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ABSTRACT. In this paper, we investigate the one-dimensional derivative non-
linear Schrodinger equations of the form ius —ugqe +iA |u|]C Uy, = 0 with non-zero
A € R and any real number k > 5. We establish the local well-posedness of the
Cauchy problem with any initial data in H'/2 by using the gauge transforma-
tion and the Littlewood-Paley decomposition.

1. Introduction. In the present paper, we consider the following Cauchy problem
for the derivative nonlinear Schrodinger equation

iy — Ugy + i |ulfuy =0, (t,2) € R?, (1.1)
u(0, ) = ugp(x), (1.2)

where u = u(t,z) : R? — C is a complex-valued wave function, both A\ # 0 and
k > 5 are real numbers.

A great deal of interesting research has been devoted to the mathematical analysis
for the derivative nonlinear Schrédinger equations |3}, [4] 6] [71, [8], (91 [0} 1T, 13} (18] 21].
In [13], C. E. Kenig, G. Ponce and L. Vega studied the local existence theory for
the Cauchy problem of the derivative nonlinear Schrédinger equations

g + Uge + f(uvaauxa am) =0, (t,l‘) € RQ,

with small data (0, z) = uo(z) in H/? where f is a polynomial having no constant
or linear terms with the lowest order term of degree being greater than or equal to
3. Subsequently, it was improved to H® by N. Hayashi and T. Ozawa [L1].

If the nonlinearity consists mostly of the conjugate wave u, then it can be done
much better. In the case f = (u,)¥, A. Griienrock, in [§], obtained local well-
posedness when s > s, = 3/2 —1/(k—1), s > 1, and k > 2 was an integer. In
particular, the global well-posedness in H'! is obtained when f = i(#,)? with the
help of the Bourgain spaces (cf. [2, 23]).
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In [21], H. Takaoka discussed the derivative nonlinear Schrédinger equation of
the form

Up — iUy + |ul®uy =0, (t,z) € R?,

and obtained the local well-posedness in H® for s > 1/2 by performing a fixed point
argument in an adapted Bourgain space X ; which yields a C'°*°-solution map.
A very similar equation to (1.1]) is the generalized Benjamin-Ono equation

up + Htgy £ ufu, =0, (t,z) € R?, (1.3)

where u is a real-valued function, H is the Hilbert transformation defined by
M) = i [ e*senF
R

and k > 2 is an integer, the symbol * (or %) denotes the spatial Fourier trans-
form. For this equation, L. Molinet and F. Ribaud [I6], [I7] obtained the local
well-posedness in the Sobolev space H® for s > 1/2if k=2,4, s > 3/4if k = 3 and
s> 1/2if k > 5 by using Tao’s gauge transformation. In [I4], C. E. Kenig and H.
Takaoka have shown the global well-posedness for the case k = 2 in H® for s > 1/2
by combining the gauge transformation with a Littlewood-Paley decomposition and
following the compactness argument with a priori estimates with the help of the
preservation of the Hamiltonian and the L?-mass.

In the present paper, we shall generalize the above results to the derivative
nonlinear Schrédinger equation with k > 5 by using some ideas in [14]. However,
we have to reconstruct new and complicated estimates for the case k > 5 which is
quite different from the case k = 2.

We first state the main result of this paper as follows, though we shall define
later the function space X7 at the end of this section.

Theorem 1.1. For any ug € H'/?, there exist a T = T(||uo||g1/2) and a unique
solution u of (1.1)-(1.2) satisfying
we C(-T,T); H/?) n X7

For convenience, we now introduce some notations. For nonnegative real numbers
A, B, we use A < B to denote A < CB for some C' > 0 which is independent of A
and B. A~ Bmeans A < B S A, and A < B denotes A < CB for some small
C > 0 which is also independent of A and B.

To give the Littlewood-Paley decomposition, let ¥ be a fixed even C*° function
with a compact support, suppy C {|§| < 2}, and (§) = 1 for || < 1. Define
(&) = (&) — ¥(2€). Let N be a dyadic number of the form N =27, j € NU {0}
or N = 0. Writing ¢on(£) = ({/N) for N > 1, we define the convolution operator
Py by Pyu = ¢n * u, where the symbol * (or .# 1) denotes the spatial Fourier
inverse transform. We define the function o by ¢o(§) =1—>" 5 ¢~ (&) and denote
Pyu = ¢o *x u. Then we introduce a spatial Littlewood-Paley decomposition [20]

> Py=1I
N
Throughout this paper, we often use the Littlewood-Paley theorem (cf. [20] 23])

1/2
<Z IPN¢|2> ~ |9l s
N

Lp
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for 1 < p < oo. We also use more general operators P«n and P<y which are
defined by

Pen= > Py, Pcy= Y Pu,
M<«N M<N

and Psn, P>y and Poy which can be defined in a similar way. The Littlewood-
Paley operators commute with derivative operators (including |V|* and i9; — 9. ),

+92 . . . ..
~9% and conjugation operations, are self-adjoint, and

the propagator S(t) = e
are bounded on every Lebesgue space LP and homogeneous Sobolev space H® if
1 < p < oo. Furthermore, they obey the following Sobolev and Bernstein estimates

for R with s > 0 and 1 < p < oo (which is similar to those of three dimensions [5]):
1P fll e SNTIVE Ponfllp
IP<y V1" fll o SN I1P<n fll o
XN = TN
which can be verified by combining the Bernstein multiplier theorem [I] and the

interpolation theorem of Sobolev spaces.
We define the Lebesgue spaces L1, LP and LPLJ, by the norms

1£lzgz = |11z o Wz = 1A zaom]

Li([o,T]) L2(R)

In particular, we abbreviate LT.L% or LLLf as LY 1 in the case p = g.
We also use the elementary inequality [5]
1/2 1/2
2 2
(e} | < (St
N 12 N

for all 2 < ¢q,p < oo and arbitrary functions fx, and the dual version

1/2 1/2
(Z ||fN||iqT/L5'> < <Z|fN|2> )
N N

Lery
where p’ is the conjugate number of p given by 1/p+ 1/p’ = 1. Tt is easy to verify
that they also hold if we replace the norm L%LP by the norm L2LZ in both side of
the above inequalities.
Let (-) = (1+ |-|*)1/2. We use the fractional differential operators D? and (D,)*
defined by

Dif =77 P TS, (Do)’ f=FHE T

Thus, we can introduce the resolution space. For T" > 0, we define the function
space Xt in a similar way as in [14] by

Xri={ue S (~T,T) x B) : |lull, < oo},

where

1/2
2
||“||XT = ||UHL°T°H1/2 + <Z ||8a:PNULg°L2T>
N
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1/2
+ <ZPNU||2LgL°T°> (ZH PNU‘ L4Loo> )
N

2. Gauge transformation. We transform the equation (1.1) by introducing the
following complex-valued function vy : R? — C for a dyadic number N given by

UN(t,‘T) — 67% ffoolP<<Nu(t,y)\kdyPNu. (2.1)

By computation, we have

iByuy — O2vy = — ide” 7 I Penultdy [PN(|U|k ug) — |Penul® Pyu,
- et ip o, — ) [ Pevult ) dy
A2 i x
+ Ze‘%ﬁw‘P@“'kdy |Penul* Pyu. (2.2)

For the second term, we integrate by parts and have
x
. k
(0~ 02) [ [Pevutt.y)l*dy
—o0

Tk . Peru Pevu
:Z/ 3 |P<<NU|k 2 (0rP<nuPenu + PenudiPenu) dy

k B . -
- 5 |P<<N’U,‘k 2 (3IP<<NUP<<NU + P<<N’UJ61P<<N’UJ)

T L B - .
:/ B |P<<Nu|lc 2 <P<<NuP<<N(um — A |u|kum)

— 00

PP (it + iX 0] ;) ) dy
k _ - -
— 5 |P<<N’Lb‘k 2 (P<<NUIP<<NU + P<<N’LLP<<N’LLZ)

T ok(k—2 k=4[5 Povu
:/ % | P< Nul ! [(P<<NUyP<<NU)2 - (P<<NUyP<<N“)2] dy

¥ iNk _ _ -
7/ 1 Panul ™ P [ul" (e + 2) dy — k| Pl PenuPeni
— 00
Thus, vy obeys the following differential-integral equation
i0pon — O2un (t, )
= —ixe™ 3 PuclPer "W [Py (juf ) — | Penul® Pyu,

— ZAk(l; —2) e % ffoo|P<<NU\kdypNu /CE

— 00

k-4
| P« nul
[(PentaPenu)’ — (PenusPenu)?] dy

>\2k i T x —
Nk f,oo\P<<Nul’“dypNu/ Pt ™2 Py ] (0 + ) dy

4 —0
Mk - Penulfd k—2 5
+ 5 ool P<nul® Y |Penu|® " PyuPgenuPenuyg

A% i e K 2k
e [FatPenulidy| p ™ Pru
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EIN,l(tv 1‘) + [N72(ta ‘T) + IN,3(t7 l’) + IN74(ta ‘T) + IN,5(t7 I’) (23)
The equivalent integral equation reads

un(t) =S(t)e™ 2 JZecl Pexwo®l™dy pyyy o
t

- Z/ S(t—7)Iny+In2+INs+ Ina+ Ins|(T)dT. (2.4)
0

3. Preliminaries. In order to prove the a priori estimate for the equation of vy, we
need the linear estimates associated with the one-dimensional Schrodinger equation.
We first recall the Strichartz estimates, smoothing effects and maximal function
estimates. For the proofs, one can see [13] [14].

Lemma 3.1. For all p € S (R), 6 €[0,1] and T € (0,1),

150l 4 12y SISz (3.1)
ISOPNEI (2, 5 SN2 162 (3:2)
15O Lz SI0 3 - (3:3)

We also need the L1.LP and LP L% estimates for the linear operator f — fot S(t—
7)f(7)dr. For the proofs, one can see [14].

Lemma 3.2. For f € #(R?),0€[0,1] and T € (0,1),

’ /Ot S(t—71)f(r)dr

, < : /s 3.4
Lo N||f\|L§%) L(2) (3.4)

t
[0t [ ste=nsr| Sl (35)
0 Ly L2 r
t
H<Dz>2 [ st-npvimis| SN Sl goge . (G0)
0 L2L® T
t
H<Dz>3-4 | st-nswar| S0 (3.7)
0 LiLge T
t
[0t [ se-nrwar|  $flay (38)
0 L L2 ’
t
] [ st-npysr| oL SOy, (39)
0 LIiLl=? ’
t
St —7)f(r)dr <||f 1, 3.10
| [ ste-nie oo S0 (3.10)
t
‘ax | se-ni@ir| Sl (3.11)
0 LeL2

where p’ is the conjugate number of p € [1,00], i.e. 1/p+1/p' =1, and
1 346 1 3-9

p() 47 q0) 4
Next, we recall the Leibniz’ rule for a product of the form e’ ¢ where F is the
spatial primitive of some function f. For the proof, we refer to [14] [17].
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Lemma 3.3 ([147 Lemma 35})' Let o € (07 1)) P P1, P2, 9, q1 € (L 00)7 q2 € (0700]
with 1% =Lt4 L 1_ 1. q%, and let F(t,z) = ffoo f(t,y)dy, with real-valued

P1 P2’ q q1

function f. Then
HDg‘(eiFg)HLquT < ||f||L?;1L‘?T1 ”g”ngLg? + ||<Da:>a9||L§L‘1T :
4. Bilinear estimates. In this section, we prove the following space-time estimate
which is crucial to the proof of the nonlinear estimates.
Proposition 4.1. Let u € H*® and p > 4 be a real number. Then we have
_ 1 2 1
lwtie|lppre S T2 ullx, + A +T7 [Jullx,) lullx, [Psiulx, - (4.1)

Proof. By the Littlewood-Paley decomposition, we can write

lutiall o =|| D PyiuPu,is

N1,N2 LEL2,
S Z PNluPszLm + Z PNl'UJPNg'az (42)
Ni~Ny LQL% N1 <K N> L’;L%
+ Z PNluPNQ’L_Lm
N1>N> L,Z;L%
:le —‘1-12 +Ig (43)

Now, we derive the estimates for I, Is and I3, respectively.
From the Holder inequality, the Bernstein type inequalities and the real interpo-
lation theorem, we have

I 3 Z ||PN1U||L§”L4T ||PN2UIHL?L‘; < Z HPN1UHL?’L‘:‘F Ny ||PN2U||L§”L‘;

Ni~Ny Ni~Ny
1/2 1/2 1/2 2
<2 <2
~ Dw PNI’U, 12pra DI PNQ’U/ p2pa Dw PN’U, 12ppa
Ni1~Naz F =T z Hr N x Lp

2

L2PL4,

SZ HDalc/2PN(P51U+ P>>1U)’
N

2

A

> ||pa2 Py Pyl
N

1
4 + Z HDI/QPNP>>1’U,’
T N

2
2 2
L2PL L3P L4,

N

3 ||PNP§1u||iipL% +Y NI|IPyPsuljz
N

N
2
<> [Py ullpzepa + >N 1PN Ps1ull g o 1PN Poull o 12 -
N<1 N

Applying the Sobolev embedding theorem and the Holder inequality to the first
term, and Bernstein estimates to the second term, we can see that it is bounded by

2
STV |lully, + Y 1Py Poaull oo 1100 Py ot o 2 -
N
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By the Cauchy-Schwartz inequality and the Sobolev embedding theorem(i.e. H. i "

Hi“il/p C LP for the real number p > 4), we can bound it by

2 2
ST Jlullx, + [1Psuly, -

For Iy or I3, it is suffice to consider one of them, e.g. I, in view of symmetry.
For N; <« N5, we have
PNluPN2ﬂw = ]E’NZ(PNluPNzﬁm),
where PN = Z?:—2 Pojn. We split these into three cases, i.e. N3 < 1 <« No,
Ny < Ny £1and 1<« Ny <« Ns. For the case N7 < 1 < N», from the Holder

~ ~

inequality and the Littlewood-Paley theorem, we can get

Z PN1UPN2ﬂm
N1 S1K N2 LEL2,
= HP51UPN2>>1’&””HL§L2T S |P51UHL§L§S’ ||P>>1u”3HL;°L2T
1/2 1/2
2
S (Z | Par Pyl ) <Z PMP>>1um2>
M LE L M L L2,
1/2 1/2
2 2
S Z ||PMU||L2L;° (Z ||PMP>>1U3:|L;0L2T>
M<1 M
Sllullx, [Peaully, - (4.4)

For the case N3 < Ny < 1, we have, by the Holder inequality and the Littlewood-
Paley theorem, that

> ek =Y Poebu,
N1<N2<1 737 N2<1 2L,
1/2 1/2
STV [Penyul? > |Pvtal
stl L?DT"L%C NZ,Sl LiPL%O
1/2
2
<T'/? Z HP<<N2UHL§PL;9 lull . - (4.5)
N2<1

For Ny <1, we have, by the Sobolev embedding theorem, that

1/2 1/2
2 2
||P<<N2U’||L§Z”L§9 ~ <Z|PMP<<N2U| ) S ( Z ||PMU||L§PL;°>
M

L2 L M<N2
1/2 1/2
_ _ 2
<[ w5 5 o ral, )
M<K No M<K N2
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1/2
2
<N [ S IPwultars | S NS fully,
M<1
where ¢ = (p — 1)/2p. Thus, (4.5) can be bounded by
1/2
2 2
STV Y NS | s, STV ullx, -
Nzgl

Now, we turn to the case 1 < N1 < Ns. From the Littlewood-Paley theorem,
we have for p > 4

Z ]DNIUJDNJ_I,z Z PN1UP>>N1'L_LQC

1<K N1 <K Ny LEL% Ni>1 LQL%-
S Z ||PN1UP>>N1Q1:||L£L2T S Z ||PN1U||L£L;° ||P>>N1Uz||L;oL2T . (4.6)
Ni>1 Ni>1

Noticing that

1/2 1/2
2 2
1PNy Ul poo g2 ~ <Z|PMP>>N1%| > S ( > ||PMUx||L;oL§>
M

L L2 M>MN
Sllully,
and for Ny > 1,e=1/pand p > 4
||PN1UHL1;L§S = ||PN1 (P§1U + P>>1U)HL§L%O = ||PN1P>>1U||L£L;°

=N; "Ny ||PN1P>>1U||L£L;° ~ Ny * ||D2PN1P>>1U||L?;L5’S

<N-¢ 1
SNy <Dz>4PN1P>>1u‘ Lazs’ (4.7)
we can bound (4.6) by
— 1
Slul, Yo M7= Py Poru| |
N1>>1 x =T
1 1
2 . 2 2
Sllullx, ( > ka) ( > [P}t Pr, Poaal w)
N1>1 Ni>1 =T
S lullx, 1Ps1ullx, (4.8)
in view of the Holder inequality. Thus, we have obtained
Y. PnuPi S llullx, [Psaullx, , Vo =4 (4.9)
1<KN1 < N2 LELZ,
Therefore, we have the desired result (4.1)) for any real number p > 4. O

5. Nonlinear estimates. To state the estimates for the nonlinearities Iy ;, we
define the function space Yr equipped with the following norm:

1
e =l e 10t g+l + | (D8],

We have the following proposition for the nonlinearities.
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Proposition 5.1. Let u be a H*-solution to (1.1)-(1.2). Then,

9 \ 1/2
¢ 5
> /OS(th)ZINJ(T)dT

N>1 o

k 1 k+1 k—k 1 k k+1—Fk
SO ullie,) [T Il 1Pl + 0+ T Jull,) el 1P aul ]

1 2k—1 5k—2)/2
+ T4 (3 + lull S 7%) [ Poul

1 1 1 2k—1 g
+ T +T7 ullx,)? lullx,  [[Psiull%,

k 1 k 1 k—1 2
(1 [ulfe,) [Tl [1Psill, + 1+ Tl 2 el 1 Psrall, |
1 3k
+ T4 [l | Porul,

where k denotes the mazimal integer that is less than k (i.e. k = [k] if k is not an
integer and k =k — 1 if k is an integer where [k] denotes the mazximal integer that
is less than or equal to k).

We consider each nonlinearity separately.

5.1. Nonlinear estimates of Iy ;. Noting that the term PN(|P<<Nu|kuz) has
Fourier support in |£| ~ N, we have

Py ([ul* uy) — |Penul® Pyug,
=Py ((|u]* — |Penul")uz) + Py (|Panul* uz) — [Penul® Pyu,
=Py ((|ul* — |Penul")uz) + Py (|Penul’® Pyug) — |[Panul” PyPyug,  (5.1)

where Py = Py/s + Py + Pan.
For the second term in (|5.1)), we have the following estimate.

Lemma 5.1. Let u be a solution of (L.1)-(1.2). Then, we have for any k > 4
1/2
k5 kp 7 2
> || Px(IPenul® Pyug) — [Penul® Py Pyu, L (5.2)
N>>1 xz T

1 k 1 k—1 2
ST2 ullx, 1Psrullx, + U+ T7 fJullx,) llullx, [[Psiullx, -

Proof. To shift a derivative from the high-frequency function Pyu, to the low-
frequency function |P¢ Nu|k7 we require the following Leibniz rule for Py from [I4]:

(Pu(s9) - 1Pw)a) = [ ( [onusite—mgte - y)dy) . (53)
Thus, we have

HPN(|P<<NU|k Pug) — |Penul® Py Pyu,

L1L2

(|Penul™),

<len @l | Py,

2 ‘
Lm,T

(I1P<nul"),

L2Lg®

= [Py

L2 . ‘ L2Lg?

k
s|opevuy|

z,T

PNU‘
LILP
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PNU‘

<||P<<Nu||L2ALoo HP<<NUxP<<NUHL§L% Lenge .
Decomposing P« nu = P<iu + Pic.«nu for N > 1, we have
PenugPenu = P<1U$P<<NU + P1<.<<NuwP<1u + Pic.«NUz Pl .« NU. (55)
For the first term in (5.5)), we have
||P<1u93P<<Nu||L’;L% S ||P<1Uz||LgkL2T ||P<<NU||LgkL;°
STV2 | Perul o e [Pt v -

By the Littlewood-Paley theorem, we can obtain

1/2
HF<<NU||L2kLw ~ |fM15<<NU|2
x T

M

1/2
2
S (Z |PMP<<NU||LgkL39>

L2k L5 M

1/2 1/2
2 2
5( > nPMunLgkL%o) < (z uPMunLgkL%)

M<KN M>>1
1/2
(Z [CERT ) m> S I1Poily, 59
M>1

In the similar way, we have
[1P<rull pon e S llullx, -
Thus,
[ Pertis Panul| e STV lullx, [Porullx, - (5.7)

For the last two term in ([5.5)), in a similar way as in the proof of Proposition
we can obtain the following bound:

_ L2
IP<Preentall e ST ullx, + lullx, [Psiulx, (5:8)

_ 1 2 1
[Pre-entPieentallprpe ST lulx, + (1 +T7 Jullx,) lull x, [Psiullx, -
(5.9)

From the Sobolev embedding theorem and (5.7)-(5.9), we obtain that (5.4) can be
bounded by

1 k
S (TF lull, + (4 TF ull ) ull 5 1 Porull, ) || Pl

LILF

Thus, we can bound (5.2]) by

1/2
1k 1 k—1 2
S <T2 [ullx, + QX +T7 [Jullx,) [ullx, HP>>1U||XT> (Z ||PN“L§L§9>
N>1

1 k
ST |lully, 1Ps1ull g, + (1+ T ull ) Julli, [1Ps1ul,

which yields the desired result. O

For the first term in (5.1)), we have the following estimate:
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Lemma 5.2. Let u be a solution of (1.1)-(L.2). Then, we have for any k > 4

1/2
(5 It - sy,

N>1
STH |[ul i 1 Porull,” + (L4 T Jully,) fully, 1Ps1uli (5.10)
Proof. We split (5.1)) into several terms for N > 1 and k > 4
Py ((Jul® — |Penul*)u,)
=P (|ul*"*au, P> yu)
+ Py ((Ju]*™2 — [Penul"?)au, Penu)
+ PN(\P<<Nu|k*2u$P<<NuPZNﬂ).

Notice that

1/2 1/2
2 - 2
HPZNUHLﬁLgs S Z ||PMU||L§L%° < Z N72er e ||PMU||L!;L;°
- M>N MZ>N

1/2

S Z N2 ||DikPM“||i§Lg°

MZ>N

1/2

oo (5 ot

SN_Ek HP>>1u||XT ) vk > 4a

where g, > 0 is defined by ¢, = 1/k.
Thus, for the first term (5.12)), from the fact ||@n]|,: < 1 and Proposition
we have for k > 4

HPN |u|k_2ﬁuzPZNu HLle < H|u|k QUU“JP>NUHL1L2T

< ||U||LkL°° [tvell s ps HPZNUHL’;L%°
e [k 1k 1 s ;
SNTek {TQ [ullx, IPs1ullx, + (1 +T% [Jul ) l[ullx, IPsiullx,

Therefore, we obtain, for any k > 4, that

1/2
(5 It )

N>1
1 k 1 k 2
STz lully, [Psaullx, + 0+ T [Jully, ) ullx, [Psiullx, -

For (5.14)), in the same way as the case (5.12)), we have

1/2
(Z >!PN<|P<<Nu|k-2uwP<<NuPzNU>Hi;L;>
N>1

1 k 1 k 2
ST? |ullx, 1Psrullx, + U+ T3 flullx,) lullx, Psiullx, -

Now, we derive the estimate for (5.13|) by using the induction argument in k.
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For k = 4, we have
Hu\k*2 — |P<<Nu|k72| < |P2Nu|2 + |P2NuP<<Nu| .

From the Young inequality, the Holder inequality, (5.6 and Proposition we can
get for k =4

[P ((Jul* =2 = [Penul*=*)ius Penu)|| 1 1z
N |P<<Nu|k_2HLgk/<k72>L%c Hauw”Lng HP<<NU||L§L<;
2 _
SUPevull s o + 11P2null o Pentillps o) 10wl g 1Penullpz s
- 2 -
SNTUE [ Ps1ull, ||Uua:HLI;L2T ||P<<Nu||L§L%°

- 1 3 k—2 1 2 k—1
SNTVE [TZ lull, [Psrullx,” + 1+ T [Jullx, ) ullx, Ps1ullx, | -

From the triangle inequality for complex number, i.e. ||z1| — |z2|| < |21 — 22| for
21,22 € C, we can get ||21|7 — [22]%| < |21 — 22|% for any 6 € (0, 1].
For k € (4, 5], we have

|k72

lu 2]

- |P<<NU
SIuf? ul* = | Pyl | + |Penul~* |l - |Pexul?|
<Juf? | Psyul ™" + [Penul*t | P yul® + |Po yul [Peyul*™
Then
||PN ((Jul*~2 - |P<<Nu|k72)ﬂuzp<<NU)||L1 L2,
S [lullfge e [Ponvullypd e + 1 Penull sy [Povull}s .
+ HP>NU||L2kLoo ||P<<NUHL2’<L°°} ||1_Wx||L§L2T ||P<<Nu||L§L%°
SN [T Jlull e, 1Pl + (0 T Jlull ) i, [1Ps1ul]

where ¢, = (k—4)/2k for k € (4,5]. By the same procedure, we can obtain for any
k>4

| P ((Jul*=2 = |Penul*~2)tu, P yu) HLle
k+1 k—/} k+1—k
SN [Tl IPs vl + (U4 T ull ) el 1Pl ]

where 5, = (k — k)/2k > 0. Therefore, we have for any k > 4

1/2
(Z [P (ful*= |P<<Nu|“>uuxp<<wu>>|;@>

N>1
k+1 k+1-k
STH |[ul i1 | Porull " + (L4 T Jully,) fully, 1Psrulit = (5.15)
Thus, we have proved the desired result. O

Remark 5.1. From the proof of Lemma we can see that

1/2
(Z | Pl = [Pexul®yus) [ 2 )

N>1
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Lokt k+1—k
ST Julli 1 Porullie, + (4 T flull o)l [ Psauli ", (5.16)
holds for any € € [0,1) in view of Proposition

We turn to the proof of Proposition [5.1]for the nonlinearity Iy ;. We also consider
the decomposition in (5.1]). For convenience, we denote By = Py (| P<nu|* Pyu,)—

|Ponu|* Py Pyu,. From (3.5), (B.11), (3.6) and (3.7)), we have
2\ 1/2
<N>>1 YT)

1/2
_ir e
S(Simitis) o+ (2 (St ety
N>1 M

N>1

t N .
/ S(t—r1)e” % [2lPevul’dyp gr
0

1/2

2
L;L%>

1 k
ST ulk, [Porul g, + (14T Jull ) el 5 [ Psaul%, -

(5.17)
By Lemma [5.1] the first term can be bounded by

For the second term, we split the sum ), into three parts D, n+> yen
+ > sy as in [I4]. For the part of M ~ N, it is the same as Lemma by
summing in M such that M ~ N. For the part M < N, we can add the projection
operator Py to o5 /I |Penul"dy

by the Holder inequality, we have

since By has Fourier support in |{| ~ N. Thus,

o\ 1/2
E E Py(e 5 [T Penultdy g v)
LLL2
N>1 \M<N z=T
o\ 1/2
_iA (e k
(£ (2 fwetrecron] )
LLL2
N>1 \M<N =T
) 1/2
2 —A = | Penulfd 2
5(5 (In N) ’PNNB 3 2 oI Penul y’ e |BN||L1/(15)L2> , (5.18)
L, "L z T
N>1 T

where € € (0,1/k).
By the Bernstein inequality, we have

N Hp Nef% 2 PenulFdy Ne,i 2 | PenulFdy

LyLg ™~ ) LYz
k k
S ||P<<Nu||L’;/5L%o S ||u||XT )

and from (5.3) and the Holder inequality, we can get, as a similar way as in (5.4]),
that

o

1By a0z = | (I1P<nul*)e | p2ra-20p2 L

PNU‘

< _
HP<<NU||L 2k L [ Pentia Peniill pspz 3L

x

1 k
< (T Jully, + 1+ T ule,) Nl 1 Porulx, ) 1Pyl s
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Thus, (5.18) can be bounded by

1/2
k 1 k 1 k—1 2
Sllulley (T lull, + O+ TH ull,) el 1 Ps1ully, ) (Z ||PNu||LgL;o>
N>1

2k—1

2
ST |l X, [ Psullx, + (L4 T4 Jull ) [ull e, I1Ps1ull,

(3 T k
For the part M > N, we can add the projection operator Py to e= % [ZaPenul®dy,

In a similar way with the part M < N, we have

2
S (3 [t e,
L1r2
N>1 \M>N =T

( E HPM€77 wm|P<<Nu|kdy‘
N>1

M>N

5(2(2 (T Nl NPl

N>1 M>»N

1/2

1/2

2
L}E/EL%O ||BN|L3:/(1E)L%>

1/2
2
2k—1
(U Tl ) Il 1Pl | Pl e ) ) )

2k—1

2
ST [ull3, |1 Psull gy + (L4 T [full ) el 3 1 Ps1ull, -

For the first term in 1.} we denote it by Apn,ie. Ay = Py((Julf — |Penul*)u,).

Similarly, from (3.5} and (3.7), we can get

2 1/2
<N>>1 YT>

1/2
—iA “
S <Z ||AN|i;L§> + (Z HPM ol PenNul dyAN)‘
N>1

N>1

/St—T) — B I Panul®dy 4 gr

1/2

2
L;L%>

k+1— k

(5.19)

From Lemma [5.2] the first term is bounded by
k+1 k—k
ST [l 1Psrullley + (1 + T Jull,) ully, [Porulls;

Noticing that (5.16]), and in the same way as in dealing with the second term of
(5.17)), we can bound the second term of (5.19)) by

k+k+1 k—k k+k k4+1—k
T2 [[ull 3 | Poaull i + (U4 T3 [Jull )l 555 | Poaull i
Therefore, we have obtained

1/2
<N>>1 YT)

k k+1
S+ ulx,) [T2 lall & 1Pl i + (1T ull ) lull kPl

/ S(t — ) In1(7)dr

k+1— k]
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5.2. Nonlinear estimates of I . From (3.4), (3.8), (3.9) and (3.10), we have

(2 )

N>1
) 1/2
g (5.20)

s(Z

N>1
2
L%Hi”) ’ (5:21)

where By o = ffoo |P<<Nu|k*4 [(P<<NUIP<<NU)2 — (P<<NumP<<Nu)2] dy.
For the first term (5.20)), from Lemma and the Holder inequality, it can be
bounded by

S (Z ||PNuBN,2HilTL§

/ ' S(t — ) Ina(r)dr
0

i\ [T k
—ia P. d
e 2 j,ool < NUul yPNUBN,Q‘

+1 > (Z:HPM(EJ2A foo‘P<<N“|kdyPNuBN,2)‘

N>1 M

N>1
1/2
_ix [T k
+ || PyuBy 2 ‘LlTLg D (e S 7 |P<nul dyPNuBN’Q)‘Ll L2>
T x
SO IPwulll g e 1Balll s e + I1PNulG s ovn 1B}
~ LPL2 2L Lee L H, 2l LY L
N>1

2 k
+1Pvull pe pa 1 B2l poo 1Panullpaoen o (1PN 200 o0

1/2
Pvullers 1Brolly o 1Pxullgrs 10:Bualls ) - (5:22)

By the Holder inequality, we have for k£ > 5

k-4 1 o
1Ballpy 1o S |1 Panul ™ [(PaniaPanu)® - (Pau.Paxu)?]|

Ll r
SIPanuPenuallyy s | Panullyzis
ST ully, + (1 + T3 full ) Jully,? [ Poaulk, (5.23)
and from Proposition [4.1] and the proof of Lemma [5.1
1Pl e g 10 B2l
=1Prulz s, [|Penl ™ [(PaxiePanu)® - (PexuaPeru]| ,

_ k—2
SIPNUoll g 13 PantaPantll 2 3 Panull 20 o
Lok 1 k—1
UPwel s [T5 e, + (14 T e, Tl 1 Porel ]
Thus, we can bound ([5.20)) by

k k 1 k—2 3
< W) (T2 e, 1Psaulx, + (U T ul e, )2 el [Pl )
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For (5.21)), we split the sum ), into two parts > ,,«xn + Dy n> Which gives
the bound by

o\ 1/2

S| | 2 (M) IPvuBwallpy e (5.24)

N>»1 \M<N
1/2

2
. (5.25
o))

. - 1/2 1/2
. ) < - ’
For the first term (5.24), noticing that ), <y (M)"* < NY* and (5.23), we can

bound it by
o\ 1/2
$( 3 (Iotal, vtz ) )
N>1

S, 1Psaullx, -
For the second term ([5.25)), in a similar way with (5.22)), we bound it by

1
+ (g HPM Yo~ ® [l lPanul dyPNUBN2‘
N>1 \M>N

o 1/2
_1 1,)\ x P. ul®d
3 < S° M7E||Py(Dy)em s I lPennlt yPNuBm\LILQ)
N>1 \M>N Tz
1/2
< Py~uB 2 - |P<<Nu\kdyp B 2
~ || NUW N,zHLlT = - NUDN 2 Lz
N>1 Ttz

k k 1 k—2 3
SO+l (T2 e, IPsaull i, + (0 T ull, )2 Jull,” [ Porali, )

Therefore, we obtain
1/2
T)

<N>>1

k k 1 k-2 3
S+ ull) (T2 ully, WPs vl + (U Tl 2 [l 1 Poaul, )
5.3. Nonlinear estimates of I 3. From (3.4), (3.8), (3.9) and (3.10), we have

/ S(t — 7)o (r)dr

1/2
( / St—T INQ( )d > (526)
N>1 Yr
1/2
i z 2
(Z H —r [* _|Penul dyPNuBNg‘ ) 2) (5.27)
LLHY
N>1
o\ 1/2
’L)\ x ul®d
+ (ZHPM I Penult ypNuBN?,)‘LlHW) , (5.28)
N>1 T

k— _
where By s = [*_|Penul ? P n|ul¥ (uy + 1) dy.
By Holder inequality, we get

k—2 _
1Bnallyy o S |1 Pervul*™? Penlul* (o + )| |
x, T
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1 — _
ST |‘P<<Nu||iik2—2L%c ||P<<N|U|k(ux + “af)HL;"‘k*?)/kLzT
1L k—2 k
ST [|Penvullpan=s poo lullp2r2 e el pee g
2k—1
ST (|l 3"

From the Holder inequality and Proposition we have

k-2 _
0. Brslz =1 Pexul™ Pextul*(us + )| ,
’ z, T

k _
N HP<<NU||L4k s HUHL‘““*‘*LOO HuuﬂcHL‘*k*‘*LZT
1 2k—1
ST ull%, + (L4 T3 Jull ) [ull3s " 1Pl x, -

In addition, for N > 1, we have HPNUHLOOHT < ||PNU1HL<>CL%‘F’ Thus, in the same
way as in the case In 2, we can bound (5.26) by

1 2k—1 (5k—2)/2
S8 (Il + Il $a™72) I1Psaulx,

2k—1

+ T+ T [lul ) [lull3 ||P>>1UI|§<T~

5.4. Nonlinear estimates of Iy 4. From (3.5)), , (3.6) and (3.7)), we have

9 \ 1/2
<N>>1 YT)

1/2
2
S (Z |BN,4||L;L2T>

N>1

/ S(t—7)e = 7 |Penul® W By 4dr

o\ 1/2
L;LZT> : (5.29)

where By 4 = \P<<Nu|k72 PyuPynuPgnu,. By the Holder inequality, we have

+ <Z HPM oo | P<nul dyBN4)’

N>1

IBNall s e S I Penull iz 1PN ull e [PenuPentia]pps
< [Ti e, + (L4 T3 ull ) lull, ||P>>1u||XT} [1Pxull e s -
Thus, the first term in (5.29)) can be bounded by

1 k
ST lullk, 1Psiullx, + (1 +T7 |lull ) [ulli 1P 1ul, -

By the Holder inequality, we get

<HP<<NUH k(k 2) ||PNUHL1;L39 ||P<<NUP<<NUx||LkLzT
LFI=9 2 e e
1 k
S [Tl + O+ T flull ) el 1Pl | IPaull e

Noticing that By 4 has Fourier support in || ~ N, we can repeat the procedure
which we use to deal with the second term in (5.17), and obtain that the second

term in ([5.29) can be bounded by

2k—1
ST |l 1Psullx, + (14T Jull,) llully;

2
HP>>1U||XT~
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Therefore, we obtain

2\ 1/2
<N>>1 YT)

k 1 k 1 k—1 2
S ulle,) [T e, [1Psrul, + @+ T4 fullg,) s 1Psral, ]
5.5. Nonlinear estimates of Iy 5. From (3.5)), (3.11), (3.6) and (3.7), we have

(2 )

N>1

1/2
2
,S (Z |BN75||L}TL%>

N>1

/ St —T1)Ina(T)dr
0

t .
/ S(t — T)e_% ffoc|P<<Nu|kdyBN’5dT
0

o\ 1/2
. ) , (5.30)
z T

where By s = | P« Nu|2]f Pnu. By the Holder inequality, we have

+ Z <Z HPM(e—% foC|P<<NU|kdyBN75)’

N>1 M

1 2k
||BN,5||L;,L2T ST ||P<<NU||LgkLgs HPNUHLgLOTC

12k
ST ully, HPNU“Lng? )

and
< 1 2k
HBN’SHL;%EBT ST ”P<<NUHL;%L;0 [P ull s o

102k
ST lully, ||PNU’||L§L§S’ :

Thus, in a similar way as dealing with Ix,; and Iy 4, and noticing that By s has
Fourier support in || ~ N, we can bound (5.30]) by

1 3k
ST flulx, I1Ps1ullx, -

6. A priori estimates for solutions. By the scaling argument

t x
u(t,x) = U'y(t,ﬂf) = mu(¥v ;)7

we have

1_1
||’U’07’YHL2 =727 % |Juol| 2
1
HUO,'Y”H% :'yl/k HUOHH% :

Thus, we may rescale

| P<ittoqy]] 2 <v2 % luoll 2 = Ciow,

1
[Ps1uoq|l 1 §m l[uoll ;3 < Chigh < 1,

where we choose v = y(||uo| 1/2) > 1, and take the time interval 7' depending on
v later. We now drop the writing of the scaling parameter v and assume

HP,SIUOHLQ gcloun
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[Ps1uoll 3 <Chign < 1.

We now apply this to the norms Xp and H'/2, and define new version of the norms
of X7 and H'/?, given by with the decomposition I = Pcy + Psa,

1 1
||UH)”<T = % ||P§1U||XT + % ||P>>1U||XT )
and
I8l z172 = =—— P12 + =—— P16l 170
H CYlou) ~ Lz Chigh H '

which implies that ||u||g1/2 < 2.
For the low frequency part, we have the following estimates.

Lemma 6.1. Let u be a solution of (L.1)-(L.2). Then

1P<rull, < Crow + T2 ull3
Proof. Using the integral equation of
t
u(t) = S(t)ug — )\/ S(t — 7)|u(r)|Fug (7)dr,
0
and by (3.1)), (3.2), (3.3), (3.8), (3.9, (3.10) and the Holder inequality, we have

¢
HPgluHXT < Hs(t)PSWOHXT + H/O S(t— T)P51(|u|kum)(7')d7'

X
< [1Pgiuollo + 1 Pealluun)l 1 o S o + sl
SCtow + T2 [l 2 e 0l o 12
SCtow + T Jull
which is the desired result. O
For the high frequency part, we have
Lemma 6.2. Let u and vy be given in . Then

1/2
2k 2
1Psrullx, S O+ lJullfe gir2) (Z HUNHYT) -
N>1

Proof. By (2.1), we have
Pyu =2 [ o [Penultdyy
For L%OH%/ 2—norm, by the interpolation theorem, we obtain for N > 1,

1 1 1 1
|Pxull e S IPvullfa 1Pyl S lowl s (1Pl + 10: Pyul2)?
1 1
Slowllfs (lowll e + ||| Pevul*on |+ l0svwll;2)”
<llonl? k :
SlonlFe (IPevulfa lonllzs + lonllzn )

1
S (1 1Panulllyye ) lowll e < (14 1 Panullfse) lowl e

which yields the desired estimate by summing on I%;.
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For the LS LZ-norm, noticing that

A e pyultd i\ k
8, Pyu=¢e? JZ o Pl Y(Opun + ; |Penul*oy),
we have

”6:8PN“HL;°L2T S HaﬂcUN”LgOL’f‘,

- ix re wl®
o (Z Py, (e I=oc IPexulidu) p |k ZPMUN)
N

N>

N (6.1)

LL2

To estimate the second term (6.1)), we split the sum )y = > 5 n + D n,en- FOT
Ny ~ N, from the Bernstein inequality, we bound (6.1]) by

SPenvul® > Paon

Ny~N

k
S IPenuliz, D I1PvaoNlrs

L L2, Na~N
k
—1/k
SN [Pz e Penul| ST IPaonllers
Lz,T NQNN i

k
§HP<<Nu||L%oHi/2 Z ||PN261’UNHL;°L%
Ny~N

k
SHUHL%OHi/Q Z HPNzaE'UN”LgoL%'
Nao N

For the part No ~ N, we split it as > n. n = D n,en T 2on,sn- Noticing that
for Ny < N,

~ iA x k
Py <Z Py (2 )-o |P<nul dy)|P<<NU|kZPN2UN> (6.2)

N1 N2
5 R |Penultd k
=Py (PNN(GQ J2 o 1Pl y)|P<<Nu| P<<NUN s

and for Ny > N,

6.215N< 3 PNl(e?f”coo'P<<N“kdy)|P<<NukPN2vN>,
Ni~N3>N

we can bound (6.1, in view of the Bernstein inequality and the Holder inequality,
by

< HPNNe% JZ o |P<nul dyHLm HP<<NU||IZ;°T HP<<N7)N||L;OT
x, T ’ ’

i (@ k
+ Y Pt atret | Penul IPs N,
x, T ’ o

Ni~N3>N
k i [T k
<N @D ’PNN(’)xe? JZ o |Penul dyH
L‘;‘”T
7ﬁ k 7%
PES) SET1
. Dw P<<N'LL Da; P<<NUN
L;Q’T L:(,)T
_(21;11) A ponulFdy
+ 3 N | Py, 0,e % 7o [Pl
LOC
z,T

Ni~N2>N
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1 k
T (2k+1
. HDI( )P<<NU

1
HDL @k+1) PNQ'UN
L Lr
<N~ @D | Penullf e Jlull” lun]
< KNG Lge, W pge y/? WON N ooy /2

ok ko
+ Z N, 3(2k+1)N2 EICLES Vank1¢7==y) ||P<<NuHIZZ°T HUHIZ%OHi/Z ||PN2UN||L§S’H;/2
Ni~Ny>N ’

2k
S ||u||L%°H;/2 ||UNHL%°H;/2 .

Therefore, summing on 1%, we complete the proof for the L°L2-norm.
For the L2 L -norm, it is easy to obtain the desired result since |Pyu| = |vy|.
We turn to estimate the L2 L5°-norm. It is similar with the proof for the L°LZ-
norm, since H(Daj)l/‘lPNuH“L%o ~ N1/4 HPN“”LgL;? for N > 1. In fact, we have

§ PN1 (6 2 fioo |P<<NUI dy) E PszN
Ny

N2

~ N1/4

LiLF

H(DI>1/4PNu‘ (6.3)

LALgE
We also split Yy = >y, on + 2 nyen: FOr No ~ N, we bound (6.3)) by

5N1/4 Z ||PN2UNHL§;L;° S H<Dw>1/4UN‘
No~N

For the part Ny »~ N, we split it as Yy, .n = D n,en + 2on,sn- Noticing that
for No < N,

LiLy

Py (Z PNl(e% i |P<<Nu‘kdy) ZPNQUN> (6.4)
Ny

N3
—Py (PNN(G% /2 \P<<NUI'“dy)p<<NUN> 7
and for No > N,
€9 =Py < S Pa(e? s P<<Nu|kdy)PszN> ,

Ni~N2>N

we can bound (6.3]), in view of the Bernstein inequality and the Holder inequality,
by

< 1/4 1/4” 27 IPenultdy H
S [CRERON W A LOVCE |, IPeronlsas
iA e K
+ N Z HPNl(e 2 2o [Pyl dy)HLoo ||PN2UNHL4IL;C
Ni~Ny>N z,T
- k
S H<Dz>1/4UN’ . + N—3/4 ||P<<Nu||L;°T H(Dw>1/4P<<NuN’ e
z&T ’ =T
—1/3 n7—1/3 n7— k
+ Y NENTENTY Penulf [[(DD) Pron]|
Ni~N2>N z b
k 1/4
S+ el o) [0 o[
which yields the desired estimate by applying [3-sum.
Thus, we complete the proof of this Lemma. O

Of course, we need the following estimate of the data.
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Lemma 6.3. For any uo € H'?, we have

1/2
_ i\ [z u k 2
(ZHsm(e I Pl dyPNuo>Hy) S (1 + lluoll ) I1Ps ol /o
T

N>1
(6.5)
Proof. From (3.1)), (3.2)) and (3.3]), we bound the left hand side of (6.5)) by
1/2
< Z 6—% .fOOIP<<Nuo\kdypNuOH2 (6.6)
~ = Hl/2
o\ 1/2
2 (Z HPM(B_%HN ‘P<<Nu0|kdyPNUO)H . 2> . o0
N>1 \ M ay

From Lemma [3.3] we have

1/2
2k 2 2
(6.6) < (Z NI P<nuollzan [ Pruolls + |PNU0||H1/2]>

N>1
2
S+ lluollzgre) 1Psauoll /2 -

For the second term (6.7), it is similar with (5.21)). We split the sum »,, =
Yom<n T2 msn- By the Bernstein inequality, the Holder inequality and the

Sobolev embedding theorem, we bound (6.7) by

o\ 1/2

S|S0 Pyl

N>1 \M<N

9\ 1/2
Ay (Z [t Pastem® 17 1Pemsatanpyy)| )
N>1 \M>N La
) 1/2
< (Z (N2 | Pyl ) )
N>1 ¢
1/2

2
+1 2 (Z M: (P~M6_i‘;ffwlp<<”“°|kdy)PNu0HLz>

N>1 \M>N

S ||P>>1U0||H1/2

A (x

N>1 \M>»N

1/2

— [* |Penuol®dy

J —oo

2
Pome L |PNU0||Lg>

S ||P>>1U0||H1/2

Az (x

N>1 \M>N

1/2

Py 7 1M |P<<N“0\kdy‘

2
L ||PNU0|Lg>
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1/2

2

k

S 1P 1tioll /s + (Z (I P<xuol o Pl . ) )
N>1

k
S+ Jluollgi/2) [Psiuoll gy
which yields the desired result. O

With the help of the above lemmas, we can prove the following proposition which
yields the a priori estimate.

Proposition 6.1. Let u be a smooth solution to (1.1)-(1.2) and 0 < T < Cﬁigh.
Then we have

lull £, < C(Crow) + C(Crow + ull£,)*"(T* + Chign) lull 2, -
Proof. Noticing that
[Pciull ., S Crow llull g, s IPs1ullx, S Chign llullz, -

and from Lemmas and Proposition we obtain through a complicated
computation

1
Iz, = g
ow

1/2
1
<1 T2 k+1 1 2
SU+ g TR + G ) | 3 v,

1
HPSWHX + = [ Ps1ull x,.
T Chzgh

1 1
<1+ Clo —— T2 [|lu HkH Chzgh(1+HU||LOOH1/2)(1+||UO||H1/2)||P>>1UO||H1/2

+ g (Ul ) {7 HP>>1u||XT

k 1 k:+1 k+1—k
+ (U ulle,) [TF Tl I Psaullie + (04 T flull )l P51l ]

1 2k—1 5k—2)/2
+ T4l + el §27) I Psrul
FTEA AT Jull, )l [ Poul2
Xr >>1U||XT

+ (L ) [T Nl 1Ps 1l + (04T ull, )2l 1Ps 1l |}

<C + C(Clow)T? 5! + (1 + IIUIILooHl/z)(1 + [luoll5a/2)
+ C(Crow) (L 2, o) TH Il + 71+l )l
FTE(ull 5+l ) + ik (4 T ull )+ [l )l
T+ CYZ T ull ) 3, + Ry 1+ T ull 2, )21+l ) ! ).
Notice that
w172 S || P<rw(®)]] 2 + Chign 1Pl gz -

The high frequency part Chigh | Ps1l| z1/2 can be absorbed into the Xp-norm. Then

substituting Lemma again in estimating the low frequency part of the norm

HP<1UHL<>°H1/2’ we complete the proof of Proposition O
< < HL
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From Proposition [6.1] we have the following a priori estimate for the solution of

— if we take T" and Cpgp small enough.

Corollary 6.1. Let u be a smooth solution to —. we have
lull %, < Ciow + Chigh,

for T" and Chign small enough.

For the proof of Theorem we can follow the compactness argument with the
a priori estimate. Since the proof is standard, we omit the details and refer to the
papers [14] [15}, (16, (17, 19, E22].
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