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WELL-POSEDNESS FOR A MULTIDIMENSIONAL VISCOUS
LIQUID-GAS TWO-PHASE FLOW MODEL*

CHENGCHUN HAO! AND HAI-LIANG LI

Abstract. The Cauchy problem of a multidimensional (d > 2) compressible viscous liquid-gas
two-phase flow model is studied in this paper. We investigate the global existence and uniqueness of
the strong solution for the initial data close to a stable equilibrium and the local-in-time existence and
uniqueness of the solution with general initial data in the framework of Besov spaces. A continuation
criterion is also obtained for the local solution.
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1. Introduction. Models of two-phase or multiphase flows have a very broad
application to hydrodynamics in industry, for example, in manufacturing, engineering,
and biomedicine, where the fluids under investigation contain more than one compo-
nent. Indeed, it has been estimated that over half of everything produced in a modern
industrial society depends, to some extent, on a multiphase flow process for its opti-
mum design and safe operation. In nature, there is a variety of different multiphase
flow phenomena, such as sediment transport, geysers, volcanic eruptions, clouds, and
rain. In addition, models of multiphase flows also naturally appear in many contexts
within biology, ranging from tumor biology and anticancer therapies to developmen-
tal biology and plant physiology. The principles of single-phase flow fluid dynamics
and heat transfer are relatively well understood; however, the thermofluid dynam-
ics of two-phase flows is an order of magnitude more complicated than that of the
single-phase flows due to the existence of a moving and deformable interface and its
interactions with two phases [3, 14, 15, 16].

In the present paper, we consider the drift-flux model of two-phase flows, which
was principally developed by Zuber and Findlay [25], Wallis [19], and Ishii [13]. The
basic idea behind drift-flux models is that both phases are well mixed, but the relative
motion between the phases is governed by a particular subset of the flow parameters.
In the case of liquid-gas fluids, it relates the liquid-gas velocity difference to the
drift flux (or “drift velocity”) of the vapor relative to the liquid due to buoyancy
effects. In general, the drift-flux models consist of two mass conservation equations
corresponding to each of the two phases, and one equation for the conservation of
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the mixture momentum, and are particularly useful in the analysis of sedimentation,
fluidization (batch, cocurrent, and countercurrent), and so on [13, 19, 24, 25].

The Cauchy problem to a simplified version of the viscous compressible liquid-gas
two-phase flow model of drift-flux type in R? (d > 2), where the gas phase has not
been taken into account in the momentum equation except that the pressure term
and the equal velocity of the liquid and gas flows have been assumed, reads

1y + div(mu) = 0,
(1.1) 7y + div(7zu) = 0,
(fu); + div(iu @ u) + VP(i, 71) = fAu + (i + \)Vdivu,

with the initial data
(1.2) (7, 72, u)|4=0 = (170,70, up)(z) in RY,

where m = agp; and 7 = a4p, denote the liquid mass and the gas mass, respectively.
The unknowns oy, ag € [0, 1] denote the liquid and gas volume fractions, satisfying the
fundamental relation o + a4 = 1. The unknown variables p; and p, denote the liquid
and gas densities, satisfying the equations of states p; = p 0+(P—P0)/a}, pg = P/ag,
where a; and a4 denote the sonic speeds of the liquid and the gas, respectively, and
P and p;o are the reference pressure and density given as constants. u denotes
the mixed velocity of the liquid and the gas, and P is the common pressure for both
phases, which satisfies

(1.3) P(in, 7) = Co (=b(ii, 7) + /B(, ) + (i, 7)) ,
with Co = a}/2, ko = p10 — Pio/ai >0, ag = ag/alQ, and

b(’fh, ’fl) = k() — — CLQTL C(Th, ’fl) = 4/€0a0fz.
o and X are the viscosity constants, satisfying
(1.4) fi>0, 2i+d\>0.

For the one-dimensional case, the existence and/or uniqueness of the global weak
solution to the free boundary value problem was studied in [9, 11, 22, 23], where the
liquid is incompressible and the gas is polytropic, and in [10], where both of two fluids
are compressible. However, there are few results for multidimensional cases except
for some computational results [18]. As a generalization of the results in [10], the
existence of the global solution to the two-dimensional model was obtained in [21] for
small initial energies. In [20], a blow-up criterion for the two-dimensional model was
proved in terms of the upper bound of the liquid mass for the strong solution in a
smooth bounded domain.

One of the main results of the present paper is the existence and uniqueness of
the global strong solution to the Cauchy problem (1.1)-(1.2) within the framework of
Besov spaces for all multidimensions d > 2, provided that the initial data are close
to a constant equilibrium state. The other result is the local well-posedness and the
continuation criterion to the Cauchy problem with general initial data. Because of the
similarity of the viscous liquid-gas two-phase flow model to the compressible Navier—
Stokes equations, we can apply some ideas adopted in the proof of well-posedness
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for the compressible Navier—Stokes equations to deal with the two-phase flow model.
It was Danchin who first made important progress in applying the Littlewood—Paley
theory and Besov spaces to solve the existence and uniqueness for the compressible
Navier—Stokes equations or barotropic viscous fluid [5, 8] and for the flows of com-
pressible viscous and heat-conductive gases [6, 7]. However, it is nontrivial to apply
directly the ideas used in single-phase models to two-phase models because the mo-
mentum equation is given only for the mixture, and the pressure involves the masses
of two phases in a nonlinear way, which makes it rather difficult to obtain the es-
timates of the masses and the mixed velocity (m,7,u) in Lebesgue spaces LP with
respect to time. In addition, it seems impossible to get the estimates of m and n
from the system simultaneously due to the strong coupling among the corresponding
terms, even if we change the variables (m,n) linearly.

To overcome these difficulties in global well-posedness theory, we make use of a
nonlinear variable transform so as to separate the two mass variables from each other,
which enables us to decompose the original system into a transport equation and a
coupled hyperbolic-parabolic system. More precisely, we first divide the momentum
equation by m (which supplies additional information) and take a new variable n =
ag(n/m —n/m) for some constants 7 and m. This makes the resulting equation for n
a homogeneous transport equation with velocity u, and the expected estimates of the
new variable depend only on the mixed velocity. Then we remove the linear terms
involving n from the momentum equation so as to separate linearly the equation about
n from the others, which can be done by virtue of the variable changes with a careful
choice of coefficient factors. Finally, to establish the a priori estimates for the global
existence theory, we deal with the linearized system directly instead of separating the
velocity into compressible and incompressible parts.

As for the local well-posedness theory for general data, we need to reformulate the
original system and deal with the resulting nonlinear system directly, and in terms of
the improvement of the a priori estimates on the densities, we can generalize the local
well-posedness result in [1, 8] to the two-phase flow model (1.1) with the specified
pressure function.

Before stating the main results, we introduce some notation. Throughout the
paper, C (or ¢) stands for a harmless constant, and we sometimes use A < B to
stand for A < CB. B® and B*! denote usual homogeneous Besov spaces and hybrid
Besov spaces, respectively; I~/°°(Bs’t) and (,;(Bs’t) are mixed time-spatial spaces; see
the appendix for details. Let us now introduce the functional spaces which appear in
the theorems.

DEFINITION 1.1. For T > 0 and s € R, we denote

Ef = {(m,n,u) 'n € C([O,T];Bs_l’s(Rd))
m € C([0,T]; B~ (RY) N LY ([0, T]; BH*(RY))
u e (C(0,T); B~ (RY) N LY ([0, T); B (RY))) "}
and
[(m,n,u)| s = ”n”f/m([(),T];BS*le) + Hm”im([O,T];BS*LS) + Hu”im([O,T];BS*l)
+Imll o, 1y;Bo+1o) + Il o, 7);B5+1)-

We use the notation E® if T = +oo, changing [0,T] to [0,00) in the definition
above.
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DEFINITION 1.2. Let o € [0,1] and T > 0, and denote
Fft = (C(0, T]; BY/> /2o
> (é([o,T];Bd/2fl7d/2fl+a) N Ll([o,T];Bd/2+1’d/2+1+a))d.

Now, we state the global well-posedness results briefly as follows. For more infor-
mation about the solution, see Theorem 2.1 in the second section.

THEOREM 1.3 (global well-posedness for small data). Letd > 2, i > 0, m >
(1 —sgnn)ko, @ > 0, and 24 dA = 0; in addition, i+ X > 0 if d = 2. There exist two
positive constants o and Q such that if g —m, g —n € BY/2=14/2 gpnd vy € BY/2-1
satisfy

(1.5) ||m0 — T7L||Bd/2—1,d/2 + ||ﬁ0 — ﬁ||Bd/2—1,d/2 + ||110||Bd/2—1 < o,

then the following results hold:
(i) Existence: The system (1.1) has a solution (m,n,u) satisfying

- (R B wee (b
and, moreover,

[[(a(m — m) + bag(n/m — ii/m), n/m — a/m, )| ga/2

< Q(||m0 — m||Bd/2—1,d/2 + ||T~Lo — 'FL||Bd/2—1,d/2 + ||u0||Bd/2—1),

where the constants a and b are defined by

=— (an+m+ (11 — agR) (1M — aoft — ko) >0,
(1.6) m V(M + agn — ko)? + dkoaon
b1 (m + apn + ko) >0,

\/(m + apn — kO)Q + 4koagn

(ii) Uniqueness: Uniqueness holds in C (RT; (B4Y/2=1d/2)141 5 (B4/2)d) if 4 > 3.
If d = 2, one should also suppose that g — m, g — 7 € B> and uy € B for
£ €(0,1) to get uniqueness in C(RT; (BY1)H+L x (B1)d).

For the general data bounded away from infinity and the vacuum, we have the
following local well-posedness theory (refer to Theorem 3.1 for the corresponding
statement in terms of new variables).

THEOREM 1.4 (local well-posedness for general data). Letd > 2, fi > 0, 2fi+-d\ >
0, with constants m > 0 and n > 0. Assume that rhal —m~ e B¥2d/241 po _f e
BY/24/241 - and ug € BY214/2. In addition, sup,ega o(r) < co. Then there exists
a positive time T such that system (1.1) has a unique solution (1,7, u) on [0,T] x R?
and that (m~1 —m~', 7 —n,u) belongs to F} and satisfies SUP (¢ ¢y (0,7] xR Mt T) <
00.

We also have the following continuation criterion for the local existence of the
solution (see also Proposition 3.6).

THEOREM 1.5 (continuation criterion). Under the hypotheses of Theorem 1.4,
assume that system (1.1) has a solution (m,7,u) on [0,T) x R? such that (= —
m~ 7 —n,u) belongs to Fi, for all T" < T and satisfies

mt —m~ i —n e L([0,T); BY>4/2H),
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T
sup m(t, z) < oo, / (IVul|sodt < co.
(t.x)€[0,T) x R4 0

Then there exists some T* > T such that (7,7, 1) may be continued on [0,T*] x R?
to a solution of (1.1) such that (m~! —m~1 7 —n,u) belongs to Ff..

Remark 1.6. The results of the present paper are independent of the special
structure (1.3) of the nonlinear pressure term P. Indeed, the similar results of The-
orems 1.3, 1.4, and 1.5 hold true as long as the term VP/m can be decomposed into
a linear term involving the modified mass and some nonlinear terms, similar to (2.1)
in the next section.

The rest of this paper is organized as follows. In section 2, we investigate the
global well-posedness of the Cauchy problem. We first reformulate the system through
changing variables in order to obtain a priori estimates in subsection 2.1. In subsection
2.2, we are devoted to deriving a priori estimates for the transport equation and the
linear coupled parabolic-hyperbolic system with convection terms. Subsection 2.3
involves the proof of the existence and uniqueness of the solution. In section 3, we
prove the local well-posedness of the problem through some subsections similar to the
global ones. An appendix is devoted to recalling some properties of the Littlewood—
Paley decomposition and Besov spaces which we have used in this paper.

2. Global well-posedness for small data.

2.1. Reformulation of the system. Letting 7 > 0 and m > (1 — sgnn)ko,
we introduce new variables n = ao(f/m — n/m) and m = a(m — m) + bn, ie.,
m = m+ (m —bn)/a, in order to cancel the linear terms involving one modified mass
from the momentum equation, where a and b are positive constants defined in (1.6).
We also denote ng = ag(ng/mo — i/m) and mg = a(mo — m) + bng throughout the
paper for the global well-posedness theory. Then we have

C%:(1+%+n)m—ko+\/((1+%+n)m—ko)

Taking the gradient of both sides, we get

VP
(2.1) Corn Vm + H(m,n),

. _
+ 4k (n+ @) .
m

where the nonlinear term is

Vm —bVn
H(m,n) := 2 ( — (apn +m)m + (am? + b(agn + m))n)

+ (K (m,n) — K(0,0)){ (n+ % + 1) AVn + (n+ % + 1)2vm

—I—ko(n—k%—l)W—FkQVn}

apm 1) Vn(m — bn)
a

+K(0,0){(n+—+ + mnVn
m

+ [n2 +2n (% + 1)} M + f—%n(Vm —bVn)

e (% B 1) (m —bn)(Vm — an)}.

a?mm
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Here,
1
V 107+ 22E) (4 992 1) — k]® + ko (4 222 (m 4 m=bn)

K(m,n) =

)

a

and K(O, 0) = 1/\/(771 + apn — ko)Q + 4dkoagn > 0.
Therefore, with the new unknowns, we can rewrite the Cauchy problem of system
(1.1) as follows:

ng+u-Vn=0,
my +u- Vm + amdiva = F(m,n,u),
w +u-Vu— pAu— (p+ A\)Vdiva + CoVm = G(m, n,u),

(m,n,u)|t=0 = (Mo, no, o),

(2.2)

where

w=p/m, A=XAm, F(m,n,u)=—(m—bn)divu,

G(m,n,u) = —CoH(m,n) — ma_mb" (uAu + (p+ A)Vdivu).

Note here that the first equation in (2.2) is a homogeneous transport equation; the
estimates of n depend only on those of the velocity u. The second and the third equa-
tions in (2.2) consist of a coupled parabolic-hyperbolic system involving the modified
mass m and mixed velocity u. Thus, with the help of the decomposition (2.1), the
original system is decoupled into a transport equation for the modified gas flow and
a coupled system for the motion of the modified liquid fluid.

We can get the following result for the reformulated system.

THEOREM 2.1. Letd > 2, n >0, m > (1 —sgnn)ko, p >0, and 2u+ dX > 0; in
addition, 4+ XA > 0 if d = 2. There exist two positive constants n and Q such that if
mo, ng € BY2=14/2 gnd uy € BY2-1 satisfy

(2.3) HmQHBd/Q—l,d/Q + ||TL0HB(1/271,(1/2 + Hu0||Bd/2—1 <n,

then the following results hold:
(i) Ewxistence: The system (2.2) has a solution (m,n,u) in E%? which satisfies

[(m,n,w)|| ga2 < Q(Imoll parz-1.ar2 + [[nol| parz-r.a2 + || wol| ara-r).
It also belongs to the affine space
(mz,no,ur) + (CY2(RT; BY2-1)1H1 5 (CV8(RT; Bd/2-5/4))d,
where (myp,ur) is the solution of the linear system

omr + amdivuy, = 0,
(2.4) ouy, — ,LLAUL — (u + /\)VdiVUL + CoVmyp =0,
(mr,ur)|t=o0 = (mo, uo).
(i) Uniqueness: Uniqueness holds in E%? if d > 3. If d = 2, one should also

suppose that ng,mo € B&11¢ and ug € B for e € (0,1) to get uniqueness in E*.
With the help of Theorem 2.1, we can prove Theorem 1.3 as follows.
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Proof of Theorem 1.3. From the conditions, we have ng € B%/2~14/2_n addition,
from g — m € BY?~14/2 we can derive mo = a(mg — m)/m + bng € B/2-1d4/2,
Since (1.5) implies (2.3), the conclusion of Theorem 2.1 follows for (m,n,u). Changing
back to the original variables (7, 72, u), it leads to Theorem 1.3. By Lemma A.6, it is
easy to see that 7 —m and 7 — 7 also belong to C(R*; BY/?~1 0 B4/2), O

2.2. A priori estimates for the linear system with convection terms. We
first investigate some a priori estimates for the linear system with convection terms:
ng+v-Vn =0,
my + v - Vm + amdiva = F,
u; +v-Vu—pAu— (p+ A)Vdivu+ CoVm = G,

(m,n,a)li=0 = (Mo, no, Up).

(2.5)

We do not need to separate the velocity into compressible and incompressible parts.
In fact, we can prove the following proposition.

PROPOSITION 2.2. Leta > 0, m > 0, s € (1 —d/2,d/2+ 1], and s1, s2 €
(—=d/2,d/2 + 1] be constants. Assume v € L([0,T]; BY**') and denote V(t) =

fg lv(7)|| gasz+rdr. Let (m,n,u) be a solution of (2.5) on [0,T]; then the following
estimates hold:
(2.6) 7l oo 0,712y < €77 P I oo

and

el e 10,7 3 -1.6) F 1l e 0,79 31
(2.7) + lmllz1o,1y;Bs+1+) + [l o,m; 85+ 1)
< eVD (|lmol| pe-1.s + [uo o1 + Il Laqo,my;m-1) + Gl Lr(po,ry;85-1)) -
Proof. Step 1: Estimates for the homogeneous transport equation. We derive the

estimates for the first equation of (2.5) in Besov spaces.
Applying the Littlewood-Paley operator Ay to (2.5); yields

OIYAN Ap(v-Vn) =0,
(2.8) :Bkn A+ AV - Vn)
Akn|t:0 = Akno.

Taking the inner product of (2.8) with Agn, we get for any s1, s2 € (—d/2,1+d/2]
1d
2dt

It follows that

18505 = —(Lk(v - Vn), Agn) S 2752 v]| gassin [0l per.ss | Aanl|2.

t
S 2 Al < malns +C [ [¥llgoraeollze
k 0

which implies the desired estimate (2.6) with the help of the Gronwall inequality.
Step 2: Estimates for (m,u). Applying the Littlewood—Paley operator Ay to
(2.5), and (2.5),, we have

(2.9) KD gm + Ag(v-Vm) + amdivAgu = ARF,
' O ANpu + Ak(v . Vu) — ILLAAku — (,u + )\)VdivAku + CoVALm = AL G.
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Taking the inner product of (2.9); with Apm and —AARm, and (2.9), with Agu,
we obtain

1
(210) —%HAka% + (Ak(v . Vm), Akm) + am(divAku, Akm) e (AkF, Akm),
(2.11) %HVAka% + (A (v-Vm), —AAm) — am(divAgu, AN gm)
= —(AkF,AAkm),

N =

1d .
(212) 5= [ARu3 + (Ak(v - V), Aga) + pl| VA3 + (1 + A)||divAgul3
+ CQ(VAkm, Aku) = (AkG, Aku).

For the intersected term, we have

d

E(Aku’ VArm) + (Ag(v - Vu), VArm) — (Ag(v - Vm), divAgu)
(2.13) — aim||divAgu|2 + Col|V A2 + (2u + A)(divAgu, AAm)
= —(AkF, divAku) + (AkG, Vﬁkm).
Let

C() (2u—|—/\
2.14 = 3+ | Akul)3 + ———
(214) o == || Aemlf3 + | Apul3 +

A
) ||VAkm||§ + 2A(Aku, VAkm)

For A = (u+ A)/(2am) > 0, there exist two positive constants ¢; and ¢z such that
(2.15) crap < | Apmlf3 + [Axullf + [[VAmI3 < e20,
since we have, for M € (am/(2u + A),2am/(u 4+ N)), that
2(Apu, VARm)| < M| Agul3 + ||V Agml|3/M.
Combining (2.10)—(2.13), with the help of Lemma A.7, yields

1d .
5%04% + /LHVA;.CUH% +(u+A— CLT?LA)HleAkqu + CoAHVAka%

Co (2u—+ M)A

= %(AkF, Akm) + (AkG, Aku) — (AkF, AAkm) — A(AkF, divAku)

am
+ AL G, VAEm) ¢ (Ap(v-Vm), Agm) — (Ak(v - Vu), Agu)

_ =0
am
2 M)A
+ %(Ak(v -Vm), ADgm) + A(Ak(v - Vu), VALm)

+ A(VAR(v-Vm), Agu)

S (1AkF|2 + [[VARF (2 + | A:Gll2) ([ Akml2 + | Akull2 + [|[VArm||2)
+7k2_k¢5—1,5
+ 2 F V]| pasai [ po-r ]| Agul |

42k T

Vil garzss mll go-s.c| |2

DDl parzea m

Bs—1,s VAkag

s—1,s _
+ Vil garaes (275D Amllallul pes + 275 O D e Agullz)
S (IAKFlz + IV ARF s + [ 86Gll2 + 32 Vv g (lmllere + [ pes) )
< (| 5kmlla + [|Akulla + |V Agmlls).
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Thus, it follows that

1d
2dt

S w2 KD F|

—a? + comin(2%*,1)a?

BS_1>:| AL,

pete + [Glpes + IVl parsens (Il pe-e + |l

which implies
t
k(=1 oy +c0/ min(2%*,1)2*¢" Doy, (7)dr
0

1F]

Bs—1,s + ||G|

Bs—1 + ||V||Bd/2+1 Z 2k(s_l)ak1 .

t
< 256" 0, (0) + Oy /
0 k

Thus, by the Gronwall inequality, we have

Il o o, 77;85-15) + 10l 2o 0,77 85-1)
(2.16) + Iml Lo, ry;me+1.5) + [[all L1 o, 7y o101

< eV (Imo| pe-re + ol pe-1 + | Fllro.ry;mo-1) + Gl ro.rymo-1)) -

Step 3: The smoothing effect for u. By (2.12), we have

A3 + 02 Al
S NAwulla@ | Awmlls + |1 AKG ]z + 72DV parass [ull )

It follows that

d
=2 2 VAl +C > 25 Agullz

k>0 k>0
S 3025 [2 ) Amlla + 188G 2 + 2D | o e
k>0
< S22 Awml + Gl ger + [Vl oz [ull goor,
k>0

which implies, with the help of (2.16), that

/ S 2D A7)

0 k>0

< o]l 5o 1+/ S 2k | An(r ||2dT+/ 1G]] o dr

k>0

+ Sup la(7)| Bs- 1/ ([v(7)|| gaszrrdr

TE€[0,t

s / IF@) | gere + |G|

<OV (||mo| T

Bs—l] dT) .
Combining this with (2.16), we get (2.7). O
From the proof of Proposition 2.2, we immediately have the following.
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COROLLARY 2.3. If a bounded operator B acts on the convection terms in (2.5),
then the same estimates hold for the refined system

ng + B(v - Vn) =0,
(2.17) m¢ + B(v - Vm) + amdiva = F,
u; + B(v-Vu) — pAu — (pp + A\)Vdivu + CoVm = G.
2.3. Global existence and uniqueness of the solution.
Step 1: Friedrich’s approzimation. Let L? be the set of L? functions spectrally
supported in the annulus Cp := {¢ € R? : 1/¢ < |¢] < ¢} endowed with the standard

L? topology. In order to construct the classical Friedrichs approximation, we first
define the Friedrichs projectors (Fy)een by

Fof :=F ¢, ()7 f

for any f € L2(R%), where 1¢,(£) denotes the characteristic function on the annulus
C¢. Then we can define the following approximate system:

ng + Fy(Feu’ - VFn') =0,

mi 4 Fo(Fou’ - VEm®) + amdivFu’ = FY,

uf + Fg(Fgue . VIFgue) — pAFu’ — (1 + /\)VdivIFgue + CyVF,m* = G,
¢

(2.18)

(m*,n’,u")|i=0 = (me, ne, up),

where

me =Femo, ng=Fmg, up=TFeug,
F' =F,F(Fym Fnt Fout), G* =TF,GFm’ Fn' Fou).

It is easy to check that it is an ordinary differential equation in L? x L? x (L%)?
for every ¢ € N. By the usual Cauchy—Lipschitz theorem, there is a strictly positive
maximal time 7 such that a unique solution (m*, n’, u’) exists in [0,7;) which is
continuous in time with value in L2 x L% x (L), ie., (m*,n*,u’) € C([0,T}); L? x
LZx(L2)%). AsF? = Fy, we see that Fy(m*, nf, u?) is also a solution, so the uniqueness
implies that F,(m?, n’,u’) = (m*, n’,u’). Thus, this system can be rewritten as the

following system:
nt +Fy(u - Vn) =0,
mi 4+ Fo(u’ - Vm®) 4 amdiva’ = FY,

ul 4+ Fo(u’ - Vub) — pAu’ — (p+ \)Vdiva’ + CoVmt = G,
¢

(2.19)

(m*,n",u")|i=0 = (me, ne, up),

where
Ff =F,F(mf n’ u’) and Gf{=TF,G(m’ n u’).
Step 2: Uniform estimates. Denote

Eo = ||mol| gasz-1.as2 + [|nol gasz + [[uol| gas2—
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and

T, = Sllp{T € [OvTZ*) : ||(méan€7ué)||Ed/2 < ACEO}7
T

where C' corresponds to the constant in Proposition 2.2 and A > max(2,1/C) is a
constant. Thus, by the continuity, we have T, > 0.

Let My be the continuity modulus of the embedding relation B4/?(R%) «— L*°(R).
We make the assumption

2(1 + b)AéMoEO < am
Then it implies
M| Lo 0,71 xRy < Mol|m®|| Lo (0.7, 30/2) < Mollm|| Lo (fo.17: 3a72-1.4/2)

~ am
< ACMyEy < ————.
CMoEo 2(1+b)

Similarly, we have
¢
75| Los ([0, 1) xR < 20 +0)

Then

m(m’,n") =m +

By Proposition 2.2, we have
VAN
”(m 5, )HST
4
eCHu L1 o,y m/2+1, (EO + ||F1€||L1([O)T];Bd/2—1,d/2) + ||G{||L1([O7T];Bd/2—l)>.
From Lemmas A.3 and A.6, we get
IF N 21 0,7 Bas2—1.ar2y
,S ||m£divue||L1([O)T];Bd/2—1,d/2) + ||7'Ledivue||L1([07T];Bd/2—1,d/2)
‘ ¢ ol
< (Im ||L°°([07T];Bd/2—1vd/2) + [In ||L°°([O,T];Bd/2—1’d/2))||dlvu ||L1([0,T];Bd/2)
S (||m€||Loo( 0,77 B4/2- /2y + [0l Lo (0,773 80/2-1.072) ) [0 L1 (0,7, Ber241)
< Nl nf a3, 0/
Thus,

070
MO At + (0 + N Vdivad)

arh(me TLE) L1(]0,T); B4/2-1)
< (||n ||L°° (j0,T);B4/2) T ||m ||L°°( [0,T); Bd/Z))Hu ||L1( [0,T); Bd/2+1)
S I, 0, a5,

Similarly, we can get

IH(m*, n) | 1 qo,7p3802-1) S (||n€||Loo( 0,71:59/2) + 1Ml oo (0,77 84/2))°

< ll(m®,n,u )Il?‘d/z-
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Hence

~ Clim*n* " 54/

tont, ue)HEd/z < Ce
T

l(m (Bo+Cllm* " w)]12,2)

< CeC*AB (1 + CA2C2 Ey) By
Thus, we can choose Ey so small that

(2.20)
A2 C?AE, < A+1

1+ CA*C?Ey < <L
+C C 0 A+27 € A s

and  2(1+b)ACMyEy < am

which yields ||(m?, nf, u )HEd/z < 433 ACE, for any T < T

We claim that Ty = 7. Indeed, if T, < T}, we have seen that ||(m?, n, ué)HE;/z <
ﬁ—fr%AC'EO. So by continuity, for a sufficiently small constant s > 0, we can obtain
[[(m?, nt, ug)”EElT/is) < ACEy, which contradicts the definition of 7.

Now, we show that the approximate solution is a global one; i.e., T = co. We
assume T; < 0o; then we have shown [|(m*,n’, u®)|| ja» < ACEy. As
T

m@ € Lm([OaTZ);Bd/2_1’d/2)a n[ € Lm([OaTZ);Bd/2)7 and uE € LOO([OaTé*);Bd/2_1)a
it implies that
||(me,ne,ug)||Loo([o,T;);L§) < Q.

Thus, we may extend the solution continuously beyond the time 7} by the Cauchy—
Lipschitz theorem. This contradicts the definition of 7}7. Therefore, the solution
(m?,n’, u)sen exists global in time.

Step 3: Time derivatives. For convenience, we split the approximate solution
(m*,n?,u’) into a solution of the linear system with initial data (mg,ns, uy) and the
discrepancy to that linear solution. More precisely, we denote by (m‘i, u%) the solution

to the linear system
mt + amdiva® = 0,
(2.21) ul — pAut — (p+ \)Vdivu® + CoVmt =0,
(m£7 u£)|t:0 = (méa ué)a
4 ¢ 00 ¢ 4

and (mf, nh, up) = (m* —my,n’ —ng,u’ —uf).
It is clear that the definition of (my, ng, us) implies

me — myg in Bd/2*17d/2, ng — ng in Bd/2*17d/27 uy — ug in BY? 1,
From Corollary 2.3, we have
¢ ‘ /2
(m ,ng,ul) — (mp,ng,ug) in B2,

where my, and uy, satisfy the linear system (2.4).

Now, we derive the uniform boundedness of the time derivatives of the discrepancy

(m, np, u).
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LEMMA 2.4. ((m%,n%,u%))een is uniformly bounded in
(CY2(R+; BY/2-1))1+1  (CV/8(R*; BY/2-5/4))d,
Proof. Since
on'y = —Fy(u® - Vnb),

we have dyn', € L*(RT; BY/?271) because n! € L®(RT; B¥2) and u’ € L*(R; BY/?)
with the help of the interpolation theorem.
From the equation

orm'y = —Fy(u’ - Vm®) — amdiva® + amdival — Fo((m* — bn®)diva?),

it follows that ('9tm‘b € L*(Rt; Bd/2*1).
Recalling that

ouly = —Fe(u’ - Vu) + pAu’ + pAuf + (p + N Vdiva® — (u + ) Vdivul,
— CoVm® — CoVmt + GY,

we can obtain dyuf, € (L + L8/3 + L¥/T)(R*; BY/2-5/4) through straightforward but
tedious computations with the help of Lemmas A.3, A.6, and A.9.

Applying the Morrey embedding relation W1P(R) ¢ C*'~'/?(R) to the time vari-
able for 1 < p < oo, we obtain the desired result. O

Step 4: Compactness and convergence. The proof of the existence of a solution is
now standard. Indeed, we can use the Arzela—Ascoli theorem to get strong convergence
of the approximate solutions. We need to localize the spatial space in order to utilize
some compactness results of local Besov spaces (see [1, Chapter 2]). Let (xp)pen be
a sequence of Z(R?) cut-off functions supported in the ball B(0,p + 1) of R% and
equal to 1 in a neighborhood of B(0,p). In view of Lemma 2.4 and uniform estimates
obtained in Step 2, we see that ((x,m%, Xpn%, Xpup))een is bounded in E%/? and
uniformly equicontinuous in

C ([O,T]; (Bd/2*1)1+1 « (Bd/275/4)d)

for any p € Nand T' > 0. Moreover, the mapping f +— x, f is compact from Bd/2-1.d/2
into B¥?~1 and from B2~ into B#/2-5/4,

Applying the Arzela-Ascoli theorem to the family ((x,m%5, Xpn'5h, Xpuh))ren on
the time interval [0, p], we then use the Cantor diagonal process. This finally provides
us with a distribution (mp,np,up) continuous in time with values in (B4/2-1)1+1 x
(B#/2=5/%)d and a subsequence (which we still denote by the same notation) such that
we have for all p € N

(Xpmtbv X;DnéDa XpuéD) — (Xp™mD, XpnD, Xpup) as £ — 00

in C([0, p]; (BY2~1)1+1 x (B/2-5/4)d) " This obviously implies that (m%,,n%,,ul,)
tends to (mp,np,up) in Z2'(RT x R?).

Coming back to the uniform estimates and Lemma 2.4, we further obtain that
(mp,np,up) belongs to E4? and to (C'/?(Rt; B¥/2~1))1+1 x (C1/8(R+; BY/2-5/4))d,
The convergence results stemming from this last result and the interpolation argument
enable us to pass to the limit in /(R x R?) in system (2.18) and to prove that
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(m,n,u) := (mp,np,ur)+ (mp,np,up) is indeed a solution of (2.2) with the initial
data. Since this is just a matter of doing tedious verifications, we omit the details.

Step 5: Continuities in time. The continuity of u is straightforward. Indeed, from
the third equation of (2.2), we have u; € (L' + L?)(R*; (B%2~1)%), which implies
u € C(R*; (B2~ 1)) in view of the Morrey embedding and the embedding relation
WLL(R) C C(R). Consequently, the continuity of n in time is obtained from (2.6).
For m, it is easy to see that m;, € L?*(R*; BY/2=1) 0 LY(R*; B¥?) from the second
equation of (2.2), which yields m € C(R*; BY/2~1:4/2) by the embeddings mentioned
above.

Step 6: Uniqueness. Next, we prove the uniqueness of solutions. Let (mi,n1,u1)
and (ma, ne2, ug) be two solutions of (2.2) in E;l«/ % Wwith the same initial data. Denote
(om, dn, du) = (mg — m1,ne — ny,us — uy). Then they satisfy

0ion +uy - Von = —du - Vnq,

0:0m + us - Vom + amdivéu = —du - Vmy + 0 F,

didu + uy - Vou — pAdu — (u + A\)Vdivéu + CoVém = —du - Vu; + §G,
(6m, dn, du)|=0 = (0,0, 0),

(2.22)

where 0 F = F(mg,nz, 112) — F(ml,nl, 111) and 0G = G(mz, na, 112) — G(ml, ni, 111).
We first consider the case d > 3. Similar to the derivation of (2.6), we can get for
t € [0, T] with the help of (2.6)

e Jo Muzllparasadr) sy o

||5”||ioo([o7T];Bd/2—2,d/2—1) 0,T];B4/2) [[n1 ||L°°([07T];Bd/2—1vd/2)

(2.23)

NN

el w2l paszesd® || ol 0y 4 18] L1 (0.7 5472)-

By Lemmas A.3 and A.6, we have

16m| e (0, 77; Bar2-2.0/2-1) + |60 foe (0,77, Bar2-2)
+ 6ml L1 (o, 13;84/2.ar2-1) + 16Ul L1 (0,77, B4/2)
< O o Muzllpaszpadr (10w - Vmall g1 o1y pasz-2.ar2-1y + 10F (7) | p1 (0,77, pasz—2.are—1)
+ [|0w - Var || 1 o,79;,ar2-2) + ||5G(7')||L1([0,T];Bd/2—2)]
Sl ”u2”Bd/2+1dT(||5u||L1([O,T];Bd/2)”ml||E°°([O7T];Bd/2*1vd/2)
+ [[(6m, 6 )| £o< (0,77, pare-2.as2-1y 02| L1 0,17 Bar2+1)
+ 1(m1, na) | oo (0,77, 721,072y 100l L1 g0, 77, Bar2)

+ 10U oo (0,73 3/2-2) 01| L1 j0,77: Bar2 1) + 16G(T) || 10,77, 34/2-2)

< eClM2lliigoryimarzeny ((1 + [ (m2, n2)ll oo ((0.77: Bar2-1.012))
X (1,10 e 0,072,072+ Z(T) ) (80, 82, 0| a2,
where limsupp_, o+ Z(T) = 0. Thus,
[ (0m, 6n, du)| pas2—1
T
< Oecll(u1,u2)||L1([o,T]:Bd/2+1) ((1 + ||(m27nz)||I~/°°([O,T];Bd/2_1’d/2))

X || (ma, 1)l oo (0,77, pa/2-1.a72) + Eo + Z(T)) [[(dm, on, du)|| gaz-1.
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We take Ey small enough such that it satisfies the condition 2C(1+ CACEy)ACEy +
Ep < 1/4 and (2.20), and we choose 7' > 0 so small that C||(u1, u2)|[ 11 ([0, 1);54/2+1) <
In2 and Z(T) < 1/2. It follows that ||(6m,5n,5u)||E;/2_1 = 0. Hence, (m1,n1,u1)(?)
= (mg, n2,uz)(t) on [0,7]. By a standard argument (see, e.g., [5]), we can conclude
that (ml, ni, ul)(t) = (mQ,TLQ, UQ)(t) on R+.

For the case d = 2, we have to raise the regularity of the spaces. Thus, we also
suppose that mg,ng € BS'*¢ and uy € B¢ for € € (0,1). By the same process, we
can prove the existence of solution (m,n,u) in the space E'*¢, provided the norms of
initial data are sufficiently small. Then, in the same way as in the case d > 3, we may
prove the uniqueness of solutions in the space E° (which, of course, holds in E'). We
omit the details.

3. Local well-posedness for large data.

3.1. Reformulation of the system. We change the variables to p = m(m ! —

m~1) and g = 7 — 7. Then we can reformulate system (1.1)-(1.2) as

pt +u-Vp=(p+1)divu,

gt +u-Vg=—(g+n)divu,

u; +u-Vu— (1 + p)(pAu+ (u+ A)Vdiva) + Q(p, g) = 0,
(paga u)|t:0 = (p07907 U()),

(3.1)

where py = m(mg ' —m™'), go = g — 7, and

Q(p,g) :==m~"(L+p)VP(m/(1 +p),g+7)

pVp ag m ko — aon
=2 F _vo+=2(p+1)Vg+B(p,g)| - ——=Vp+——2"V
r1 VP —(p+1)Vy (pg)[ xS Ve
aggV a2 ao(ko +m + agn aoko + a2n
+ 29X B0 (g4 gp)vg + alko + 7 + ao )V9+ 0 o pVg],
p+1 m m m

with
—1/2

B(p,g) i— K% Y aolg+7) — k0>2 + 4koao(g + n)}

We now state the result for the local theory for general data bounded away from
the vacuum as follows.

THEOREM 3.1. Letd > 2, up > 0, 2u+ dX\ > 0, and the constants m > 0 and
n > 0. Assume that py € BY24/2+1 g4 € BH24/2+1 4nd vy € BY/2-14/2 [p
addition, inf ,cra po(x) > —1. Then there exists a positive time T such that system
(3.1) has a unique solution (p,g,u) on [0,T] x R% which belongs to

(é([07T]7 Bd/Q,d/2+1))l+l % (é([O,T];Bd/Z_l’d/Q) N Ll([O,T];Bd/2+1’d/2+2))d
and satisfies inf (4 zyepo, r)xra p(E, 7) > —1.

3.2. A priori estimates. Now, let us recall some estimates for the following
parabolic system (studied in [1, 8]) which is obtained by linearizing the momentum
equation:

{ w +v-Vu+u-Vw —b(t, z)(pAu + (u + N\)Vdivu) = f,

u|t:0 = Ug.
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Precisely, we have the following lemma (cf. [1, Proposition 10.12]).
LEMMA 3.2. Let a € (0,1], s € (—d/2,d/2], v = min(p, A + 2u), and U = p +
|+ A|. Assume that b= 1+ p with p € L>([0,T]; B¥?>*%) and that

by = inf b(t,x) > 0.
(t,z)€[0,T]xR4

There exist a universal constant k, and a constant C depending only on d, o, and s,
such that for all t € [0,T],

||U||ioo([o,t];Bs) + rbsv|ullL1(0,0;5:+2)

< (Jluo

t
exp (€ [ (Wllporses + Il + (0202 I3, Jar )
0

B+ | fll L o.,8)

If v and w depend linearly on u, then the above inequality is true for all s € (0,d/2+
al, and the argument of the exponential term may be replaced with

t
C [ (IVul + @) 2o ol )

For the mass equations, we only need to study the following equation with two
constants # € R and § > 0:

32) { he +v - Vh = 6(h + B)divv,

hlt=o = ho.

PROPOSITION 3.3. Let s € (—d/2,d/2+ 1], T > 0, 0 € R, and 8 > 0 be
constants. Assume that hg € BY?, v € L'([0,T); BY**1) and that they satisfy (3.2).
There exists a constant C' depending only on d such that for all t € [0,T], we have

~ c+210)) fy v dr b - b
(3.3) ||h||Loo([07t];Bd/2) <e 0 pd/2+1 <||h0||Bd/2 + i+ 2|0|> 11200
and
(3.4)

IR E e (fo,1:54)

,t L 2018
ol | C+210D) [§ IVl gasz+adr (1, o / wed
—|—C| | e 0 B || 0||Bd/2 + 1+2|9| 1+2|9| ||V||B +1aT

< COHOD J§ IVl pasasadr <||h0||BS

Proof. Applying the operator A to (3.2) yields
O ANph + Ak(v . Vh) = GAk((h + ﬁ)dlvv)

Taking the L? inner product with Aph, we get, with the help of Lemmas A.6 and
A.7, that

= —(AR(v - Va), Arh) + 0(Dk((h + B)divy), Agh)
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S w2 vl passsi |||
S w2 (L +18D)]1A)

Aphlles + |0|’yk2_ks(||hdivv| s + B||divv]|gs)
V| gaszer 4 ([|All gasz + B)I0] V] gst1) | Drhll2.

Bs AthQ

BS
Eliminating the factor ||Aghl|2 from both sides and integrating in time, we have

|Akhll2 < [|Akholl2

+cwk/'r*%u+wmmh
0

Be|[Vllpaszr + (1Al gz + B)I01[IV] go+1)dr

It follows, for any k € Z and any t € [0, T, that

25| Aghll2 < 27| Agholl2

(3.5) ¢
+ O /0 (L +1ODNR B[Vl pasa+r + (1Rl garz + BNV ps+r)dr

Summing up on k € Z, this yields
21l £ o, 73;8+) < IlPoll B2

t
+/O ClA+ 10DVl garasi|[hllBs + (1ol gasz + B)01V potr]dr

By the Gronwall inequality, we have (3.3) for s = d/2, and then for any s €
(—d/2,d/2 + 1]

10l £oe (j0,03:8¢)

O] J§ IVl garzsadr (||h0|

t
W+C/WWWmn+mhth>
0

< COHOD J§ IVl pasaiadr (||h0||Bs

C+216]) f VIl pajasrdr g P 2105 /
+Clpl A (itallso + =) + T [ 1

Bs+1 d7—> .

This completes the proof. ad
In general, for the transport equation

he+v-Vh=f,
h(0) = ho,

we can get, in a way similar to that of Proposition 3.3, the following proposition.
PROPOSITION 3.4. Let s1,82 € (—d/2,d/2+ 1] and T > 0. Then it holds for
€ (0,7 that

. t
IRl oo (0.4 51.52) < €€ S0 IVlaa/zerdr <||h0||351~82 +/ ||f||Bswsz> '
0

3.3. Existence of local solution.
Step 1: The Friedrich’s approximation. For convenience, we introduce the solution
ujs to the linear system

(3.6) Opwys — pAugs — (u+ A)Vdivays = 0, ws(0) = up.
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Denote uf, := Fyujs and @’ := u® — uf,. Then we can construct the approximation

(p’, g, 0%) satisfying

pi +Fo(u® - Vp) = Fe((p" + 1)divu’),

gt +Fy(ul - V) = —Fy((¢° + n)divu®),

(3.7) { 9t + Fy(ul, - Vab) + Fo(a® - Vu') — F[(1 4 p°)(pAat + (u 4 \)Vdivi))]
= Fe[p" (pAuj, + (1 + A Vdivuy)] — Fe(uy, - Vug) = FeQ(p", g°),

(0", 9", 1) ]t=0 = (05, 96, 0),

where pg = Fypo, g{; :=Fyg0, and u’ := ufs +a.

Note that if 1+ pg is bounded away from zero, then so is 1+ Fypg for sufficiently
large £. It is easy to check that (3.7) is an ordinary differential equation in L? x
L% x (L?)? for every ¢ € N. By the usual Cauchy-Lipschitz theorem, there is a
strictly positive maximal time 7} such that a unique solution (p*, ¢*, @) exists in
[0,T;) which is continuous in time with value in L? x L2 x (L2), i.e., (p*,¢°,0") €
C([0,T7); L2 x L? x (L?)4), and 1 + p* is bounded away from zero.

Step 2: Lower bound for lifespan and uniform estimates. We introduce the fol-
lowing notation:

Mo = [|poll parz.aszra, M) = [1p|| zoo (0.0 a2 ar24 )

No := [|goll gas2.a/24a, Ne(t) = ||g£||Lao([o,t];3d/2,d/2+a)7

Uo = [|uo|| pasa-1.ar2-14a, Ult;(t) = ||ufs||Ll([o,t];Bd/2+1,d/2+1+a)7
Ué(t) = ||ﬁg||£°<>([o,t];Bd/271wd/2fl+a) + b*ZHﬁZ||Ll([o,t];Bd/2+1,d/2+1+a).

In view of Lemma 3.2, we take v=w = f = 0 and p = 0 there to get
HulesHim([o,t];Bd/z—l,d/z—ua) < Uo.
Note that for all & € Z, we have
[Akpoll2 < 1Akpoll2s  1lp6llBe < llpoll -

and similar properties for g§ because of the boundedness of the operators Ay.
From (3.3) and (3.4), we get

it i 1\ 1
(38) ”pe”f/m([o,t];Bd/?) < e3¢ Jo lufllgaszt1d <||p0||Bd/2 + §) _ §7

t 4
P e

‘ 1\, 2] [
(39) +C eBC Is HuZI|Bd/2+1dT <||p0||Bd/2 + §) + §:| / ||ué||Bd/2+1+adT),
0
it - n n
(310) HQZHEOO([O,t];Bd/?) < eBCfO eIl gas2+1d (HQOHBW? + 5) _ 5,
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and

llgoll pas2+ea

14 2C [t ||lu® dr
||g ||f1°°([0,t];Bd/2+°‘) < e j() ” HB(1/2+1 (

” 5 2 t
(3.11)  +C|h '“"'B“““(||go||3d/2 + %) - ?n} / ||uf||Bd/z+1+adT)'
0

Let b(t,z) = 1+ p’. From Step 1, we know b, > 0. Thus, by Lemmas 3.2, A.3,
and A.6, we have

(3.12)

||ﬁé||ioo([o,t];3d/2—1) + Kbl L1 (0,0, /21
< /0 t (" (udvuf, + (u + M) Tdival) | poras
+ - Vol lgeras + Q" )| pors-s )dr
X exp <c / (s + I reis + <b*z>1—2/%2/°“||pf||23/52+a)dr) ,

and similarly

(3.13)

10| £ (0,03 72140 + KO0 L1 (0,0 par2+10)

t
g/ (Hpg(,uAulés + (,u + /\)VdiVUfS)HBdm_H_a
0

- Voo + QU g s ) dr
t
x exp (c (1o + o s + <b*z>12/%2/“||pf||23/;>2+a)m) .

By Lemma A.6, we get, for all o € {0, a}, that

lp A parz—rve S 10| parzl| vl parz-rso S N16° parz 0]l parzsiso,
Il Vdivui]| pasz-1so S 0% par il passiso,

s - Vil parzio S il parz | Vil parz-reo S [uigll parz ui]| paszso.

Recall that

. _
¢ o P VP ¢, a0, 4 ¢ ¢ 0 m ¢
") = — Vot + Lot + 1)V + B(oh oY) | -
Q('.9) 1 VP m(p Vg (r"9°) e’

ko—aon ,  aog’Vp' a2 , oo o aolko+m+aon)_ ,

—FV — + — Vv Vv

er1Zle p+pg+1+m(g+9p)g+ = g

aoko + a2n
+ 0 nggf],
m

where

—1/2

_ 2
m
B(p',¢") = [(m +ao(g" +71) - ko) + 4koao(g" + 1)
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Similarly, for the third term of @
(" + 1)V | parzre S (P Nl parz + DIV I parz-ree S (16 gars + Dl | paraso

By Lemmas A.6 and A.3, we get for the first two terms of @

4 4 4
P'Vp ¢ <‘ p > ‘
v < +1)|Vv e
pg+1 P [ p£+1 o H P ||Bd/2 1+
< (1l gasz + V)]0 parasa
and
Vo'
B 27 l
H (p g)(pe—Fl)Q Bd/2-1+0
\ \
<|[B(p%, ¢°) — B(0,0)] —— + B(0,0 Hi
S [ R O e I T i T
YN Vi
ppt+2p
(18060 = B0 +1) (| | 1) 196 e
(pt+1) Bd/
2
S are + 1l pare + 1) (0%l pase+e
Similarly,
A\ 2
|50t < (6 pore + g N pare + 1) 16t arase,
P +1 Bd/2—1+0o
2
S el pare + 19l pare + 1) g szl Nl pasae

HB('OZ ge)gevpe
’ pé +1 Bd/2—1+c
2
IB(p" g )1+ p")g Vg || para-reo S (16 e + g | are + 1) 16l pasz g | pasae

1B(6", 9)V Il arz-rvo < (10 Barz + g I pasz + 1) 9"l paszso,
1B(", 90 Vg | parz-see < (10" parz + gl parz + 1) 1 a2l gl passe

Thus, we get
3
Q" ) parz—r+0 S (Il N a2 + g I pars + 1) (0 | parase + gl para+e)

Therefore, from (3.8)—(3.13), we conclude that
MYT) < CULDHTHT)/ (b)) (Mo N %)
+ ORI/ b (Mo + ;) (UL(T) + UYT) ) (bor)) — %
NY(T) < CWMFTHD)/ (bar)) (No n g)

~ 2* -
+ eCWLIIHTHT)/ (bar)) <N0 + ?") (UL(T) + TXT)/ (bov)) —

UYT) < (0MYT) + Up)UL(T) + (MY(T) + NYT) + 1)*(MY(T) + NT))T
% CIULT)+T(T)/(bov)+(bav) =2 @52/ (M*(T))?/*T]

w3

~—
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Now, if we take T so small that

exp (CUK(T)) < V2, exp <C[Z£(T)> < V2,

and
exp (C(b*g)l_Q/aDQ/"‘(MZ(T))Q/QT) <2,
then we have

UY(T) < C (Mo + No + 1)Y(T + 2U(T)) + UpUpy(T)) -

(3.14)

Notice that (F¢p®, Fog® Fet?) = (p’, g, @’) by the construction of the approxi-
mated system. Thus, we have

(L4 pH)E (- V(A + pH)EY) £ Fo((1 + p)Ediva) = 0.
It follows, by noticing that |9¢|f|| = |0:f|, that
1L+ ) @)oo < ML+ p6)* loo

t
+ / [llu® - V(1 +p)F oo + [[(1 + p°)Fdiva’|]dr,
0

which yields, by the Gronwall inequality, that
t
10+ o) E ()]]ae < e I ocdr <||<1 ol o+ [ ||uf||oo||fo||oodr)
0

t
< efs Idivelldr (n(l + 95 oo+ C / (Il pars + ||ﬁf||Bd/2>||pf||Bd/2+1d7)
0
< el 1l (14 )= | o + CT(Up + OHT)MH(T))

where we have to choose a = 1 in the previous estimates. Hence, if we assume that
there exist two positive constants b, and b* such that
b* < 1 + Lo < b*;

then we can take T" small enough such that
T
/ ldival[dr <02 and  CT(Uo + T(T)MYT) < 1,
0

and so
b..
2(14by)

Now, by means of a bootstrap argument, we can get that there exist two constants 7
and C' depending only on d such that if

(bo) =252/ (M (T))/T <,
(Mo + No + 1)*(T + vUL(T)) + UgUi(T) < nbav,
then we have (3.14) and (3.15).

(3.15) <14+pf <20 4 1).

(3.16)
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Therefore, T, may be bounded from below by any time 7T satisfying (3.16), and the
inequalities (3.14) and (3.15) are satisfied by (p?, g, u’). In particular, (p, g*, u®)sen
is bounded in F}.

Step 3: Time derivatives. In order to pass to the limit in the approximated
system, we first give the following lemma.

LEMMA 3.5. Let p* := p* — Fypo, §° := g' — Frgo. Then the sequences (p*)ien
and (§%)¢en are uniformly bounded in

c([0, T]; BY2Y/2+1y 1 cV/2 ([0, T); B2~ 1:4/2),
and the sequence (@) gen is uniformly bounded in
([0, T]; BY2=14/2)  ¢V/A([0, T]; BY/2~14/2 4 gd/2=3/2:d/2-1/2)yd,
Proof. From 0;p" = —F,(u’ - Vp*) + Fy((p* + 1)divu’), we have
||3tﬁé||L2({0,T];Bd/2—1,d/2) < ||5t/3é||£2([0,T];Bd/2—1,d/2)
< Jju’ Vpe”f,?([(),T];Bd/?*lvd/?) + 1" + 1)diVu£||i2([o,T];Bd/2—1,d/2)
S ||ue||i2([o7T];Bd/2)||Pe||ioo([o,T];Bd/2,d/2+1)
+ (Hpe”ioo([mT];Bdﬂ) + 1)||u€||L2([o7T];Bd/2,d/2+1)-
Since (uf)sen is uniformly bounded in
L°([0, T; BY2-14/2) (y L1 ([0, T]; B4/2+14/2+2),

it is also bounded in ;2([0,T];Bd/27d/2+1) by Lemma A.9. Recall that (p)sen is
uniformly bounded in L>°([0, T]; B#/%4/2+1); then (0;")sen is uniformly bounded in

L2([0, T BY/21412),
and so (p%)sen is uniformly bounded in
c'/2([0,T]; BY*>~14/2) ‘and in C([0,T]; BY/>9/>71),

Similarly, we have the same arguments for g*.
Recall that

ot = — Fe(u® - Vub) + F[(1 + p) (nAd® + (p + \)Vdivat)]
+Felp’ (nAug + (p + 2 Vdivag)] - FQ(p", ).

Since

||ué : vueHL?([O,T];Bd/?—l’d/?) S Hue||[~/°°([O,T];Bd/2—1vd/2)||u€||L2([O,T];Bd/2+1)7
(1 + p°) (AT + (1 + A)VAva®) || pasa o 7y, pasz-a/2.a/2-172)

S+ ||p£”f,oo([(),T];Bdﬂ))Hﬁe”L4/3([O,T];Bd/2+1/2vd/2+3/2);
10" (A + (1 + N)VAivag)|| pass (o, 7y parz-s/2.0/2-1/2)

S0 £ o,y maray 105l Lavra o,y parzer/2.a/24a/2),

||Q(Péa gg)”f,OO([O,T];Bd/?—l,d/?)
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3
S (10 2oy + 19 Nz o,ymarsy +1) (16 oy armasanny
+ ng||[~/°°([O)T];Bd/2,d/2+1)) ,

by Lemma A.9, we can conclude that (i*)scy is uniformly bounded in
61/4([0,T];Bd/271’d/2 +Bd/273/27d/271/2) and in C([O,T];Bd/271’d/2).

This completes the proof of the lemma. O

Step 4: Compactness and convergence. The proof is based on the Arzela—Ascoli
theorem and compact embeddings for Besov spaces. Since it is similar to the argu-
ments for global well-posedness, we only give the outline of the proof.

From Lemma 3.5, (5°)¢en is uniformly bounded in the space

£ (0, 7y B2/
and equicontinuous on [0, 7] with values in B%2~1.4/2_ Since the embedding
Bd/2fl7d/2 < Bd/271

is (locally) compact, and (p§)ren tends to po in B¥2%/2+1 e conclude that (p*)sen
tends (up to an extraction) to some distribution p. Given that (p*)sen is uniformly
bounded in L ([0, T]; B4/?), we actually have

p € L>((0,T]); BY?).

The same arguments are valid for the sequence (¢g%)sen.

From the definition of (ufs)geN, it is clear that (ufs)geN tends to the solution ug
of (3.6) in L*°([0,]; B¥/2~1.4/2) 0 L1([0, T); B4/2+1.d/2+2),

Since (1')se is uniformly bounded in L>([0, T]; B%?~1:4/2) and equicontinuous
on [0, 7] with values in B4/2~1:4/2  pd/2=3/2,d/2=1/2 it enables us to conclude that
()gen converges, up to an extraction, to some function @ € L>([0,T]; B¥/2~1) n
LY([0, T); BY/2+1).

Thus, we can pass to the limit in system (3.7) and set u := 1+ w. Then (p, g, u)
satisfies system (3.1).

Step 5: Continuities in time. From the first equation of (3.1), we get Oip €
L%([0, T]; B4/?~1%4/2) which implies p € C([0,T]; B¥?~1:4/2). So does g in the same
space. For u, we can derive, from the third equation of (3.1), that d;u € (L' +
L?)([0, T); BY/2~1:4/2) which yields u € C([0, T]; B¥/?~1:4/2),

3.4. Uniqueness. Let (p1,g1,u1) and (p2, g2, uz) be two solutions in £} of (3.1)
with the same initial data. Without loss of generality, we can assume that (p2, g2, us)
is the solution constructed in the previous subsection such that

1 inf t,x) > 0.
+(t,m)€1[r017T]><de2( 33)

We want to prove that (p2, g2, uz2) = (p1,91,u1) on [0,T] x R?. Toward this goal, we
shall estimate the discrepancy (dp, dg,ou) := (p2 — p1, g2 — g1, u2 — uy) with respect
to a suitable norm, satisfying

0:9p + g - Viop + du - Vp; = dpdivus + (p1 + 1)diviu,

010g +uy - Vég + ou - Vg1 = —dgdivus — (g1 + n)diviu,
(3.17) Ordu + uy - Vou + ou - Vuy — (1 + p2)(pAdup + A)Vdivua)

= op(pAuy + (p+ A)Vdivay) + Q(pz2, 92) — Q(p1,91) = 0,
(0p,dg,0u)i=0 = (0,0,0).
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We shall prove the uniqueness in a larger function space
Pr:=(C([0,T}; BY?))™** x (c([0,T]; BY) n L} ([0, T); BY*+1)).
By Proposition 3.4, we get for all 77 € [0, 7]
||5p||ioo([o7T/];Bd/2)
c T
<e el 10,70y, pas2+1, / (||(5u- Vp1||3d/2 + ||5pdivu2||Bd/z
0

+ oy + 1)div5u)||Bd/2>dT

T/
5 eC||u2HLl([o,T/];Bd/2+1) / [||5u||Bd/z ||p1||Bd/2+1 + ||5p||Bd/2||u2||Bd/2+1
0
+ (1 + ol g )lI0ul parass | dr.

Using the Gronwall inequality, this yields

(3.18)

9Pl Zo< 0, 77: 34/2)
C T
S e Hu2“L1([0,T/];Bd/2+1) / [||6u||Bd/2||p1||Bd/2+1 + (1 + ||p1||Bd/2)||5u||Bd/2+1:|dT
0
< OT(||5U||L2([O7T/];B‘1/2) + ||5u||L1([07T/];Bd/2+1))7

where Cr is independent of T".
Similarly, we have

(3.19) ||59||£oo([o,T/];Bd/2) < CT(||5U||L2([O,T’];BW2) + ||5u||L1({O,T’];Bd/2+1))-
Applying Lemmas 3.2 and A.6 to the third equation of (3.17) yields
10Ul 700 (0,77, pas2-1) + 160l L1 (0,77 Bar2+1)
< CeC I Ml gasaia +lual pajasaldr /Tl (||5p||Bd/2||u1||Bd/2+1
0
+11Q(p2,92) = Q1 91) | para-+ ) dr
By Lemma A.3, we get

1Q(p2, 92) — Q1. 91)ll parz—1 S (L + |[(p1, p2. 91, 92) | par2)* (116p| parz + [16g] par=).

Thus, it follows that

||5u||ioo([o,T/];Bd/2fl) + 10l L1 jo,17); Barz+1)

(3'20) ’ 11/2
< O (T + T (160 = o r155072) + 109l 0.0 )

since u; € L2([0,T); BY/?*1) by Lemma A.9.
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From (3.18)—(3.20), this yields, with the help of Lemma A.9, that

H5u||ioo([o7:w];3d/2—1) + 0wl L1071, Barz+1)
< Op(T' + T™2)(16ull L2 (0,771, 372) + 100l] L1 0,77, pas241))
< Cr(T'+ Tll/z)(H(S‘l”ioo([o,T/];Bd/z—l) + [10ull L1 (0, 77);Bas2+1) )

Therefore, if we choose T” so small that Cp(T” 4+ T"/?) < 1, then we obtain that
(6p,dg,0u) = (0,0,0) on the time interval [0,7"]. As in the proof of uniqueness for
global well-posedness, we can extend 7" to T by the translation with respect to the
time variable, i.e., (dp,dg, du) = (0,0, 0) on the time interval [0, T].

3.5. A continuation criterion.

ProproSITION 3.6. Under the hypotheses of Theorem 3.1, assume that system
(3.1) has a solution (p,g,u) on [0,T) x R? which belongs to Fk, for all T' < T and
satisfies

T
p,g € L>([0,T); BY/2/2+1), p(t,x) > —1, / [IVul|sodt < oc.
0

inf
(t,z)€[0,T) x R4

Then there exists some T* > T such that (p,g,u) may be continued on [0,T*] x R?
to a solution of (3.1) which belongs to Fj..
Proof. Recall that u satisfies

u +u-Vu— (1+p)(pAu+ (u+ A)Vdiva) + Q(p,9) =0, uf=o = uo.
By Lemma 3.2, we get, for 77 < T, that

HUHioo([o7T/];Bd/2—1,d/2) + vl[all L1 o, r;asztriaszez)

C T (IVullo P2 4 0rs )dt v
< Ce 7o e Bd/2+1 ||u0||Bd/2—1,d/2 +/ Hp||Bd/2,d/2+1dt
0

for some constant C' depending only on d and viscosity coefficients. Thus, there exists
a constant ¢ > 0 such that (3.1) with initial data (p(T —¢€),g(T — ), u(T —¢€)) yields
a solution on [0, 2¢]. Since the solution (p,g,u) is unique on [0,T), this provides a
continuation of (p, g, u) beyond T'. O

Appendix. Littlewood—Paley theory and Besov spaces. This section is
devoted to recalling some properties of Littlewood—Paley theory and Besov spaces
which will be used in this paper. For more details, see [6, 12] and the references
therein.

Let ¢ : R — [0, 1] be a radial smooth cut-off function valued in [0, 1] such that

1, €] < 3/4,
P(€) = { smooth, 3/4 <[] <4/3,
0, €] > 4/3.

Let ¢(&) be the function

P(&) = (£/2) — (E).
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Thus, ¢ is supported in the ball {¢ € R?: [¢| < 4/3}, and ¢ is also a smooth cut-off
function valued in [0, 1] and supported in the annulus {¢ € R? : 3/4 < |¢] < 8/3}. By
construction, we have

Do) =1 vE#o0.

kEZ

One can define the dyadic blocks as follows. For k € Z, let
Apf = F o276 F .

The formal decomposition

(A1) =3 s

kEZ

is called the homogeneous Littlewood—Paley decomposition. Nevertheless, (A.1) is
true modulo polynomials; in other words (cf. [17]), if f € ./(R?), then Y, ., Apf
converges modulo Z[R9] and (A.1) holds in .#/(R%)/ 2[R4].

DEFINITION A.1. Let s € R. For f € .7'(R%), we write

115 = D25 Anf e

kEZ

A difficulty comes from the choice of homogeneous spaces at this point. Indeed,
||-llBs cannot be anorm on {f € .#/(R?) : || f|| g+ < 0o} because || f|| zs = 0 means that
f is a polynomial. This forces us to adopt the following definition for homogeneous
Besov spaces (cf. [6]).

DEFINITION A.2. Let s € R and m = —[d/2+ 1 —s]. If m < 0, then we define
B*(RY) as

B® = {f €S (RY ¢ ||fllpe < o0 and f = Agf in y'(Rd)}.

kEZ

If m > 0, we denote by &, the set of d variable polynomials of degree less than or
equal to m and define

B® = {f € ' (RY)/ P - ||flle < 00 and f =D Agf in y’(Rd)/gzm}.

kEZ

For the composition of functions, we have the following estimates.

LEMMA A.3. Let s >0 and u € B*N L*>. Then the following hold:

(i) Let F € V[/l[le’OO(Rd) with F'(0) = 0. Then F(u) € B®. Moreover, there
exists a function of one variable Cy depending only on s and F', and such that

[ ()]

Be < Co([lullz=)llul 5

(ii) If u,v € BY?, (v —u) € B® for s € (—=d/2,d/2], and G € Wl[(;ic/2]+37°°(]Rd)
satisfies G'(0) = 0, then G(v)—G(u) € B?, and there exists a function of two variables
C depending only on s, N, and G, and such that

1G(v) = Gl B < C([[ullze, [[0]lLee) (lull parz + V]| pasz) lv = ull 5+
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We also need hybrid Besov spaces for which regularity assumptions are different
in low frequencies and high frequencies [6]. We are going to recall the definition of
these new spaces and some of their main properties.

DEFINITION A.4. Let s,t € R. We define

1F e =D 2" 1 D0 fll2 + Y 25| Ak S 2.

k<0 k>0
Let m = —[d/2 + 1 — s]; we then define

BY'(RY) ={f € L' (RY) ¢ | flp-x < o0} if m <0,
B¥'(RY) = {f € S (RY)/ P - ||f]

pst <00} if m>=0.

LEMMA A.5. We have the following inclusions for hybrid Besov spaces:

(i) We have B** = B*.

(ii) If s < t, then B>t = B® N Bt. Otherwise, B>' = B® + Bt.

(iii) The space B%* coincides with the usual inhomogeneous Besov space B3 ,.
(iv) If s1 < 82 and t; > to, then B5v:t < B2tz

Let us now recall some useful estimates for the product in hybrid Besov spaces.
LEMMA A.6. Let s1, s >0 and f, g € L N B*%2. Then fg € B*°2 and

1f9]
Let s € (—d/2,d/2], f € B¥?, and g € B®; then fg € B® and

£l

Let s1,89,t1,ta < d/2 such that min(sy + so,t1 +t2) > 0, f € BVt and g €
Bs2:t2 Then fg c Bsits2—Lititta—1 g4

|9/l o

Bs1:s2

Bz S |[fllzeellgllBorez + [ ]

Bs S | fllgarzllgllBe-

1 £9ll per+sa—arztirea—arz S || fllBorin gl oo
For a, 8 € R, let us define the following characteristic function on Z:

~a,f o « 1fk<0,
4 (’“)_{ B ifk>1

Then we can recall the following lemma.
LEMMA A.7. Let F be a homogeneous smooth function of degree m. Suppose that
—d/2 < s1,t1,82,t2 < 1+ d/2. The following two estimates hold:
|(F(D)Ak(v - Va), F(D)Aga)
S w2 MO v pajass ||a]| peres | F(D) Agalla,
[(F(D)AR(v -Va), Agb) + (Ak(v - Vb), F(D)Aga)]
SVl garser x (278 O F(D)Agall2 ] s oo
+ 2—k(¢31,32(k)—m)||a| |Akb||2),

Bs1:52

where (-,-) denotes the 2-inner product, Y, .,y < 1, and the operator F(D) is
defined by F(D)f := F 1F(&).Zf.

In the context of this paper, we also need to use the interpolation spaces of hybrid
Besov spaces together with a time space such as L?([0,7); B**). Thus, we have to
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introduce the Chemin-Lerner-type space (cf. [4]), which is a refinement of the space
LP([0,T); B5Y).
DEFINITION A.8. Let p € [1,00], T € (0,0¢], and s1, s2 € R. Then we define

11 zogomymeey = D 2" 1 AkF Lo omyizzy + D 25 I Ak flloqromy;z2).

k<0 k>0

Noting that Minkowski’s inequality yields || f[|Ls(jo,7);5:1) < [Ifllz0(0,7);551)> We
define spaces LP([0,T); B**) as follows:

L2(0, 7 B) = {f € LP(0,T): B) | fl oo,y < o0}

If T = oo, then we omit the subscript T' from the notation IZ”([O, T); B*Y), that is,
LP(B**) for simplicity. We will denote by C([0,T); B*) the subset of functions of
L>°([0,T); B**) which are continuous on [0, T) with values in B**.

Let us observe that L'([0,T); B**) = L'([0,T); B*'), but the embedding

L7([0,7); B*>') ¢ L*([0,T); B*")

is strict if p > 1.

We will use the following interpolation property which can be verified easily (cf.
1, 2)).

LEMMA A.9. Let s,t,81,t1,82,t2 € R and p,p1,p2 € [1,00]. We have

||f||LP [0 T ;Bs» t ||f||LP1 [0 T ;B51: t1)||f| Lp2 [0 T) Bs2, t2)a

1_ 9
where 5= +1 p2 ,
Acknowledgments. The authors would like to thank the referees for their valu-

able comments and Dr. L. Yao for helpful comments on the original version of the
manuscript.
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