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Abstract
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1 Introduction

The Cauchy problem of the isentropic bipolar compressible Navier-Stokes-Poisson
equations with damping terms is described as follow

(

Opr + div(pruy) =0,

O(prur) + div(prug @ uy) + VP = —pruy
+01 VP + g Aug + (g + M) Vdivuy,

Opa + div(paug) = 0,

Or(pauz) + div(paug ® ug) + V Py = —paugy
—pa VO + poAug + (e + A2) Vdivug,

A = py — ps,

L (/31,P2,U1,U2)(0) = (/)10,,020,U10,U20),

(1.1)

where the unknown functions are the charge densities p; > 0 and py > 0, the
velocities uq, us and the electrostatic potential ®. P;(p;) and Ps(ps) are the pressure
functions satisfying Py(p1) > 0, Pa(p2) > 0. And the viscosity coefficients p; and A;
satisfy 2u; + NA; > 0 for i =1, 2.

The bipolar Navier-Stokes-Poisson system (BNSP) has been used to simulate the
transport of charged particles (ions and electrons for instance) under the influence
of the electrostatic force governed by the self-consistent Poisson equation. There
are many interesting results devoted to the unipolar Navier-Stokes-Poisson system
(NSP). The global existence of weak solutions to NSP with general initial data was
proved in [7, 20]. The quasi-neutral and some related asymptotic limits were studied
in [6, 8, 13, 19]. In the case when the Poisson equation describes the self-gravitational
force for stellar gases, the global existence of weak solutions and asymptotic behavior
were also investigated together with the stability analysis in [10, 11, 14] and the
references therein. The global existence and the optimal time convergence rates of
the classical solution were obtained recently in [15]. In addition, the global well-
posedness of NSP was proved in the Besov type space in [12, 16]. As a continuation of
the study in this direction, our original aim is to study the well-posedness of BNSP.
But in this paper, we can only deal with BNSP with damping terms since we have
to use the damping terms to control the electrostatic force appear in momentum
equations in the case of low frequencies.

Our main result reads
Theorem 1.1. Let N > 3, P, € C1213 with P!/(p) >0, u; >0 and 2p; + NX\; > 0
for i =1,2. Assume that (p1o — p, p20o — P, P10 — P20, U10, U20) € Wy = B2 b% x
B> 1% x BY72% x B>~ x B> ! satisfies for a constant § > 0 small enough, that

(P10 = Ps P20 — P, P10 — P20, U1, U20) ||y, <6, (1.2)
then (1.1) has a unique global solution (py, pa,ur, us, ) such that

lo1(t) = pll jy 1y + llp2(t) = pll oy 1y
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where M > 0 is independent of the initial data, and B* and B*-** are the homoge-
neous Besov space and homogeneous hybrid Besov space (see section 2), respectively.

The paper is arranged as follows. In section 2, we recall some basic theories for
some homogeneous Besov spaces and given the definitions and some properties of
hybrid Besov spaces. In Section 3, we reformulate the original problem and establish
the a-priori estimates for the reformulated system. In the section 4, we prove the
global existence and uniqueness of the solutions of the original Cauchy problem.

2 Littlewood-Paley decomposition and Besov spaces

We introduce the definition of the homogeneous Besov space B® and the hybrid
homogeneous Besov space B**? and list the related embedding inequalities.
Let ¢ : RY — [0,1] be a radial smooth cut-off function valued in [0, 1] such that

L <,
WY€) = smooth, % < €] < %, (2.1)
0, 1=t
Let ¢ be the function
p(&) = 1(£/2) — ¥(§). (2.2)

Thus, v is supported in the ball {¢ € RY : |¢| < 4/3}, and ¢ is also a smooth cut-off
function valued in [0, 1] and supported in the annulus {£ € RY : 3/4 < |¢| < 8/3}.
By the construction, we have

D oe2F) =1, VE#0.

keZ

Thus, one can define the dyadic blocks as follows. For k € Z and f € .%'(RY), let
Apf =T p(275) T f.

Definition 2.1. For s € R and u € . (RY), we set

Bs = Z 2| Agu| 2.

keZ
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A difficulty stems from the choice of homogeneous spaces arises at this point
| - |3 can not be a norm on {u € ./ (RY) : ||u||gs < 400} because ||u||ps vanishes
if and only if u is a polynomial. This leads us to adopt the following definition for
homogeneous Besov spaces [4].

Definition 2.2 (Homogeneous Besov space). Let s € R and m = —[% +1—s], then
we define the space B*(RY) as

B*(RY) = {u e 'R : |lu|ps < —l—oo}, m < 0,

BS(RN):{UGY’(RN)/Pm: ||| s <—|—oo}, m > 0,

where P, denotes the set of N variables polynomials of degree less than or equal to
m.

We have the following estimates.

Lemma 2.1 ([3, Lemma 2.7]). Let s > 0 and u € B*N L™,
(i) Let F € WET(RN) with F(0) = 0. Then F(u) € B*. Moreover, there

loc
exists a function of one variable Cy depending only on s and F', and such that

£ (w)]

e < Co([u| o) l[ul

Bs-

Ny 00
(ii) Let G € T/Vl[ong’ (RN satisfy G'(0) = 0. Suppose that u,v € B* and
(u—v) € B* for s € (=5, %]. Then G(u) — G(v) € B* and there ezits a function

of two variables C depending only on s, N and G, and such that

|G(u) = G(v)|

BS.

e < O(lulle o) (a5 + ol ) =

Next, we define hybrid Besov spaces which have different regularities in low
frequencies and high frequencies (see [4]).

Definition 2.3 (Hybrid homogeneous Besov space). For s,t € R, denote

lullgee = 25| Agullzz + > 2% Agul| 2.

k<0 k>0

Let m = —[¥ + 1 — s, then we define the space B*'(RY) as

B¥(RY) = {u c L' (RYY) : ||lu||pse < +oo}, m < 0,

B (RY) = {u € S (RN Pt ||ul st < —|—oo}, m > 0.



Remark 2.2. The following conclusions to be used in this paper hold obviously.

(i) We have B*® = B*.

(i) If s <t then B>' = B*N B'. Otherwise, BS' = B* + B'.

(iii) The space B%* coincides with the usual inhomogeneous Besov space B3,.
(iv) If s1 < sy and ty > to, then B¥11 «— B2tz
(

v) B — L™
Let us state some estimates for the product in hybrid Besov spaces.

Lemma 2.3 ([3, Lemma 2.7]). For all s,t > 0,

[[uv]

ot S llullzellvllzse + ([vlloe [[ull g

For all sq, 89,t1,t3 < % such that min(sy + t1, s9 + t3) > 0,

[uv]

S lJull o1z [|v]]
le+t17%,52+t27% ~ U B51:52 v Bti:t2.

3 Reformulation and the a-priori estimates

Let ¢; = p1 — p and ¢co = py — p, then (1.1) can be rewritten as

(

Oic1 + uy - Vey + pdivuy = —cpdivuy =: Fy,
(9tu1 + uq - Vu1 — “—ﬁlAul - %leVUl -+ %Pl’(ﬁ)Vcl

+VA_2(01 — CQ) + Uy = —cf_lFﬁAlul + K1 (cl)Vcl,
Oico + ug - Vg + pdivug = —codivuy =: Fy, (3.1)
Optiy + U - Vug — %Auz — %Vdivm + %Pﬁ(ﬁ)VCQ '
—VA72(61 — CQ) + Ug = _c:iﬁAQUQ + KQ(CQ)VCQ,
AD = C1 — Cag,
L (c1,¢0,u1,u2)(0) = (p10 — P, P20 — P, U10, Us20),
where
P ] Plp
Ki() = Zletn) B gy (3.2)
c+p P
Denote
- i N >\7, /(=
Hi = —, Ai:Ta I{Z:-Pz(p% (33)
P P
Nf = F WP Ff, E:=A0, (3.5)



Let d; = A~'divy; and ©; = A~ tcurlu; be the “compressible part” and “incom-
pressible part” of u;, respectively. Then,

u; = —A"Vd; — A1dive,,

Then (3.1); and (3.1)3 turn into

8t01 + uq - V01 + ﬁAdl = Fl, (9t62 + uog - VCQ + ﬁAdQ = FQ.

(3.6)

(3.7)

Applying A~tdiv and A~ 'curl to both sides of (3.1), and (3.1)4, respectively, we get

where

( Oydy +uy - Vdy — (211 + M) Ady
—k1Aey + pE + dy = Gy,

0 — A + Q) = Gy,

Oydy + uy - Vdy — (23 + Ag) Ady
—kol\cg — pE + dy = G,

01y — [12AQy + Qy = Gy,

C;

C;

G = —A"tcurl (uZ -Vu; — G _Aiui>.
p

Ci‘i‘

By (3.1)5 and (3.5), we obtain the equation

E = —A_1<Cl — CQ).

Thus, the system (3.1) can be written as

;

\

Oyc1 + uy - Ve + pAdy = Fy,

Ody + uy - Vdy — (2iy + M)Ady — kiAey + pE + dy = Gy,
o — A + Q = Gy,

OyCo + ug - Vg + pAdy = Fy,

Oydy + ug - Vdy — (2fig + Ag)Ady — kel — pE + dy = Gy,
01 — 12AQy + Qp = Go,

E=—-A"Yc; — ),

wi = —A-1Vd; — A-1dive,

(c1, 2, dy, d2, 21,92)(0) = (p1o — P, p20 — p, A~ divauo,

A~ divugy, At eurluyg, A eurlugg).

We will prove the following proposition.

6
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Proposition 3.1. Let (¢1,¢ca,dy, do, E) be a solution of

¢

Oyc1 + uy - Vey + pAdy = F,

Ody 4 uy - Vdy — (2fi1 + A1) Ady — k1Aey + pE + dy = G,
Oicy + ug - Vg + pAdy = F,

Opdo + us - Vdy — (2[12 + A2)Ady — kalAcy — pE + dy = G,
E=-A1Yc; — ),

[ (c1,¢2,d1,d2)(0) = (c10, €20, dr0, dao),

(3.13)

on [0,T), N > 3, 2—%<s§%+1and

JX%H)CZT.

t

V(t) = /U (lua (Dl e+ a2 (D g + 1w = u2) ()],
Then the following estimate holds on [0,T):

lex (8)]

t
+ [EQ@)[|ps-1.041 +/0 (lex (@) ps+rs + llea(®) || po+rs + [|da(7) || o+
+ |da ()| po+r + I E(T) [ gswstr + [[(dr — do)(7) || possr ) dr
S OeCV(t) (HClO|

Bs—1,s + ||CQ <t>|

pe-rs + [|di ()]

ps—1 + ||da(t)]

Bs—1

Bs—1,s + HCQO’ Bs—1,s _'_ ”dl()’

Bs—1 + HdQO‘

Bs—1

t
+ ||c20 — €10 Bs-2.s +/ ech(T)(”Fl(TH
0

po-ts + [ F2(7)|

Bs—1,s

1G1(7)]

g1+ ||Ga(7)]

pe=1 + [|F2(7) — Fi(7)]

BS_Q,S)dT> , (3.14)

where C' depends only on N and s.

Proof. Let (cy,¢y,dy,dy, E) be a solution of (3.13). Denote f, := A,f and f :=
e KV f where K is a large constant.

Applying the operator Ay to (3.1), we infer that (¢, Cor, duge, dog, Ek) satisfies

( Opéip + Ap(uy - VE) + pAdyy = Fiy — KV (£)én,
Opdyy, + Ap(uy - Vdy) — (21 + M)Adyy, — k1 Aéyy
+pEy, + dip = Gip — KV (t)dyy,
Ot + Ax(ug - V&) + pAday, = Fo, — KV'(t) oy, (3.15)
Dydor, + Ap(uy - Vdy) — (2fin + Ng) Adoy, — Ko Aéay
—pEy + doy, = Gop — KV'(t)doy,
| B = —AY(Gy — Gop).




Step 1. Low frequencies (k < ko(will be determined)). Taking the L? scalar prod-

uct of (3.15); with &, (3.15)y with dyy, (3.15)5 with &, and (3.15), with dog, we
obtain

(

Sallenl3 + (A V). é) + p(Adu, 1)
= (Fig, éu) — KV'(t) w3,

%%HJUCH% + (Ag(uy - Vdy), dig) + (201 + M)||Adur |3 — 51 (Aérg, di)
+p(Br, dir) + | diel3 = (G, dui) — KV'(2) | di |3,

L1012+ (Ap(ug - V), Gar) + p(Adog, Eax)
= (Fa, éax) — KV'(t) |23,

14 |doel13 + (Ax(uz - Vda), dor) + (2712 + Aa) || Adak 3 — ka(Aéa, dai)
—ﬁ(Ek,Cz%) + ||CZ2kH% = (é%,(j%) - Kvl(t)HJ%H%‘

(3.16)

\

By (3.15);, (3.15)3 and (3.15)5, we can easily get

O Er + A Ap(uy - VAE) + A Ay ((ug — u) - Véy)
+ p(do — dig) = AN (Fop — Fii) — KV' (1) E, (3.17)

and
1d

5%”3“”3 + (A Ay (ug - VAE), By) + (A A ((ue — w1) - Vér), Ey)

+ p(dog — dug, Br) = (AN (B, — Frp), By) — KV'(8)|| Exl 2. (3.18)

In order to get the smooth proposition of ¢; and ¢z, we need an equality involving
|Ac1x||? and ||[Aéax||3. To achieve it, we take L? scalar product of (3.15); with Ady
and (3.15)y with Aé; then sum up both equalities to get

d  _ ~ 5 ~ e _ - ~ N
— (1, Adig) + (Ag(ur - VEr), Adig) + pl|Adag]3 + (201 + A1) (Adk, Aik)

dt
+ (Ax(uy - Vdy), Aéw) — k|| AG1ll3 + p(Er, Aéi) + (dug, Aéur)
= (Fup, Adiz) + (G, Aery) — KV (£)(G1x, Adyy).- (3.19)
At the same way, we have

d  _ ~ 5 ~ e _ - ~ -
— (g, Ador) + (Ag(uz - VEr), Aday) + pl|Adag|3 + (2012 + o) (A*do, Ao

dt
+ (Ag(uz - Vdy), Aag) — k|| Aea||3 — p(Er, Aeor) + (dag, Aoy,
= (Fop, Ador) + (Gap, Aéoy,) — KV () (Gar, Adoy,). (3.20)

Using (3.15)5, we obtain

B(Eg, Aé1y — Aéo) = —p(Er, N2Ey) = —p||AEL||%. (3.21)



Define

(m + A) (HQ + A)

fi=
+ | Eil|3 — 2A((é1k, Aduy,) + (Gox, Adoy)).

1E1&]12 + 12l + Nl + lidarll3

By the linear combination of (3.16); — (3.16)4 and (3.18) — (3.20), we have

d B B 3 _ 3 -
Ef;f + Aki||Aéi |3 + Ara||Aca|3 + (201 + M — Ap)||Adik |3
+ (202 + X2 — Ap) || Adai||3 + APIAER|3 + [|dukl3 + [|dax 3
— A(2fi1 + M) (A%dyg, Aéry) — A2 + Xo) (A% daor, Aéay)
K+ A Ko+ A . S
! 2 (Fog, Gar) + (Gig, dig) + (Gag, dog)

= 5 (Fu, G1x) +
K +A . K +A
: (Ak(ul Vcl) Clk) 2

(Ak<U2 VCQ) &Qk)

— (Ag(uy - Vdy), di) — (Ap(uz - Vdy), dox) + (A (For, — Fiy), Ey,)
+ A[(Ak(ul . Vél), Acilk) + (Ak(ul . VJI), Aélk)] - KV’(t)f,f

+ A[(Ag(uz - VEr), Aday) + (Ar(us - Vda), Aday)]

— (A_lAk(UQ : VAE), Ek) — (A_lAk;((UQ — Ul) : Vél), Ek)

By Cauchy’s inequality and Bernstein’s inequality, we get

~ 22]{:0 6A
|2A(Car, Aduy)| < Alleag]]3 + 113,
~ 22k0 GA
|2A(Cor, Aday,)| < AllCar][5 + a3,
_ . 5 Ary 92k0+6 A(277; + A\,)2 . -
A + 30 (M, Ay < —1||Aclk||% ¢ A AT g
1
Ak 2206 A(2fip + A9)? | <
A7 + %) (N, Adae)| < 02 e+ A2y g e
2
Taking
20+ N 202+ Ao 9k1
A = min —, —, - 1
4p 4p 22ko+T (211 4+ Ap)
9/ﬁ22 K1 Ko 9
22k0+7(2ﬂ2+/‘\2)’ 4p" 4p’ 22ko+8
we have

F ~ el + el + [ duell3 + ldorll3 + || Exll2,

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.20)



and there exists a constant a such that

2dtfk a2® 2 < dtfk + Ak || AG |5 + Aka||Aca|3

+ (2011 + A — AP)||Adik]|3 + (202 + Aa — Ap) || Ada |3
+ APIIAE|[3 + || dill3 + [|dar |3 — A2 + M) (A%dug, Acyy)
— A(2ig + A2) (A2doy,, Aéoy). (3.30)

Applying Lemma 6.2. of [4] to the convection terms of (3.23), we get the following
estimates

|(Ap(ui - V&), en) S T2 Dl y 18] oo, (3.31)
(A (s - V), dig)| S Te2 D ]| oy 1| o | i, (3.32)
[(Ag(u; - Ve ) Adig) + (D (ui - Vdsi), Aéig)|

S 27D |y (Gl e [dinll2 + (1]l 5o 1El2), (3.33)

(A" Ag(uz - VAE), E)| £ Ji27 " Vluz]l I E|

Bs— 15+1HE]€H2, (334)

where ¢ = 1,2, >, ., Ji < 1. And by the paradifferential calculus and Cauchy’s
inequality, we get
I(A*IAk((W —w) - Vér), By

S 27D Jug — |y yallenl

Ex|». (3.35)

Bs—1,s

Combining (3.23) and (3.30)-(3.35), we get

5 dtfk a2 f2 < (1Bull2 + 1| Foellz + 1 Gurllz + |Gl
+ AT (Fi = Fa)ll2) fe + 275D (lw (T 31
+ [Jua(T) |y 0 + H(ur —u2)(7)]] Ly, y) (llea(®)]

lEa(®) oo + I (®) o + da(®) o1 + Bl po-res)
~ KV (3.36)

Bs—1,s

then

5 dtfk + a2 fi S (1Flle + |1 Forllz + 1Gall2 + (| Ganll2
AT (Fu = Fa)ll2) + J27 D ([l (D], x40

+ ||u2( )||Bj+l + ”(ul - u2>( )||B7 74,1) (HCI(t)”Bsfl,s
&) lsre + 1Ol + [ da(®) 51 + [E@ e-ren)
= KV'(t) fi (3.37)

10



Thus [; > <p, 2¢79% x (3.37)dr and (3.29) imply

S 2Dk (e ()l + et + Idue(®)ll2 + ol + | Eu(t)]l2)
k<kg

/ S 20 (ean(r) e + ez ()l + Ndue(r)ll2 + 1dex(r)ll2 + 1 Bu(r) ) dr
0

k<ko

S [[GiollBs—1s + || €20

-/ L

+ 1 (Fe — Fl)(7)|135_2,8)df+/0 V() (l1éx(r)]

+ [l du(m) | pes + lda(7))|

Beets + ||dio|| =1 + ||daol| -1 + || Eo|

Bsfl,sﬁ»l

gt 4 | Fo(7) | geors + |G1()]| et + ||Ga(7)]

Bs—1

Bs—1,s + H62 (7—) HBS—l,S

gt + |1B(7)]

gerorr — K Y 2807V fi(7))dr. (3.38)

k<ko

Now, we want to get the estimate of (dy — d;). By (3.15) and (3.15)y, it holds
that

Oy (dor, — dig) + Ap(uz - V(dy — dv)) + Ap((uz — wy) - Vdy)
— 20E + (do, — dyi) = (2fia + M) Adoy — (21 + A1) Adyy
+ koAl — K1 Aéig + Gop — G — KV () (daog — dig), (3.39)

then

1d

5 dt”d% dﬂc”% - Qﬁ(Ek, Aoy — Czlk) + ”CiQk — J1k||§

= (Gor — Gy dog — dii) — KV'(1) ||y, — dus 13

— (Ap(us - V(dy — dy)), dox, — Jlk) + (Ko Ao, oy, — duy,)

— (Ap((u2 — wy) - Vdy), doy, — Ciuc) — (K1 AG1p, dog — duy,)

+ (212 + A2) Adoy, — (211 + A1) Adg, dox, — di). (3.40)

By (3.17) and (3.39), we have

ot = e E) + s — el — 27| Bl + (B o — )
= (G — Gy, Ey,) — 2KV (1) (day, — dg, Ey) + ka(Acar, E)
(A (P — Fup), dox — dug) — w1 (Acig, By) + (21 + M) (A%dy, By)
— (2p2 + )\2)(/\ dok, Bi) — (Ap(uz - V(dy — dy)), )
— (A 'Ag(ug - VAE), doy — duy.) — (Ax((us — wi) - Vdy), Ey)
(Ak Uy — ul) Vé), dop, — dlk) (3.41)

+

11



Applying Lemma 6.2. of [4] to the convection terms of (3.40) and (3.41), we get

the following estimates
\(Ak(UQ : V(Uzz - 021))7 CZQk - lek:)|
S 2 Mzl y 0 de — dall e | doe — duelle,
(A Ag(uz - VAE), E)| S T2 |Jusll g sl Bl oot [| Ex o,
|(Ag(uz - V(do — d1)), Ey) + (A Ap(uz - VAE), doy — di)|
S Jk2_8k||u2’|34§+1 (Ida = dallgos—1 | Ex + || E|| g+ || dok — dukl2)-

And using the paradifferential calculus and Cauchy’s inequality, we get

|(Ak((u2 —up) - le), Cz2k - Czlk)|

S sz_ksHUZ - ulHBi},%H [

|(Ak((ug — uy) - V), dog — Czlk)l

Bs-1 ||d2k - dlk’|2:

S 27 lug —wll Ly y i llerl]pos doi — dig |2,
|(Ax((uz — wy) - Vdy), Ey)|
S T2 ug — w| Ly x|l por || Erl2.

B2°'2

Define f2 = ||dye — dig||2 + 2|| Ex||2 — 2B(doy, — dig, Ey,). Combining (3.18),
and (3.40) — (3.47), we get
Ld 4 N 72 B2 AT 7
sgpfe (1= Bp)lldar — dukllz + 2Bpl| Bl — B(Ek, de — dur)

S (IA%dukl2 + 1A% dakll2 + | AGukll2 + [[Aczell2 + | Grkll2
+ |Garll2) |1 EBkllz + 1A~ (For — Fie) |2l dax — dakl2

+ 27V (1) (Idz — da | posr + | Bl pessr) fo = KV (8) 7
L B2V (Al s + 1| 1)

By Cauchy’s inequality, we get
5 i F B 72 SN (2
12B(day, — dik, Ex)| < EHdzk — dulz + Bpll Ex 2.
Taken B = min{%ﬁ, fi}, then there exists a constant a such that

1d ., - . . i _

5@% +aff S (INdwll2 + [|A%dorl2 + [|Acwk |2 + |ACk |2

+ |Gillz + [|Garllz + 1A (For, — Flk)Hz) (chzk - chng + HEkH2)
+ 275V () (| da — d|| pos— + || E|| possr) fi — KV () f£

+ Jk2_’“V’(t)(||J1| Bsfl,s)fk,

Bs—1 + ||¢1]

12

(3.45)

(3.46)

(3.47)

(3.35)

(3.48)

(3.49)

(3.50)



thus it holds

%fk +afi SN dulla + [A%doxlla + (A1l + | Aal2
+ |G klla + [Garlla + 1A (For — Fix) |2
+ 27V () (Idz — dal| posmr + | B possr) — KV () fi
+ T 27V () (||d, | Bo-ts). (3.51)

g1+ [|é]

Then [; 32, o, 2°F X (3.51)dr implies

t

> 25 (1(da — dun) ()12 + | Bilr) ) dr

0 k<ko
S lldiollps—1 + |ld2o || Bs=1 + [| Eo || ps—1.51
¢
+/ Z 2% (| Adug |2 + ||A%dok |2 + |AC1k]|2 + [|Aas]|2) dT
0 k<ko

po1 + ||Ga(7)]

g1+ [|[(Fy = Fy)(7)]

Bsf2,s)d7—

n / (162 ()
n / SOV (s — ) (7)ot + | BT [oes) — K2 Fo(7)

k<kg
+ V(t)sup e (1di(7)|

g1 + |G (7)]

peie). (3.52)

Step 2. High frequencies (k > ko +1). By (3.15), we can get the following esti-
mates

(

LA\ NG 13 + (AAR(uy - VEr), Aére) + p(A%dik, Aéry)
= (AP, Aéy) — KV (1)|| Ay )2,
L2\ dwl3 + (Ak(uy - Vdy), di) + (200 + M)l Ad |13 — 1 (Aéyy, dug)
—p(AY (G — Ga), i) + ldikl13 = (Gre, du) — KV (1) dur 3,
L\ NG |13 + (AAk(uz - V), Aéar) + p(A%dok, Aéay)
= (AFr, AZar) — KV'(1)]| AcaI3,
14 |doel13 + (Ax(uz - Vda), dor) + (2712 + Xo) || Adar 3 — ka(Aéa, dai)
L +A(ATH(E — Ear), dox) + ||dok | = (G, dor) — KV ()| dar||3.

(3.53)

Define f? = (| AG, |2 + 222522 | Agy, |2 + Dl|dy |3 + Dl a3 — 2(Acsy, dix) —
2(Aéay, dag). By (3.15)5, (3.19), (3.20) and (3.53), we get

d i i L L
af;f + k|| AGik|3 + rallAck |3 + (D2 + A1) — p)||Adull3
+ (D(2fi2 + A2) — p)||Adar||3 + Dl|dix||3 + D doxl|3

13



— (Dky 4 1)(dyg, Aéry) — (Dkg + 1) (dag, Aéoy)

— Dp(A™" (G — G, dix) + Dp(A™" (Gr — Gar), dax) + PIIAER 3
2+ A 2f2 + A
- iR
+ D(Gog, dar,) — (Fi, Adig) — (Grg, Aérg) — (Fag, Aday,)
2#1 + N

(AFy, Aéyy) + (AFo, Aéyi) + D(Ghy, duy,)

— (Gog, AZoy,) = KV'(8) f? — (AAg(uy - Vér), Aduy)

2 A - -
M(A&f(uz Véy), Aéai) — D(Ag(uq - Vdy), dig)

— D(Ak(UQ . VCZQ), CZQ]Q) — (Ak(ul . V&l), ACZlk)
— (Ak(ul . le)yAélk) — (Ak(UQ . VEQ),AJQk)
— (Ap(uz - Vda), Aéo). (3.54)

By Cauchy’s inequality, we have

. = QMH—/\ 4p ~
12(e, Adi)| < Azl + 3= el (3.55)
2=%0+3( Dy + 1)
(D 1) Ad)] < 23+ 2P gz (@5
L ~ _ 2—4k0+6D K B
IDA(A (Er — o), di)| < L1 A3

2= 406 Doy 2= 203 Dp(ky + K ~
TMHA%H% + AL LR g (3.57)
K1k
where ¢ = 1,2. Taking D = 2u1+>\1 + 2u2+/\2 then
I ~ IG5 + Aok + | dukll3 + lldae 3, (3.58)
and it holds
272k0+3 D ; 1 2 272k0+3D*
(Dri + 17 pliatre) oy (3.59)
i R1K2
Dp2~kot6 < 1 (3.60)

when ky is large enough. Applying Lemma 6.2. of [4] to the convection terms of
(3.54), and combining (3.54) — (3.60), we can find a constant a such that

SR+ af? S (ARl + 1Al + [Gaell + 1 Goelle) i
T szf'f@* (@)l oy + a2 y2) (Ea e
1) e+ MO + a0l ems) fi — V@2 (3.61)

14



Then

d 5 5 _ _
Efk +afi S (IAFwll2 + 1AF2]l2 + | Gaellz + 1 Gaxll2)

+ 27" (Jun @)l g+ @]y o) (e @)l e
+llE@)lpers + [di (@)l g1 + lda(t) | ps-1) = KV'(£) fi (3.62)

S e, 2867D(3.62)d7 and (3.58) imply

> D (|[Ac (0113 + 1Ak (B 113 + ldir ()13 + [l dail[3(2))

k>ko

t
+/0 > 2 ((IAG(T) 15 + [AG (P13 + [[dik() 13
k>ko

+ ldarll3(7)) S Nérollpo-tee + [|E20]l mo-1e + ||dio]| 1
t

pr [ (IR
0

po)dr + /0 V/(r) (é(r)]
g — K 2K670 £ (7)) dr (3.63)

k>ko

+ | dao] et + || Fo(7) || ge-rs + [|G1 (7))

Bs—1

+ (|G (7)]

g+ &)

Bs—1,s

+ (7)1 + [lda(7))]

In fact, we can show the smooth properties on d; and ds by considering (3.15)y
and (3.15)4. By (3.53)2 and (3.53)4, we get

1d ., - ~ - .
§E(|Id1k||§ + ||d2k|’§) + (2 + )\1)||Ad1k||§ + (242 + /\2)||Ad2k||§

— K1 (Aéiy, dig) — Ka(Aéay, dar) — p(A™"(Gry, — Eat), dur)

+ p(A™" @1k — Gan), dai) + [[dakll3 + [ da13

= (G, dix) + (Gar, dox) — KV ()([|dukl|3 + || d213)

— (Ag(uy - Vdy), dig) — (Ag(ug - Vdy), day). (3.64)

By Cauchy’s inequality and Lemma 6.2 of [4], we finally get

1d, -~ ~ . .
5%(“0311@”% + Hd2k|’§) + (2011 + M) Adull5 + (22 + Xo)|| Adar]|3

S (J[AGwlz + |Aéak]l2 + |Gkl + 1 Garll2) (Il dikll2 + [|dax]l2)
+ J 27" ([l gor + [lda]l ) (k]2 + lldaxll-)
— KV'(t)(|duxl|3 + lld2x]13)- (3.65)

Thus it holds

d - - - -
7 (i3 + el 13) "7 2% (el + s 2)

N | —

15



< (AGk]l2 + [Aéak]l2 + |Garll2 + [|Gaxll2)
+ S 27 HDV @) ([|di| pe-t + ||
— KV'(t)(||dixll2 + || dax|2),

-

then [}, 27¢~D(3.66)dr implies

t

> 2 (|l due(7) 2 + dan(7)]l2) S ol

0 k>ko

Bs—1

+ ||Ci20’

w32 (Dl + oalr) )i

k>kg
n / 1Ga() poordr / V() (da(7)|

+ || da(7) || et — K Z 256D (|| di(7) || + ||J2k(7)||2))'
k>ko

po1 + ||Ga(7)]|

Bs—1

(3.66)

(3.67)

Combining (3.38), (3.52), (3.63) and (3.67), and taking K large enough, we

complete the proof.

]

We can obtain the estimates for the “incompressible part” of u; (i = 1,2) by the

following Lemma.

Lemma 3.1. Let u be the solution of

ou — pAu + u = f,
u(0) = wuo.

Then for s € R and t > 0, it holds

PR /Ot l[u(7))| Bs-1 + /Ot 1 (7)]

It is trivial to prove Lemma 3.1, so we omit the details of the proof.

[u(t)]

Bs—1,s+1d7' S HU()’ Bs—ldT.

4 Existence and uniqueness

Let us define two norms:

[(c1, cay ua, us, ‘I))HW; = ||Cl||L°°((0,T);BS*175) + ||02||L°°((0,T);B5*1v5)
+ [lwallzoeqoryim-1y + w2l o.ryime-1) + [|Rll oo (0825 +2)
+ HC]-’|L1((O,T);BS+1’S) + H02’|L1((0,T);BS+1’5) —|— H’LL1”L1((O7T);BS-¢—1)

+ [luzllro,m)s+1) + 1Rl 10,1y Bs+15+2) + Uz — wallpro.1) 85541,

16
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(3.69)

(4.1)



and

H(Cl, CQ, U/l, u2, @)HW&(O) = HCl‘ Bs—1,s + H02| Bs—1l;s
+ ||u1|| gs—1 + [Jual|gs-1 + || P Bs.s+2- (4.2)
We have the following estimates.
n [0,T], N > 3 and

Theorem 4.1. Let (1, c2,u1,u2, ®) be a solution of (3.1)
Py, Py are Cl31+3 function of p1, pa such that Pi(p1) > 0, Pa(p2) > 0. Assume that

7
I HLOO o ¥) (1 =1,2) are small enough. Then (c1, ca,uq, uz, P) satisfies
[(c1, c2, ur, ug, @)l x < CGCV(T)(||(010,C107d10,d20,‘1>0)||WLVZ(O)

T

(Ut el oy + 2l ) TN 200, 0, @2 FONNCS)
where C' 1s a constant depending only on p, i, po, A1, Ao and N
Proof. By (3.12), Proposition 3.1 and Lemma 3.1, we need to show that

||F1||L1((0,T);37—1 AT ||F2||L1 (01);BT 1% HGlHLl((O,T);B%_I)
FICl o, +IF = Bl oy s,
i G PR ST o (21 [y S
S 1+ IIClHLm oms¥) Tl womsd)? " II(ChCz,uhuz,@)lling- (4.4)

In fact, for i = 1,2, we have

”EHLl((O,T);B%_L%) ||Czd1VUz||L1 ((0,T); Y- 7)

S leill e o 13 106l oy )
S H(Cl7c27u17u27q))||2 ) (45)
W2

N

T

£y — F2||L1((0 .85 -2%) S lller = CQ)lem”Ll (0BT %)
+ ||62d1V(U1 - u2)||L1 ((0,T); BY 2% 7)

S HCI)”L‘X’ ((0, T),B% %“)H 1||Ll((O,T);B%“)

ul - UQ) ||L1((0,T);B%’7]}+1)

(4.6)

5 ||(Cl7 Ca2, U1, U2, qi))||2 N,
W2

and

||uid1Vdi||L1((07T) ‘B2 + ||uzdlvuz||L1 ((0,1) 37_1)
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S ”WHLW((QT);B%*)HU"HLl((o,T);B%“)

g ”(617627u17u27q))’|2
T
< )

YRR z+p|| wiorysH 1l o mys¥ o)

Auz||

cl+
eand1e1]

St HC%H ’ L°°((0,T>;B%>”uiHLl((o,T);B%“)

Lo (0T)B%’)>

S+43 2
( +H01HLoo ((0,T);B %)>2 H(Cbc%ulvu?vq))qugv

|K(c) Veil| SO+ el )z

LY((0,T) 37*1) (OT)BN)
X || i”Loo((OT)‘ %*L%)H i||L1((O,T);B%+1’%)

| (

S (L el

L((0,T); B%)) Chcwhuz,@)lljﬁ,

T

(4.8)

(4.9)

At the same way, we can get the desired estimates of G; and G5. Thus we finish

the proof.

]

The construction of the approximate solutions to (3.1) is standard (see [12]).
Then, Using Theorem 4.1 and the smallness assumption, we can show that the
approximate solutions converge to the solution of (3.1) by compactness arguments
(see [4, 12]). Using a similar argument as that in [4, 12], we can easily obtain the

uniqueness of the solution. Thus, we finish the proof of Theorem 1.1.
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