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Abstract
We study the well-posedness of Cauchy problem for the fourth order nonlinear Schrodinger equations
10 = —eAu+ A%u+ P((051) 4 <p> (0710) g <o)s 1 ER, xR,

where ¢ € {—1, 0, 1}, n > 2 denotes the spatial dimension and P(-) is a polynomial excluding constant and
linear terms.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

We consider the Cauchy problem for the fourth order nonlinear Schrédinger equations

i0u=—eAu+ Au+ P((07u),<p (370) ). TER, xR, (1.1)
u(0, x) = uo(x), 1.2)
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where ¢ € {—1,0,1}, « € Z", u = u(t, x) is a complex valued wave function of (¢, x) € R+7
and A is the Laplace operator on R” with n > 2. P(-) is a complex valued polynomial defined in
Cm* 3142 guch that

PR =P@1.22. - Gpyen) = ».  agzP forl,heN, (1.3)

ISIBISh
ﬂezn2+3n+2

and there exists ag, 0 for some By € Z" 312 with By =1 > 2.

This class of nonlinear Schrédinger equations has been widely applied in many branches in
applied science such as deep water wave dynamics, plasma physics, optical communications and
so on [5]. A large amount of interesting works has been devoted to the study of Cauchy problem
to dispersive equations, such as [1-4,6-23,25] and references cited therein.

In order to study the influence of higher order dispersion on solitary waves, instability and the
collapse phenomena, V.I. Karpman [11] introduced a class of nonlinear Schrodinger equations

v + %All/ + %Azllf +f(1¥1P)¥ =0, xeR" reR.

This system with different nonlinearities was discussed by lots of authors. In [21], by using the
method of Fourier restriction norm, J. Segata studied a special fourth order nonlinear Schrédinger
equation in one-dimensional space and considered the three-dimensional motion of an isolated
vortex filament, which was introduced by Da Rios, embedded in inviscid incompressible fluid
fulfilled in an infinite region, and the results have been improved in [10,22].

In [1], M. Ben-Artzi, H. Koch and J.C. Saut discussed the sharp space-time decay properties
of fundamental solutions to the linear equation

iV, —e AW + AW =0, ee{-1,0,1}.

In [7], B.L. Guo and B.X. Wang considered the existence and scattering theory for the Cauchy
problem of nonlinear Schrédinger equations of the form

iug + (=A)"u+ f(u) =0, (1.4)
u(0,x) = p(x), (1.5)

where m > 1 is an integer. H. Pecher and W. von Wahl in [20] proved the existence of classical
global solutions of (1.4)—(1.5) for the space dimensions n < 7m for the case m > 1. In [8], we
discussed the local well-posedness of the Cauchy problem (1.4)—(1.5) without smallness of data
form =2 and f(u) = P((3{u) <2, (3{i1) j<2) in one dimension.

In the present paper we deal with Eq. (1.1) in which the difficulty arises from the operator
semigroup itself and the fact that the nonlinearity of P involves the first and the second deriv-
atives. This could cause the so-called loss of derivatives so long as we make direct use of the
standard methods, such as the energy estimates, the space-time estimates, etc. In addition, com-
pared to the one-dimensional case, it is quite different in the multi-dimensional case, since we
have to separate the spatial space R” into a family of nonoverlapping cubes of bounded size.

In [16], C.E. Kenig, G. Ponce and L. Vega made a great progress on the nonlinear Schrodinger
equation of the form

Ou=iAu-+ P@u,i,Veu, Vi), teR, xeR",
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and proved that the corresponding Cauchy problem is locally well-posed for small data in the
Sobolev space H*(R") and in its weighted version by pushing forward the linear estimates
associated with the Schrodinger group {e/’#}>._ and by introducing suitable function spaces
where these estimates act naturally. They also studied generalized nonlinear Schrédinger equa-
tions in [17] and quasi-linear Schrodinger equations in [18]. In the one-dimensional case, n = 1,
the smallness assumption on the size of the data was removed by N. Hayashi and T. Ozawa [9] by
using a change of variable to obtain an equivalent system with a nonlinear term independent of
dxu, where the new system could be treated by the standard energy method. And H. Chihara [3],
was able to remove the size restriction on the data in any dimension by using an invertible clas-
sical pseudo-differential operator of order zero.
T. Kato showed, in [12], that solutions of the Korteweg—de Vries equation

o + aﬁu +ud,u=0, t,xeR,
satisfy
T R
//yaxu(z,x)Fdxdtgc(T,R,
—T —R
And in [19], S.N. Kruzhkov and A.V. Faminskii, for u(0,x) = ug(x) € L? such that
x%up(x) € Lz((O; 400)), proved that the weak solution of the Korteweg—de Vries equation

constructed there has /-continuous space derivatives for all r > 0 if / < 2. The corresponding
version of the above estimate for the Schrodinger group {e'! A}‘Zooo

(@, 0,)-

T R
//|(1—A)%e"muofdxdzgc(T,R, luoll2)

-T—R
was simultaneously established by P. Constantin and J.-C. Saut [4], P. Sj6lin [23] and L. Vega [25]
and others.

In the present paper, we will develop the arguments in [16] to study the Cauchy problem
(1.1)-(1.2). We first discuss the local smoothing effects of the unit group {S(#)}*,, (S(¢) is
defined as below) in order to overcome the loss of derivatives in Section 2. To construct the
work space, we have to study, in Section 3, the boundedness properties of the maximal func-
tion supyg 711S(7) - |. This idea is implicit in the splitting argument introduced by J. Ginibre and
Y. Tsutsumi [6] to deal with uniqueness for the generalized KdV equation. Finally, we will con-
sider some special cases in Section 4 to apply the estimates we have obtained in the previous
sections.

For convenience, we introduce some notations. S() := e €A~ denotes the unitary group
generated by i(eA — A?) in L?>(R"). 7 denotes the conjugate of the complex number z. Fu
or &t (¥~ 'u, respectively) denotes the Fourier (inverse, respectively) transform of u with re-
spect to all variables except the special announcement. 4 denotes the space of Schwartz’ func-
tions. {Qy}uezn is the family of nonoverlapping cubes of size R such that R"” = Uaezn Oq.
D) f(x) = F Y €|Y F f(x) is the homogeneous derivative of order y of f. H® (H*, respec-
tively) denotes the usual inhomogeneous (homogeneous, respectively) Sobolev space. We denote
I ls2=1llas, - 1lp =1 llr for I < p < oo and

1
. 2
1 N2 = 1t g ey = Z</|azf(x)|2|x|fdx> : (1.6)

lyI<i R®
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Throughout the paper, the constant C might be different from each other and [5] denotes the
greatest integer that is less than or equal to 7.
Now we state the main results of this paper.

Theorem 1 (Case | > 3). Let n > 2. Given any polynomial P as in (1.3) with | > 3, then, for any
up € HF¥R") withs >so=n+2 + % there exists T = T (|luolls,2) > O such that the Cauchy
problem (1.1)—(1.2) has a unique solution u(t) defined in the time interval [0, T]| and satisfying

ue C([O, TY; HX(R")),
and
we L0, T1; HV2(Q))
for any cube Q of unit size in R".
Theorem 2 (Case | =2). Let n > 2. Given any polynomial P as in (1.3) with | = 2, then, for
any ug € H*(R") N H"+4[%]+8(R"; |x|2[%]+2 dx) with s > so =2n +3[5] + 15 + %, there ex-

ists T =T (|Juolls,2, ||uo||n+4[%]+g’2’[%]+2) > 0 such that the Cauchy problem (1.1)—(1.2) has a
unique solution u(t) defined in the time interval [0, T'] and satisfying

ue C([0, Tl H (R") N H" 28R 22142 dx)),
and

ue L2([0, T1; H3(0))
for any cube Q of unit size in R".
2. Local smoothing effects

We will prove the local smoothing effects exhibited by the semigroup {S ()}, in this section.

Lemma 3 (Local smoothing effect: homogeneous case). We have the following estimate

aeZl

00 1
3 2
sup(/ /ID)?S(I)uo(X)|2dtdx) < CR? (gl (2.1)
Q —00

and the corresponding dual version
T

Dx% / S(—1) f(r,)dr

0

1

T 2
<CR? Z(//|f(t,x)|2dtdx> . 2.2)
0o 0

2 aeZlt

Proof. (2.1) and (2.2) can be derived from [14, Theorem 4.1] for which we omit the details. O

More precisely, (2.2) yields, for ¢ € [0, T], that

1

T 2
< CR? Z(//|f(t,x)|2dtdx> . (2.3)
0

2 aeZn Ou

1
3

Df/S(t —1)f(7,)dr

0
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Moreover, with the help of Fubini theorem, (2.1) implies that

L

T
2
sup //}S(rmo(x)!%xdz <CRZuoll , ;.
aeZ! 00 H™ 2

In addition, we have

T
sup (//}S(r)uo(x)yzdxdz)
aeZl 0 0.

1
2
< Té<sup/|3(t)uo(x)|2dx>
t
Rl‘l

1
< T2 |luoll2.

Interpolating both (2.4) and (2.5), we can obtain that

T 1
2
sup //}S(:)uo(x)yzdxdz <CRST |Jug|l . 1.
aeZl b4 H

Now we turn to consider the inhomogeneous Cauchy problem

(]

idu=—eAu+ A’ u+F(@t,x), teR, xecR",
u(0,x) =0,

2.4)

(2.5)

(2.6)

2.7)
(2.8)

with F' € §(R x R"). We have the following estimate on the local smoothing effect in this inho-

mogeneous case.

Lemma 4 (Local smoothing effect: inhomogeneous case). The solution u(t, x) of Cauchy prob-

lem (2.7)—(2.8) satisfies

n
aeZl weZn

it should be 1/4.|

Proof. Separating
F=Y Fro= Y F
aeZl aeZn
and
= e
aeZ

where u,, (¢, x) is the corresponding solution of Cauchy problem

iy = —Aug + Auq + Fy(t,x), t€R, xeR",
ug(0,x) =0,

2 1
sup || Du(t. ) 120, 120,71 S CRTH D 1 Fll2(0,:02q0.71)-

(2.9)

(2.10)
@2.11)


chun
标注
It should be 1/4.

chun
高亮

chun
高亮
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we formally take Fourier transform in both variables ¢ and x in Eq. (2.10) and obtain

Fy(7,8)
T— el — g

By Plancherel theorem in the time variable, we can get

foreacha € 7.

uAa (T9 5) =

2
sup | DRup . 0| 129, 12q0.11)

= sup || D%%Mﬁ(f’x)||L2.(Qa~L2(R))
aeZl ! o

1)2?( Fp(r.) )
£\t P — 1810 | 2 00u 2

T —¢l§]° —|§] L2(Q4: L2(R))

B o &2 )
_fé‘%’n(//‘ ( e e )

In order to continue the above estimate, we introduce the following estimate.

= sup
aeZn

= sup
aeln

2 2
dr dx) ) (2.12)

Lemma 5. Let

£
1—er 2|62 — [g]*

Mf=F 'mEFf and mE) =

for v >0and e € {—1,0, 1}, where F (F 1) denotes the Fourier (inverse, respectively) trans-
form in x only. Then, we have

1 1
2 2
sup</|=M(gXQﬁ)|2dx) <CR</|g|2dx> . (2.13)
ezl
Qu 0p

Proof. We have

_1
1—er2|E)* —|g*

2 2
=( 2f|f»;|) (E+1>|s|“
[ (Ve sl (Vs
=(L+| @(L—mz).
Vel +adr—¢ VeZ ¥4t +¢
Letgongo(]R)withsuppgDC[—l,1], =1lin[— 2]and0<g0 1. Denote

2T
VeZtrar+¢e
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Let ¢1(§) = ¢(2(]§| — a)) and choose ¢2(§) such that g1 (§) + ¢2(5) = L.
Thus, we have suppe; C {§: a — % < €| §a+%}andq)1(§)= 1 fora — JT < €| ga—i-}—t.
Define

Mif@)=F"miEF fx), j=1.2,
where mj(§) = ¢;(§)m(§).
First, we shall establish (2.13) for the operator M> whose symbol m;(£) has no singularities.
For p, p’ such that

1 1 1 1 1
—+—=1 and — ——=-,
p p p p n

it follows, by Holder’s inequality, Sobolev’s embedding theorem and Mihlin theorem, that

1
2
( /|M2<ngﬂ>|2dx) <ciy

o

[ M2(gXx0p) I LP(Q4)
L2 P (Qu)

<CR n(z—4 )”Mz(gXQﬂ)”Ll’(Qa

1__

<CR"G™» ||Dx<Mz(gXQﬂ)||Lﬂ’<Qa>
1_1

R"7P g x0,ll 1 (0,

<C
< CR”gXQ;; ||L2(Qa)’

where we have used the fact

| Dy ,M2f||p C||f||p forl < p <oo. (2.14)
In fact,
DiMaf = F 7 Ema(&)F f

-1 6P — 92(15] —a))] Fr

(2o +EP) @~ )

Denote
IEP[1 — 9 2(&] — a))] _
(2L 4 E12) (a2 — [E]?)

e2447—¢

p) =

In the case |§| > a + }T’ we have

1—9Q(8l—a) 1

4 X
In the case |§| < a — 41_1 where we assume that a > J—P we have the same estimate. Thus,
|p(§)] < C. By calculating the derivatives of p with respect to the variable &, we are able to
get

lp®)] <

&~

‘aga’o@)‘ Clgl™, el <L,
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for some integer L > %. Therefore, we have the desired estimate (2.14) in view of Mihlin multi-
plier theorem.

To estimate M7, we split its symbol m(£) into a finite number of pieces (depending only on
the dimension n). Let 6 € Cgo (R) with suppb C [—a, a] where a is the same as above, define

my1(€) =my(£)0(4&))

and

Miaf=F " maE)Ff,

where £ = (£,&,) e R"~! x R. By a rotation argument, 71 (-) can be expressed as a finite sum
of my,1s. Notice that

1
SUPpmMC{E €,&) e R xR: £ < —anda—— 51 < 2},

Qu CR" ' x[ag,ay + Rl and Qp CR"' x [ag,ag + R]

for appropriate constants a, and ag.
Thus, by Plancherel theorem in the x variable, we have

/wl,](gXQ,g)!de

OQu
ag+R
2 .-

< /|M1,1(8XQﬁ)’ dx dux,
ag  Rn—1
ag+R 00 2

_ / / f ¢ Emy 1 (€)8x0; G, En) dés| dE d,
ay Rn—1"—
aa+R dﬁ-‘rR

= / /eixnénml,l(%_) / /eiiyé(gXQﬂ)(y»Yn)ddend";:n dédxn
ag Rn—1'—00 ag Rn-l
ag+R ag+R 2

:/ / f / ”E(ngﬁ)(y yn)/ 0=y | (£)dE, dy dy,

ag Rn—1 ag Rn—l

dE dx,,

aa+R ap+R

= / / f / eii}_é(gXQﬁ)()_]v Yn)b(xp, ynvg)dydyn

ag Rn—1 ag Rn—l

2
d€ dx,

where
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e e]

b(Xn, Y, &) = / e o= 1 (£) d&,

—00

e ¢]

2 —
:/ei()fn*}’n)fn |§| ¢(2(|€:| a)) 9(4|§|)d$ﬂ

. (% +1E2) @2 — £)
T €2
:9(4|§|)/6“\5” - ¢(2(1€] — a)) &y
L (@ iR
=K, ),

here A = x;,, — y, and the support of the integrand is contained in

_ _ 1 1
A={s=<s,sn>eR"—l x R: |s|<§anda—5<|sn|<a+5}.

For (,&,) € A, we have |£|? —a? = &2+ |E|> —a® = 2 — %, where 1% = a® — |E> > 1242
Then, we separate K into two parts, i.e., K = K4+ + K_ with

- T 1 2 2(€] —
En—p &+ (L+I$|2)
0 \/82-'1-7—8
—f)(‘*lél)?‘(—1 VE. & ))m
B n En— 1 o
S 1 s
=0(4151) 7, (g)(k)*?gn V(. &)
=0(41&])e™ sgn(h) = F ' (¥ (E, £)) (1)
—0@E) [ e sgn(s) T W E £~ ) dy
where ¥ (€, &,) € CP(R"™! x RT).
Thus, it follows that
K. 0.5 < /m;lw(é,sn)(yn)\dynsc. (2.15)
In the same way, we have
|K_(1, )| <C. (2.16)

(2.15) and (2.16) yield that |b(xn,y,,,§)| < C. Now, we can turn to the estimate of
/, 0, 1M11(8X 04)1*dx and get, by Schwartz inequality in y, variable and Plancherel theorem
in y variable, that


chun
删划线
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ag+R ag+R

~ 2
/ / / / I (920,) (52 y) 47| 52Con, v, )y dE di,
Ay Rnl ag Rn—1
ag+R ag+R 2
R / / / / I (g 0,) (5, y) 45| dyn dE dx,
ay  Rn—1 ag Rn—1
aa+Raﬁ+R
=CR / /‘/ ’)E(gXQﬁ)(y yn)dy dédyn n

[ ag Rr—1 Rn-l
ag+R ag+R

_CR / f / |8 x0,) G- yw)|> 45 dyy vy

Ay ag Rn—1
2
~CR / (ex0) [ dy.
Rn
Therefore, we obtain

1
2 2
SUP</|=M(8XQﬁ)| dx) S CRlgxopll2wn = CRIEN L2(0p)
aeZh

as desired. O

Now, we go back to the proof of Lemma 4. We first consider the part when 7 > 0 in (2.12),

i.e.,
sup //‘ ( & Fﬁ(r,$)> 2drdx ’
aeln T—el§|?— |4

. Inl? R :
37! sup /‘/ 1 Fg(r,t%n)dn| dydr
ez 1—er™2|n? —[n|*
T4 0,
o !
— _1 2
/ sup / |MﬁFﬁ(r,r 4y)| dydr
aeZ 1
0 T4 Qq
o :
gCR(/t_%_7 / |$}Fﬂ(‘[ T 4y)| dydr)
0 ‘[4Q/3

1

o0
2
<CR</t1 /|?}F(t,x)|2dxdr) s
0

2
Op
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where we have used the changes of variables, Lemma 5 and the identity

14 1 _n _1
(%, YFg(t,tan))(r.y) =t 5 F Fp(r, T 4y).
For the part when t € (—o0, 0) in (2.12), we are able to split it into two cases. First, it is easier
to handle the case ¢ € {0, 1} since this corresponds to the symbol L] which has no

singularity. Next, for the case ¢ = —1, we have Lele]” 2 [nl>+nl*
In|* B In|? B
1 - 2 -
L+elel 2P+ 1+ (1 . 1‘% )"+ (= gl
T

It is obvious that B has no singularity when |t| > le' Consequently, we have to deal with the case
7] < %. In fact, we have

2
B 7]

1 1
2|z|2 2|7|2
(1 L4|z| —1nP) (55 L4m = nl?)

Thus, we can use the same argument as in the proof of Lemma 5 step by step for the cases

2 < 1 2 1 .
In|© < NG and |n|° > NG respectively, and get that
1 1
-1 |77|2 2 2 2 2
sup F T Frx(gxoy)| dx) <CR lgl7dx | .
actr\J T 1= 172 Il o

Therefore, we obtain, by Plancherel theorem, Sobolev embedding theorem and Hoélder in-
equality, that

1

o =

2

sup | DRupt. ) 20,1200 TD)<CR< / |z|—%/\3t,F(z,x)yzdxdr>
acZ! e ’

A o,
o0 1
<CR</ /||z|i5L7F(r,x)|2drdx>
Qp —o©
%
<CR(f||F("x)||ir1<[or]) )
0p
3
<CR( /|‘F("x)”22»fil([o,rl>dx)

1

it should be L"4/3}.

2
/ 112, ,TD||F(-,x)||iz<[o,n>dX>
o
’ {m\_{lt should be L4

i}
< CRTRUFI 3002,
which implies the desired result (2.9). O It should be 1/4. |
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3. Estimates for the maximal function

For simplicity, let {Qy}qecz» denote the mesh of dyadic cubes of unit size. We start with an
L?-continuity result for the maximal function suppo, 77 1S(2) - |.

Lemma 6. For any s > n + % and T € (0, 1],

1
)\ 2
(Z sup sup|S(r>uo(x>|) < Clluolls - 3.1)
an,,te[O,T]an”
In particular,
%
2
(/ sup |S()uo(x)| dX) < Clluolls,2- (3.2)
e 1€[0,T]

Proof. It is clear that it suffices to prove the case t = 1. Let {yx}72 be a smooth partition of

unity in R” such that the ;’s are radial with supp o C {&: |&] < 1}, suppy C {€: 2k <
IE] < 281, Y (x) € [0, 1] and [ (0)] < C2 ¥ fork € Z*t.For k > 1 and t € [0, 2], define

o
1= [ @ Ouds
—00
where the phase function ¢, (s) = —ets> — ts* 4+ rs. Consequently, we have ¢.(s) = —2ets —
dts3 41, ¢/ (s) = —2et — 12ts% and ¢! (s) = —24t.

Denote
Q= {s eR*: |p(s)] < %}
and
I = [2k—1’2k+1].

For r € (0, 1), it is obvious that |1 (1, r)| < 3 - 2%
For r > 1, we divide it into three cases:

(1) $£2 is located to the left of Ij;
(i) 2N I # 0;
(iii) £2 is located to the right of Ij.
In the cases (i) and (ii), we have t > C ;W and |9 (s)| = C ;W Thus, with the help of Van

der Corput lemma, we have |7 (¢, r)| < C(z;ﬁ) i , where we have used |/ (x)| < c2*.
In the case (iii), we have |¢; (s)| < 5 and T < €23k Integration by parts gives that

[Tl o)
1(t, <
[7¢.n) / H(qs;(s))z

0

1
|7 (s)]

Vi (s) +

|1p,g(s)|]ds
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42 12 2
[[ @r+ 1215 )wk(s)+—|wk<s>|}ds

42 +12-22k+D 2
/[ er 23k )‘/fk(s)+;2_k:|ds

where we have used the condition r > 1 in the last step.
Finally, we always have the case in which £2 is located to the right of I; when r Cc23,
Hence, we can integrate by parts as in the case (iii) N-times and get that |1 (¢, 7)| < & for any

NeZt.
Therefore, we have obtained
C2k forr € (0, 1),
1
[1¢,1)| < C(B)T forre(1,C2%),
& for r > C2%.
p

In order to continue the proof, we have to introduce some estimates. The Fourier transform of
aradial function f (|x|) = f(s) is given by the formula (cf. [24, p. 154, Theorem 3.3])

A __2
Foy=F(g)=r"2 / F6) iz )5 ds,
and the Bessel function is deﬁned as
1
Lym . =1
Jn(r) = 7(2) /e‘”(l - sz) 2 ds,

T(m + %)r(%)_1
where I'(+) is Gamma functions.

Lemma 7. [16, Lemma 3.6]
In(r)=0(r") asr—0,

N N
In(r)=e"" Zam,,-r‘(j*%) +eir Zﬁm,jr_(‘/+%)
— =
+ O(r—(N+%)) as - — oo, .
foreach N € Z*. 0O

We continue the proof of Lemma 6 now. Denote

Tt x) = ’ /e—ir<s|s|2+|s|4>eixsw(@|)dg

Rl‘l
o
1 —it(es24s%) ul 1
=— e J%(rs)wk(s)SZ ds|=1(t,r),
r 2
0
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where r = |x|.
For r € (0, 1), we have

1

o
2 n-2 z n—1 nk
I(t,r) < — /(rs) Z wk(s)s2ds<C/s ds < C2"".
2
0

n—z
-
I

For r > 1, we first consider the remainder term in (3.3) to obtain the bound

1 1 n 272 C
Com | — st d<C—py <,
r2 )N .27 T

k

where we have taken N such that N > ”;1 .
Next, we deal with the j-term in (3.3) for0 < j < N,

e ]

/efit(ssz+s4)eisr 1. ls%lﬂk(s)ds
J (sr)+2

1

[N]

n—.

r 2z

L L otengehin%

1
rz oritz

25—tk {

00
/e—it(esz-i-s“)eixr wk (S) ds
0

(Zi req o2,

m
CMr_M, r> C23,

<C

r %+J - %
Now, we consider the L!-norm of I (z, x) with respect to x variable. For r € [0, 1], it is clear

that

1
f |1(t,x)]dx < C/Z”kr"_ldr < C2k,
<1 0

In the case r € [1, C23k], we have

c23*
3 2Dk £93kN § |
/ |I(t,x)|dx<C / ?<—) r"dr
rzti=2 r
I |x|<C2% 1
C23k

cort-ub [ iite < oo
1

For r > C2%, it follows that [, |- c,% [1(z, x)| dx < C2*". Thus, we obtain

/|i(r, x)| dx < c2K@m D, (3.4)
Rn

We decompose the operator S(¢) as follows according to the partition of unity {v},

Wic(yug = F e 1PNy (6) Fug.
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To prove (3.1), it suffices to show that

(x

< k@t (

In fact, w

/ Wit —1)g(-,T)dr

2.1

)2
(f/\,g(t x)!dxdt) ) .

sup sup
[tI<1x€Q,

/ We(t — D)g(r, ) d

y ezt

¢ have

1
/ ?—1e—i(t—f)(8|E|2+|E|4)wk(g)grg(.[’ £)dr

1

//[f—le_i(’_f)(5|§|2+|‘§|4)I/Ik(é')](y) -g(t,x —y)dydr

—]1 R»
1

/ / [F e DCEPHE )] () - g (v, x — y)dr dy

R —1
1

< / /|[}v—lefi(tfr)(s\é\2+\E\4)¢k(€:)](y)| |g(7:,x _ y)| drdy

R" —1

<f sup I(z,1yl) |g(f x—y)|drdy
R t€[0,2]

<

Z( sup sup It |y| //|g(t x—y)|dydt

aeZn 1€[0,2] yeQu

-1 Qm

Thus, the left-hand side of (3.5) is bounded by

(=

yez"

Let Ey p =

2
|:Z( sup sup I(t, |y|) sup //|g(1’ x—y)!dydr:| ) .
acZn t€[0,2] yeQu xeQ v

(3.5)

(3.6)

Q¢ — 0y =2"Qy — x,, where x,, denotes the center of 0, . Then, we can get

1 1
sup //|g(t,x—y)|dydr<//|g(r,z)|dzdr,
XEQV—IQ

—1Eq,y
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and consequently (3.6) is bounded, with the help of Minkowski inequality, by

1 2 %
(Z |: Z( sup  sup i(t,|y|)>/ / ‘g(r,z)|dzdri| )
acZh t€[0,2] yeQu

y ez “1E,,
1

2\
< Z|:( sup sup f(t,|y|))<z </ / |g(r,z)|dzdr) ) :|
Y/ 1€[0,2] yeQu yezn “\E

1 2 %
<C Z ( sup sup I(t, |y|)> Z //!g(t,z)|dzdt ,
aeZn t€[0,2] yeQu 216

y ez

where we have used the fact that E, ,, can be covered by a finite number (independent of «) of
0y in the last step.
From (3.4), we have the estimate

sup  sup f(t, Iy[) = sup /f(t, lyl)dy < C2@n+hk,
aezn 1€10.2] yeQq 1€(0,2] R

Therefore, the proof is completed. O

When we deal with the Cauchy problem (1.1)—(1.2) in the case [ = 2, we shall use the [ 1
estimate of the maximal function supy 7 [S(#)uo(x)| as the following inequality.

Lemma 8. We have the estimate

Z sup sup |S(t)u0(x)|

aczn 10.T] x€Qq

31+2
<CU+ D2 (luollngargirra + luollsaizi7.2208142): (3.7)

where || - 11,2, is defined as in (1.6).
Proof. Taking ty € [0, T'] such that

T
d
|f0)] < M

we have for any ¢

t
f@) = fo)+ f@)— fto) = f(0) + / f(s)ds.
0]

Thus, we can get

T t T T
1 1
170 < 7/|f(t)|dt+/|f/(s)|ds< ;/|f<t>|dt+/|atf(r>|dr,
0 0 0 0

namely,
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T T
1
sup | f(1)] < ?/\f(t)\dt+/|8,f(t)]dt. (3.8)
te[0,T]
0 0
Notice that
1f i ny < ClF ey + ClIx £ s 3.9)

where n > % and

XiSW)f = S@)(x; f) +4itS(t) (s, Af) — 26it S() (s, f). (3.10)
xix;S() f = ((=26it)? + 8it) S(1) (3, 0x, ) + 4it S(t) (S Af) — 26it S(1) (8 f)
+ 168178 (1) (3, O, AS) + (4i1)2S () (3, 0x; A f)
— 2eit S() (xicdy, f + %, )+ 4itS (1) (xidy, Af +x;05, Af)
+ SO (xxx £, (3.11)
where 8 = Lif k= j, 8; =0if k # j.

We have, from (3.8)—(3.11), Sobolev embedding theorem and Fubini theorem, that

Z sup sup ‘S(t)uo(x)|

acZn [0,T]x€Qq

< sup<f|S(t)uo(x)|dx+ Z /|3’35(t)uo(x)|dx>

aezn [0 |ﬁ|<n

< Z(/ sup|S(t)u0(x)|dx+ Z fsup|aﬁ5(t)uo(x)|dx>

aeZl Ou |ﬁ|<n

< Z{ //|S(t)u0(x)|dtdx+/f|8tS(t)uo(x)|dtdx

aeZt Ou Ou 0

+ Z /( f|S(t)8ﬂuo(x)|dt+/|a,5(z)af’uo(x)|dt) }

\ﬁ\<”Q 0

T T
< %//|S(I)uo(x)|dtdx+//|S(I)Auo(x)|dtdx
R" 0 R" 0

T
+//|S(t)A2u0(x)|dtdx+ > = //|S(r)aﬁu0(x)|dzdx
R" 0

IBl<n g
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T

T
//|S(t)afAuo(x)ydrdx+ > //yS(z)afAzuo(x)ydtdx
IBI<nn BI<n g
T T

%//|S(t)uo(x)|dxdt+% > //|S(l)3fuo(x)|dxdt

0 R |ﬁ|<n0 R®

T
C //|S(t)aﬂu0(x)|dxdt
IBI<n+45 R
T

C _
<7 sl + st seuo] ] e

+

+

S

C
29> / [53¢uoll, + e S@yafuo]] ] s

BI<n

+C ) [||S<r>a;?uo|!2 + [ el S @afuo |, ] dr
IBI<n+47
<CA+ T (luollntaitaz + luollns3ita,2i),

which implies the desired result if we choose 1 = [%] +1. O
4. The well-posedness
We will give the proofs of the main theorems in this section.

Proof of Theorem 1. Similar to the proof in [16, Theorem 4.1], we shall only consider the
most interesting case s = so. The general case follows by combining this result with the fact that
the highest derivatives involved in that proof always appear linearly and with some commutator
estimates (see [13]) for the cases where s # k + %, k € Z*. For simplicity of the exposition, we
shall assume that

- 2 a2 a2
P((agu)mgz’ (Bgu)‘algz) = 0,udy ud; u
For ug € H(R"), we denote by u = 7 (v) = Ty, (v) the solution of the linear inhomogeneous
Cauchy problem

idu = —eAu+ Au+ 07 va; vy v, 1ER, xR, 4.1)
u(0, x) =up(x). 4.2)

In order to construct 7~ being a contraction mapping in some space, we use the integral equation
t
u(t) =T )(t)=Sup —i / S — 1:)82 v(r)a v(r)82 v(T)dr. (4.3)
0
We introduce the following work space
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Zf ={w:[0,TIxR" > C: sup Jw(n)], ,<E;

1€[0,T]
sup //}8ﬂw(t x)| dx dr <T‘3;
| AL

1Bl= Ao+2 0 Qu

1
<Z sup sup\wa(t,x)|2)2<E},

aeln te[0,T] xeQqy

where § < % is a constant.
We notice, for any g € Z" with |8| =59 — %, that

3f (8 vog voy v) = 8f a7 vdy vay v+ 37 VAL AL VAL v + 05 vy VAL BT v

X U Xk X xm

((ax U)ZSIVKSO*%)’

where |8’ =|B8] — 1 and |B”| =1 with 8/, B’ € Z".
Thus, from the integral equation (4.3), (2.6), (2.1), Sobolev embedding theorem and the com-
mutator estimates [13], we can get, for v € Z D that

L

T 2
> sup (//|afu(z,x)|2dxdt)
| a€Z! 0

|Bl=s0+3%
1
< Z sup //|S(t)aﬁuo(x)| dx dt
| aeZ!

|Bl=s0+75
T t 2 %
+ sup(// /S(t—r)af(afjuaﬁkuagnv) dxdt)

8 +la€Z" o

n
< CT%||u0||SO,2 +era YN Y a8 ol vd? v
3 jk.m=1 aeZ"

[It should be 1/4. IBl=s0—3
T

1
+€ [IDE R0y ) o
0

2(Qa; LA(0,T1))

1

<CT%||u0||s0,2+CTﬁ Z sup (//yaﬂv(t x| dxdt)

[It should be 1/4. |Bl=so+4%

2
. ( Z sup sup |D)2cv(t,x)| ) +CT sup ||v||s02
an,lte[O,T] x€Qq

1 1
<CT3 uollsy2 + CTH TP E? + CTE?
<T

s (4.4)
[It should be 1/4. |
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where we have taken T so small that

CT3 P lugllgy2 + CTH E> + CT' P E3 < 1, 4.5)

in the last step. N—{It should be 1/4. |
By Sobolev embedding theorem, (2.2) and Holder inequality, we have

1
sup [lu(@)|,, 5 < lluollsy,2 + sup /”S(t—r)aﬁiv(t)afkv(r)afmv(r)||2dr
1€[0,T] 1€[0,T] 0 '

t

3 _3
+ sup D,?/S(t—r)pff’ 297 v(r)dg v(1)d; v(r)dr
1€[0,T] ! )
2 2 2
Slluollsg2 + T sup |35 v()dy v(D)d; v(D) ],
t€(0,T] ’
T 3
_3
+ Z(//|Di° 2(afju(r)afkv(t)afmv(t))|2dtdx)
aeZl o)
<lluollsp2+T sup (v}, ,
1€[0,T] 3t
n T o3 ) 2
+ > Z(//|D;§’ 292 v} V()07 v(1)] dtdx)
jkm=1aeZ" \ 5
T 3
y 2
+ Z(//‘(Dx v)2§|y|§so—%| d’dx>
aeZl Oy 0

3
< lluollsy2+ T sup ||v||£+22
t€[0,T] 3T

A !
+ Z sup(//|afv|2dxdt) Z sup sup|D)%v|2

\/3\=50+% aeZ D Ou acZn te[0,T] xeQq

3

1
+T2 sup oI},

tel0,T]
1
<luollsg2 + (T +T2)E> + T°E?
SE, (4.6)

where in the last step, we have chosen 7' small enough such that
3\ g2 8 1
(T+T2)E*+T E<y. (4.7)

Similar to the derivation of (4.4) and (4.6), we obtain, by inserting (3.2) in (4.3), that
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1
2
< Z sup sup |Dfu(t,x)|2)
acln t€[0,T] xeQqy
t

<C||uo||so,2+C< Z sup  sup /S(t—r)DZaZ v(1)d? v(t) (1)

aeZn t€l0,T] xeQo 0

)

< Clluolls.2 +CT Sup vl

tel0, $0.2
< Nuollsy.2 + CTE?
<E, 4.8)
where we have taken
E =2C|luolls,2 (4.9)
and T sufficiently small such that
CTE*<1. (4.10)

Therefore, choosing an E as in (4.9) and then taking T sufficiently small such that (4.5), (4.7)
and (4.10) hold, we obtain that the mapping

T =T : 25 — Z2E

is well defined.
For convenience, we denote

AT(w):max{ET‘S sup (//|3’3w(t x)| dxdt) ;
Z}l

|Bl=so+1/2%€

3
s Jol (3 s s otwief) |

weZn te[0,T] x€Qyqy

To show that 7 is a contraction mapping, we apply the estimates obtained in (4.4), (4.6)
and (4.8) to the following integral equation

t

Tu(t) — Tw(t) =/S(t — r)[82 v(D)d v(1)d3 v(7)
0
- 32 w(r)d; w(r)dy, w(r)]de

and obtain, for v, w € ZITE, that
Ar(Tv—Tw) < CT°Ar(v — w) - [AF(v) + AF (w)]
<2CTPE* Ar(v— w),

where the constant C depends only on the form of P(-) and the linear estimates (2.1), (2.3), (2.9)
and (3.1).
Thus, we can choose 0 < T « 1 satisfying (4.5), (4.7), (4.10) and
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521
20T E2 < 5. 4.11)

Therefore, for those T, satisfying (4.5), (4.7), (4.10) and (4.11), the mapping 7, is a contrac-
tion mapping in Z f . Consequently, by the Banach contraction mapping principle, there exists a
unique function u € ZITE such that 7, u = u which solves the Cauchy problem.

By the method given in [16, Theorem 4.1], we can prove the persistence property of u(¢) in
H% je.,

u(t,x) e C([O, T1; H* (]R”)),

the uniqueness and the continuous dependence on the initial data of solution. For simplicity, we
omit the rest of the proof. O

Proof of Theorem 2. For simplicity, we assume

P((af“)mgz’ (agb_‘)mgz) = |Aul®.

It will be clear, from the argument presented below, that this does not represent any loss of
generality. And as in the proof of Theorem 1, we consider the case s = so = 2n +3[5] + 15+ %
We introduce the following work space

< E;

S E; 51t1p||w(t) ||n+[%]+8,2,2[g]+2 S

xE= {w ([0, T xR" = C: SUP”“’(I)”m 2
! ,

1

T =
2
Z Sup(//|afw(t,x)|2dxdt> <71’
ez
0 Qu

a1
|Bl=s0+7>

n %
[it should be 1/4.] (1+ T>[2”< > sup sup !Diw(r,x)|2) < E}

aeZn t€[0,T] x€Qq

where 0 < § < ﬁ is a constant and the norm is defined as

0l = s 000220

T 1
2
ET® Z sup //|afw(t,x)|2dxdt ;
| A€z
0 Qo

1Bl=so+}
1
. 2
(1+ T)[2]2< Z sup  sup |D§w(t,x)|2) )
aeznte[O,T] x€Qq

For ug € HO®R") N H" T8 RA: 1x2131+2dx) and v € XE, we denote by u = T (v) =
Tuo (v) the solution of the linear inhomogeneous Cauchy problem

idu=—eAu—+ A%u+|Av|?, (4.12)
u(0, x) = uo(x), 4.13)

and consider the corresponding integral equation
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!
u(t)=‘T(v)(t):S(t)uo—i/S(t—t)lAvlzdt. 4.14)
0
‘We notice that

of (AvAD) = 8f AvAT + Avdf AT+ Ro((8'vdl*v) 1),

where 8, y1, 2 € Z".
From the integral equation (4.14), (2.6), Sobolev embedding theorem and (2.9), we can get,
as in (4.4), that

1

r 2
> sup (//|afu(t,x)|2dxdz)
aeZl

|Bl=s0+3}

< sup <//|8’35(t)uo(x)| dxdt)
| a€Z!

1Bl= So+2
1

2 2
+ Z sup( dxdt)
Bl=so+1 “<7 g

CT S ol +CTH Y Z(//|aﬂAvAv| dxdt)

|It should be 1/4. \Bl=so—} €2

St — 1) |Av(o)[* de

+c/||DéRO|;2dt

T }
<CT3ugll2 +CTH Y Z(//|afv|2dxdt>
0 Ou

it should be 1/4. | 1Bi=sot3 *"
( Z sup sup ’Dz |> +CTsup||v||s02

wezn ! ¥€Qa
CT3 lluollsy.2 + CT%T°E + CTE?
T°, N—Ht should be 1/4. | (4.15)
if we take T sufficiently small such that

<
<

CTflugllgy o+ CTHE+CT' P E2 < 1. (4.16)
We can rewrite (4.14) as N_“t should be 1/4. |
t
u(t)=S(t)<u0—i/S(—t)|Av(r)|2dt). 4.17)

0

From (3.7), we have
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1+ T)_[%]_2 Z sup sup |D§u(t,x)|

t
aeZr ¥€Q«

C(Iluollngarayro.2 + luollng3rziro.2.212142)

+ Z sup sup

t
aeZlt xe

D S(t)/S( r)|Av(r)| dr|,

where the second term in the right-hand side can be bounded by

t

/S(—r)|Av|2dr

0

t

/S(—r)|Av|2dr

0

+ sup

t

C sup
t

n+3[4149.2 n+3[4149.2.2[4142

C/|||A”|2||n+3[g]+9,2df+C_/“S(_T)|A”|2“n+3[g]+9,2,2[g]+2df

SCTsup vl qpmy o +CTsup Y [llBHS(=0af |avf],
' Iy I<n+315149

21+1 2
CTsup||v||n+3 2] +11’2+CT{sup Z |||x|[2]+ 3y | Av| ||2
ly1<n+3[51+9

+ Y R Av?|,+C > 181 xPaY | av)?|,
Iy I<n+651+12 |BI+ly |<n+6[41+10
I<IBISI4]

<CT sup ”v”n+3 [21+11,2

+CTsup ) > vl it e o],

[y I<n+3[5149 vil+lrl=ly+4
l<lyzl

2142
+ CTEI sup ooy a2

vy T 3 [,
|BI+ly | <n-+4[21+12 L ilnl=ly 4
1<IBI<IE] i<l

2
<CT sup vl 45 nyp112 T cr sup lvllntarzi+1a,2 sup Ivllat12147,2,208 142

n
2140
+crialt Sup IVlln+6121414,2

1
+C D0 T Sup vy sy 259 Iz s 2 g
1<IBILI5]
Tl51+2

sup v, 5

< CT sup ||U||s0,2 + CT sup [|[vllsg.2SUp [Vl n42148,2,212142 + C
t t t

+CT (T + T') sup [[vllsy.2 Sup V]l 412118.2.212 142
t t



82 C.C. Hao et al. / J. Math. Anal. Appl. 328 (2007) 58-83

<CT(1 4T E?

< E?

N =

if we take

E > 2C(”“0”n+3[%]+9,2 + ||u0||n+4[%]+8,2,2['7’]+2)
and T so small that

. 1
CT(1+T2MHNYE < > (4.18)

Thus, we obtain

(A +7)7172 3" sup sup |D2ue, x)| < E. (4.19)

t
aeZt ¥€0«

Similar to (4.19), we have

S‘fp” u(t) Hn+[%]+8,2,2[g]+2

=sup  y B u],
" lyi<n+gI48

t

< X [supH|x|[%]+15(r>83uo||2+Sup f x[BHLS (- 1)a) | AP dr
t t

|

lyI<n+[51+8 0
ST DI (N P IERCNT S SR LT B
ly|<n+{31+8 ly|<n+4151+11
t
tesp Y tlﬂly|xﬁa,zu0n2+sup/ S [ AP,
[BI+y |<n+4[51+9 0 lyI<n+2148

ISIBISI4]
+Csup Y Y| Av,
lyl<n+4[5]1+11
+ C'sup > 1P xPal 1av?,

IBI+lyI<n+4[51+9
INV:INE)
<CA+ T)[%]H(||Mo||n+4[%]+8,2,2[g]+2 + lluolls,2)
+ T 50 [0l 21Vl 51482205102 + CTE IG5
<E. (4.20)
As in the derivation of (4.6), we can get

sup||u() ||S0 ,<E. 4.21)
: ,
The estimates (4.15), (4.19), (4.20) and (4.21) yield u € Xf. Thus, we can fix E and T as

above such that 7 is a contraction mapping from X ITS to itself. By the standard argument used in
the proof of Theorem 1, we can complete the proof for which we omit the details. O
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