUIAIZIAIY? +C) < C(RM2 1 1),

Let S(t) be the L? isometry group generated by $iA. For any ¢ € [0,T] we have, with the
above V, that

Pm(t) = St)bm — 1/ St — )V, (r)]dr, ¥YmeN.
o)z < 1S bmllm + / 1S(E = TV (7)o (7)) a2l

< bmllare + / IV (o (1) 2l

IV m(T) e = [Vimllee + IVVPm)llL2 + [AVm)]| L2
< CUVIVYm)llee + 1AVYm| 2 + [VV - Vi |2 + [V AY | 22)
< CUIVVIialldmlize + VI lIViimllez + AV 2| ¢ml L=
FHIVV Ll Vipmllzs + [Vl [ A%mllL2)
< C(RY? + 1)l 2

Thus, we have
10]xs < @]z + / IV (P (1) 2l < @] x2 + / C(RV? 4+ 1)|9)| yadr

1 1/2yn
[Pellx < §“A‘I’HX FVO|x < C||®| x2S+ 1

This implics, by the Gronwall’s inequality, that

max([| ¥ (8)]]x, 1 (t)]|x2) < C)@] x2eCTHEIT ¢ e [0, 7). (3.1)
Hence, taking R > Ce||®|| x> and T < W’ we get
¥ e YR,T~

Now, we can define the mapping 7 from Yg ¢ to itself by
T:A— T

In order to apply the Schauder fixed point theorem, we will subsequently prove that the mapping
T is compact. Given any Ax € Yp 1, denote 74, = T*. By the definition of Yg 7, we can
assume that

Ap = A weakly® in L>(0,T: X%

and A € L>(0,T; X?). By the compactness principle, we have

A — A strongly in C(0,T; X1).



122 ACTA MATHEMATICA SCIENTIA Vol.26 Ser.B

[na, —nallze <Ak — Allx || Ak + Allx2 < Cll A — Allx:.

Hence,
na, — na strongly in C(0,T;L%()).

From the Poisson equation (1.2), we have
—V - (€0 + €11VV4,[*)VVa,) = na, — n*,

-V (g0 + 51|VVA|2)VVA) =n4—n",

that is,
—V - ((e0 + €1]VVa, |P)VVa, — (g0 +€1|VVa|?)VV4) = na, —na.

By Lemma 3.1 as below, we get
€
0| V(Va, — Va)l[2e + zl—”V(VAk —Va)l1. < /(TLAk —na)(Va, — Va)dz,
Q
Thus, we have
IV(Va, = Va)lli» < Clina, — nallze.

Noticing Lemma 2.2 and the statement in Section 2, that is, Va,, Va4 € HS, (1 <p< ), by
the interpolation theory, we have

IVa, = Valluz < CllVa, — Val i IVa, = Vall e < Clina, —nal s
that is,
Va, — Va strongly in C(0,T; H*(Q) N H} ().

By the integral equation, we have

t
W (6) — YA ) = —i / S(t — 1)V, (D)6, () — Vi (r)]dr.
Similar to (3.1), it yields to
0% — T4 gz < 2] o[ Vi — Vol Valse,

that is,
T* - ¥4 strongly in L(0,T; X?),

and ¥4 € YR,T~

From the above convergence and the Schrodinger equation (1.1), we know that 7 is a
compact mapping. Therefore, by the Schauder fixed point theorem, there exists a fixed point
¥ such that U, the corresponding V' and n satisfy (QSP) with (1.4)—(1.6) for ¢t € [0,T]. By
the standard argument, we can extend the local solution to a global one.

Finally, we give the uniqueness of (QSP) with (1.4)—(1.6). We first state the following
lemma which will be used to prove the uniqueness.

Lemma 3.1 For any two functions u, v € H>*(Q), we have

/Q{(ao + 1| Vul*)Vu — (g0 + 1|Vo[*) Vol - V(u — v)dz

3
> 0|V (u = 0)llEa0) + 1V = 0) a0,
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Proof Let p= Vu, q= Vv. By using the Young’s inequality, we arrive at

(ip—al’.lp—al*) = (pl* + lal* ~ 2p - q,[p|* + |a* - 2p - q)
=4(p/’p —lal*q,p - q) - 3(p/%, Ip|*) - 3(la*.|al*)
+2(lpl* 1al*) + 4(p - a.p- q)
< 4lpi’p ~ lal*q,p — q)
where (-, -) is the inner product in L?(£2). Thus, (3.2) follows.
Next, we turn to the proof of the uniquencss. Let (U1, V(1 ) and (\I'(2 V) be two
so~luti0ns where ¥ — (yﬁf,?),,,,eN and ¥ = (1/17(3))7::&1\‘- Let ¢, = = i z/)(2) and U =
(¥m )men. Then we have

1
iax@’/’,(,v}) = —§Az/},<,§) + v l/) U (3.3)
1, . 20
10,92 = —§A’z/),(n2) + V@@, (3.4)
~ 1 ~
Otpm = =5 A + (V) — Vg, (3:5)

Multiplying (3.5) by ;;m we get

a7 L == : W@y (D _ (2
10 Ym, = ‘5A7j’mwm + (V(l)w%) - Va)l”g))(?f"m - Il’fn))

_ (3.6)
1 ~ = \ —
= 5 Aty VOO - VOO~ vODED 4 v @)
where
VOUDTE - VORI~ ou® + auE + <law£3>+ S AU

= i(&%{’w’ + Ot 1(5) En)) (Awm L)m + A 53)1/)(1,))-
Integrating (3.6) over 2 and taking thc imaginary part, we get
O |[¥m 2(q, + Re / (OPTL + 80T dx = 0, (3.7)
By computing, we know
Re(@ o + 0000 ) = SVl + P — [l

Thus, we obtain
at”"/fm”%%m =0.

Noticing that 1;'7,,,,(.757 0) = 0, we have
”'lgm”Lz(Q) =0, VmeN.
Hence, UM = ¥(2) in the sense of L2(2). We also have n(¥()) = n(®®) =: n and

-V ((eg+ a1 |[VVOPRYWVD) = — p* (3.8)
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-V - (g0 +e1]lVVOPRYWVP) = — n*, (3.9)
By (3.8) and (3.9), we have
—V (g0 + a1 VVI )WV — (g9 + &1 [VVP ) VYV @] = 0. (3.10)
Multiply (3.10) by V") — V) and integrate. By Lemma 3.1, we have

0= / (0 +e1|VVIPYWV D — (g5 + &1 VV @)WV . v (VD —_ v @4y
Q

€1
> | VIV =V, o) + Z”V(V(D - V(2))||%4(Q)'
Thus, by the Poincaré inequality, we obtain
VO = V®|pag) < CIVEY V)12 <O.

Therefore, V(1) = V) in the sense of L?(1).
Remark 3.2 We do not need the condition

/QV(:E,t)dx =0

which is needed to prove the uniqueness of solution to (QSP) with periodic boundary conditions
in [7].
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