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Abstract

A free boundary problem for the incompressible neo-Hookean elastodynamics is studied in two and 
three spatial dimensions. The a priori estimates in Sobolev norms of solutions with the physical vacuum 
condition are established through a geometrical point of view of Christodoulou and Lindblad (2000) [3]. 
Some estimates on the second fundamental form and velocity of the free surface are also obtained.
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1. Introduction

We are concerned with the motion of neo-Hookean elastic waves in an incompressible mate-
rial for which the deformation or strain is proportional to the stress. Precisely, we consider the 
free boundary problem of the following incompressible elastodynamic equations of neo-Hookean 
elastic materials:
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vt + v · ∂v + ∂p = div (FF�), (1.1a)

Ft + v · ∂F = ∂vF, (1.1b)

divv = 0, divF� = 0, (1.1c)

in a set

D =
⋃

0�t�T

{t} × Dt ,

where Dt ⊂ R
n, n = 2 or 3, is the domain that the material occupies at time t ∈ [0, T ] for some 

T > 0; where ∂ = (∂1, · · · , ∂n) and div are the usual gradient operator and spatial divergence in 
the Eulerian coordinates with ∂i = ∂/∂xi , respectively; v(t, x) = (v1(t, x), · · · , vn(t, x)) is the 
velocity vector field of the fluid, p(t, x) is the pressure, F(t, x) = (Fij (t, x)) is the deformation 
tensor, F� = (Fji) denotes the transpose of the n × n matrix F , FF� is the Cauchy–Green 
tensor in the case of neo-Hookean elastic materials (cf. [9,14]); and the notations (∂v)ij = ∂j vi , 
(∂vF )ij = (∂vF )ij = (∂v)ikF

kj = ∂kv
iF kj , divv = ∂iv

i , (divF�)i = ∂jF
ji follow the Einstein 

summation convention: vi = δij vj = vi and F ij = δikδjlFkl = Fij . The boundary conditions on 
the free boundary:

∂D =
⋃

0�t�T

{t} × ∂Dt

are prescribed as the following:

p = 0 on ∂D, (1.2a)

N · F� = 0 on ∂D, (1.2b)

(∂t + v · ∂)|∂D ∈ T (∂D), (1.2c)

where N (t, x) is the exterior unit normal to the free surface ∂Dt and T (∂D) is the tangential 
space to ∂D . The boundary condition (1.2a) implies that the pressure p vanishes outside the do-
main, (1.2b) indicates that the normal component of F� (i.e., NkF

kj ) vanishes on the boundary, 
and (1.2c) means that the free boundary moves with the velocity v of the material particles, i.e., 
v ·N = κ on ∂Dt with κ the normal velocity of ∂Dt .

For a simply connected bounded domain D0 ⊂ R
n that is homeomorphic to the unit ball, and 

the initial data (v0(x), F0(x)) satisfying the constraint (1.1c): divv0 = 0, divF�
0 = 0, we shall 

establish a priori estimates for the set D ⊂ [0, T ] × R
n and the vector fields v and F solving 

(1.1)–(1.2) with the initial conditions:

{x : (0, x) ∈ D} = D0, (v,F )|t=0 = (v0(x),F0(x)) for x ∈ D0. (1.3)

We will study the free boundary problem (1.1)–(1.3) under the following natural condition (cf. 
[2–4,7,8,10–13,16–18]):

∇Np � −ε < 0 on ∂Dt , (1.4)
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where ∇N = N i∂i and ε > 0 is a constant. We assume that (1.4) holds initially, and will verify 
that it still holds within a time period. Roughly speaking, the elastic body will not break up in 
the interior since the pressure is positive, the boundary moves according to the velocity, and the 
boundary is the level set of the pressure that, together with the Cauchy–Green tensor, determines 
the acceleration, thus the regularity of the boundary in quite involved, which is a difficult issue 
for this problem.

There have been some results for the free surface problem of the incompressible Euler 
equations of fluids in the recent decades, see for examples [1,3,4,7,10–13,16–18] and the 
references therein. For elastodynamics, there have been some studies on the fixed boundary 
problems, see for examples Ebin [5,6] for the global existence of small solutions to the three-
dimensional incompressible and isotropic elasticity equations and the special case of incom-
pressible neo-Hookean materials, and Sideris–Thomases [14,15] for the global existence of the 
three-dimensional incompressible elasticity. In this paper, we shall prove the a priori estimates 
for the free boundary problem (1.1)–(1.3) in all physical spatial dimensions n = 2, 3 by adopting 
a geometrical point of view used in Christodoulou–Lindblad [3] and establishing estimates on 
quantities such as the second fundamental form and the velocity of the free surface.

Define the material derivative by Dt = ∂t + vk∂k . We rewrite the system (1.1) as

Dtvi + ∂ip = ∂kFijF
kj , in D, (1.5a)

DtFij = δkl∂kviFlj , in D, (1.5b)

∂iv
i = 0, ∂jF

ji = 0, in D . (1.5c)

From (1.5), one has

1

2

d

dt

∫
Dt

(|v|2 + |F |2)dx = −
∫

∂Dt

pviNidS +
∫

∂Dt

FijF
kj viNkdS, (1.6)

where dS is the surface measure. We see that (1.6) and the boundary conditions (1.2) yield the 
conserved physical energy:

E0(t) =
∫
Dt

(
1

2
|v(t, x)|2 + 1

2
|F(t, x)|2

)
dx. (1.7)

Note that the identities divF� = 0 in D and N · F� = 0 on ∂D are preserved, that is, they hold 
if divF�

0 = 0 in D0 and N · F�
0 = 0 on ∂D0 for initial data, where N denotes the exterior unit 

normal to the initial interface ∂D0, which can be verified in the Lagrangian coordinates.
The higher order energy norm has a boundary part and an interior part. Consider the following 

positive definite quadratic form Q of the form (see [3]):

Q(α,β) = qi1j1 · · ·qir jr αi1···ir βj1···jr , (1.8)

where

qij = δij − η(d)2N iN j , d(x) = dist (x, ∂Dt ), and N i = −δij ∂j d, (1.9)
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and η is a smooth cutoff function satisfying

0 � η(d) � 1, η(d) = 1 for d <
d0

4
, η(d) = 0 for d >

d0

2
,

with d0 a fixed number less than the injectivity radius of the normal exponential map ι0 which is 
the largest number ι0 such that the map

∂Dt × (−ι0, ι0) → {x ∈R
n : dist (x, ∂Dt ) < ι0}, (1.10)

defined by

(x̄, ι) → x = x̄ + ιN (x̄),

is an injection.
Let sgn(s) be the sign function of the real number s. Denote

(curlF�)ijk := ∂iFjk − ∂jFik

and ϑ = (−∇Np)−1. Then, we define the higher order energies for r � 1 as:

Er(t) =
∫
Dt

(
δijQ(∂rvi, ∂

rvj ) + δij δkmQ(∂rFik, ∂
rFjm)

)
dx

+
∫
Dt

(
|∂r−1curlv|2 + |∂r−1curlF�|2

)
dx

+ sgn(r − 1)

∫
∂Dt

Q(∂rp, ∂rp)ϑdS. (1.11)

The higher order energy norm has a boundary part (for r � 2) which controls the norms of the 
second fundamental form of the free surface, and an interior part which controls the norms of the 
velocity and thus the pressure. We will prove that the time derivatives of the energy norms are 
controlled by themselves. One advantage of the above higher order energy norms is that the time 
derivatives of the interior parts yield some boundary terms which have some cancellation with 
the leading-order terms in the time derivatives of the boundary integrals.

Now, we can state the main result of this paper as follows.

Theorem 1.1. Let

K(0) = max

(
‖θ(0, ·)‖L∞(∂D0)

,
1

ι0(0)

)

and

E(0) =
∥∥∥∥ 1

∇ p(0, ·)
∥∥∥∥ ∞

.

N L (∂D0)
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Then, there exists a continuous function T > 0 such that if

T � T (K(0),E(0),E0(0), · · · ,En+1(0),VolD0),

any smooth solution of the free boundary problem (1.1)–(1.4) satisfies

n+1∑
s=0

Es(t) � 2
n+1∑
s=0

Es(0), 0 � t � T .

We remark that Theorem 1.1 extends the result of [3] for the Euler equations of incompress-
ible flow to the elastodynamics (1.1). Our proof will be based on the geometric point of view 
following [3]. We need to develop new ingredients in the proof to handle the deformation F and 
the interaction with the velocity v, which requires some new thoughts. For the well-posedness 
of incompressible Euler equations we refer the readers to [10,11] and the references therein. The 
well-posedness of the elastodynamics (1.1) is much harder. In this paper we shall explore all the 
symmetries of the equations and then we will be able to establish the sharp a priori estimates. 
Although the well-posedness does not follow directly, these estimates are crucial for the local ex-
istence of smooth solution for the system (1.1) which could be possibly obtained by improving 
the estimates of this paper together with the Nash–Moser technique.

The rest of the paper is organized as follows. In Section 2, we reformulate the problem to 
a fixed initial–boundary value problem in the Lagrangian coordinates. Sections 3 and 4 are de-
voted to the first and higher order energy estimates, respectively. Finally, we justify the a priori
assumptions in Section 5.

2. Reformulation in Lagrangian coordinates

In this section, we can reformulate the free boundary problem to fix the boundaries by follow-
ing the same terminology and lines of [3] (we omit the details). We first generalize from [3] the 
estimates of commutators between the material derivative Dt and covariant derivatives ∇a :

Lemma 2.1. Let Ta1···ar be a (0, r) tensor. Then

[Dt,g
acgbd∇a]Tcd = − �ueT

eb − gbd∇d∇aueT
ae − gae∇euf ∇aT

f b

− gbe∇euf ∇aT
af − ∇f ua∇aT

f b − ∇f ub∇aT
af , (2.1)

where gab is the induced metric and gab is the inverse of gab.

Proof. From [3, (2.13) and (2.20)], it follows that

[Dt,g
acgbd∇a]Tcd

= Dtg
acgbd∇aTcd + gacDtg

bd∇aTcd + gacgbdDt∇aTcd − gacgbd∇aDtTcd

= −2hacgbd∇aTcd − 2gachbd∇aTcd − gacgbd(∇c∇au
eTed + ∇d∇au

eTce)

= −�ueT
eb − gbd∇d∇aueT

ae − gae∇euf ∇aT
f b

− gbe∇euf ∇aT
af − ∇f ua∇aT

f b − ∇f ub∇aT
af . �
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Let ua = vi
∂xi

∂ya , ua = gabub and

Fab = Fij

∂xi

∂ya

∂xj

∂yb
, F

ab = gacgbd
Fcd , |F|2 = FabF

ab.

Then, it follows from [3, (2.7)] that

|F|2 = |F |2 and Fij = ∂ya

∂xi

∂yb

∂xj
Fab. (2.2)

From [3, (2.11)], (2.2), [3, (2.12)] and [3, (2.6)], we can rewrite the system (1.1) in the Lagrangian 
coordinates as

Dtua + ∇ap = ∇cFabF
cb + uc∇auc in [0, T ] × 
, (2.3a)

DtFab = gdc∇duaFcb + Fcb∇au
c + Fac∇bu

c in [0, T ] × 
, (2.3b)

∇au
a = 0, ∇aF

ab = 0 in [0, T ] × 
, (2.3c)

p = 0, Na
Fab = 0 on [0, T ] × ∂
. (2.3d)

From (1.7), we also have the conserved energy

E0(t) =
∫



(
1

2
|u(t, y)|2 + 1

2
|F(t, y)|2

)
dμg. (2.4)

We note that if

|∇u(t, y)| � C in [0, T ] × 
, (2.5)

and divv = 0 in [0, T ] × 
, then the divergence free property of F�, i.e., divF� = 0, is pre-
served for all times under the Lagrangian coordinates or in view of the material derivative, i.e., 
DtdivF� = 0. Moreover, N ·F� = 0 is also preserved for all time t in the lifespan [0, T ], that is, 
we have Na

Fab = 0 on [0, T ] × ∂
 if N · F� = 0 on the boundary ∂
 at initial time.

3. The first order energy estimates

In this section, we prove the first order energy estimate. From [3, (2.20)], (2.3a) and (2.3b), 
we have

Dt(∇bua)+∇b∇ap = ∇bu
c∇auc + ∇b∇cFadF

cd + ∇cFad∇bF
cd , (3.1)

and

Dt(∇cFab) = gde∇cFeb(∇dua + ∇aud) + ∇cFad∇bu
d + gde

Feb∇c∇dua. (3.2)

We now derive the material derivative of gbdγ ae∇aub∇eud . From [3, (2.13), (2.11), (3.21), 
(3.22)] and (3.2), it follows that
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Dt

(
gbdγ ae∇aub∇eud + gbdgcf γ ae∇aFbc∇eFdf

)
= −2γ aeγ f c∇euf ∇au

d∇cud − 2γ aeγ f c∇euf ∇aF
ds∇cFds

− 2∇b(γ
ae∇eu

b∇ap − γ ae∇eu
c∇aFcfF

bf )

+ 2(∇bγ
ae)(∇eu

b∇ap − ∇eu
c∇aFcfF

bf )

+ 2γ ae∇eu
d∇cFdf ∇aF

cf + 2γ ae∇cu
d∇eFdf ∇aF

cf . (3.3)

Then, we calculate the material derivatives of |curlu|2 and |curlF�|2 where curlF� is de-
fined as

(curlF�)abc := ∇aFbc − ∇bFac.

Indeed, one has

Dt(|curlu|2 + |curlF�|2)
= −4gaegbd∇eu

c(curlu)ab(curlu)cd + 4gacgbd(curlu)cd∇aF
ef ∇eFbf

− 4gaqgbdgef ∇quc(curlF�)abe(curlF�)cdf

− 2gacgbdgeq∇quf (curlF�)abe(curlF�)cdf

+ 4gac(curlF�)cdf ∇aF
sf ∇su

d + 4gacgbd(curlF�)cdf ∇aF
qf ∇buq

+ 4gacgef (curlF�)cdf ∇aF
ds∇eus + 4∇e

[
gacgbd(curlu)cd∇aFbfF

ef
]
. (3.4)

Define the first order energy as

E1(t) =
∫



(
gbdγ ae∇aub∇eud + gbdgcf γ ae∇aFbc∇eFdf

)
dμg

+
∫



(
|curlu|2 + |curlF�|2

)
dμg. (3.5)

Then, we can establish the following estimate on the first order energy:

Theorem 3.1. For any smooth solution of system (2.3) for 0 � t � T satisfying

|∇p| � M, |∇u| � M, in [0, T ] × 
, (3.6)

|θ | + |∇u| + 1

ι0
� K, on [0, T ] × ∂
, (3.7)

one has, for any t ∈ [0, T ],

E1(t) � 2eCMtE1(0) + CK2 (Vol
 + E0(0))
(
eCMt − 1

)
(3.8)

with some constant C > 0 which depends only on the dimension n.
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Proof. It follows, from (3.3), (3.4) and Gauss’ formula, that

d

dt
E1(t) =

∫



Dt

(
gbdγ ae∇aub∇eud + gbdgcf γ ae∇aFbc∇eFdf

)
dμg

+
∫



(
gbdγ ae∇aub∇eud + gbdgcf γ ae∇aFbc∇eFdf

)
trhdμg

+
∫



Dt

(
|curlu|2 + |curlF�|2

)
dμg

+
∫



(
|curlu|2 + |curlF�|2

)
trhdμg

= −2
∫



γ aeγ f c∇euf ∇au
d∇cuddμg − 2

∫



γ aeγ f c∇euf ∇aF
ds∇cFdsdμg

− 2
∫
∂


Nb(γ
ae∇eu

b∇ap − γ ae∇eu
c∇aFcfF

bf )dμγ (3.9)

+ 2
∫



(∇bγ
ae)(∇eu

b∇ap − ∇eu
c∇aFcfF

bf )dμg (3.10)

+ 2
∫



γ ae∇eu
d∇cFdf ∇aF

cf dμg + 2
∫



γ ae∇cu
d∇eFdf ∇aF

cf dμg

− 4
∫



gaegbd∇eu
c(curlu)ab(curlu)cddμg

+ 4
∫



gacgbd(curlu)cd∇aF
ef ∇eFbf dμg

− 4
∫



gaqgbdgef ∇quc(curlF�)abe(curlF�)cdf dμg

− 2
∫



gacgbdgeq∇quf (curlF�)abe(curlF�)cdf dμg

+ 4
∫



gac(curlF�)cdf ∇aF
sf ∇su

ddμg

+ 4
∫



gacgbd(curlF�)cdf ∇aF
qf ∇buqdμg

+ 4
∫



gacgef (curlF�)cdf ∇aF
ds∇eusdμg

+ 4
∫

NeF
ef gacgbd(curlu)cd∇aFbf dμγ , (3.11)
∂
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due to the fact trh = 0. Since p = 0 on the boundary ∂
, it follows that ∇p = 0, i.e., γ d
a ∇dp = 0, 

and then γ ae∇ap = gceγ a
c ∇ap = 0 on ∂
. In addition, N · F� = 0 on ∂
. Thus, the integrals 

in (3.9) and (3.11) vanish.
For the term (3.10), we first have from [3, (3.6) and (3.4)],

θab = (δc
a − NaN

c)∇cNb = ∇aNb − Na∇NNb = ∇aNb

since ∇NN = 0 in geodesic coordinates, and then

∇bγ
ae = ∇b(g

ae − NaNe) = −∇b(N
aNe)

= −(∇bN
a)Ne − (∇bN

e)Na = −θa
b Ne − θe

bNa.

Thus, by the Hölder inequality, (3.7) and [3, Lemma 5.5], one has

|(3.10)| � CK
(
‖∇u‖L2(
) ‖∇p‖L∞(
) (Vol
)1/2 + ‖∇u‖L∞(
) ‖F‖L2(
) ‖∇F‖L2(
)

)
� CKM

(
(Vol
)1/2 + E

1/2
0 (0)

)
E

1/2
1 (t).

For other terms, we can use the Hölder inequality directly. Hence, we obtain

d

dt
E1(t) � CKM

(
(Vol
)1/2 + E

1/2
0 (0)

)
E

1/2
1 (t)

+ C ‖∇u‖L∞(
)

(
‖∇u‖2

L2(
)
+ ‖∇F‖2

L2(
)
+ ‖curlu‖2

L2(
)
+

∥∥∥curlF�
∥∥∥2

L2(
)

)

� CKM
(
(Vol
)1/2 + E

1/2
0 (0)

)
E

1/2
1 (t) + CME1(t).

By the Gronwall inequality, it yields the desired estimate. �
4. The general r-th order energy estimates

In this section, we establish the higher order energy estimates. In view of [3, (2.16), (2.18)]
and (1.5a), one has

Dt∇rua = Dt∇a1 · · ·∇ar ua = Dt∇a1 · · ·∇ar−1

(
∂xi

∂ya

∂xir

∂yar

∂vi

∂xir

)

= Dt

( ∂xi

∂ya

∂xi1

∂ya1
· · · ∂xir

∂yar

∂rvi

∂xi1 · · · ∂xir

)

= ∂xi

∂ya

∂xi1

∂ya1
· · · ∂xir

∂yar

(
Dt

∂rvi

∂xi1 · · · ∂xir
+ ∂vl

∂xi1

∂rvi

∂xl · · · ∂xir
+ · · ·

+ ∂vl

∂xir

∂rvi

∂xi1 · · ·∂xl
+ ∂vl

∂xi

∂rvl

∂xi1 · · ·∂xxr

)

= ∂xi

a

∂xi1

a1
· · · ∂xir

ar

(
[Dt, ∂

r ]vi + ∂rDtvi

)
+ ∇u · ∇rua + ∇au

c∇ruc

∂y ∂y ∂y
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= −∇r∇ap + ∇au
c∇ruc −

r−1∑
s=1

(
r

s + 1

)
(∇1+su) · ∇r−sua

+
r∑

s=0

( r

s

)
∇s

F
cb∇r−s∇cFab,

where (
∇s

F
cb∇r−s∇cFab

)
a1···ar

=
∑
�r

∇s
aσ1 ···aσs

F
cb∇r−s

aσs+1 ···aσr
∇cFab.

Then, using divF� = 0, we obtain, for r � 2,

Dt∇rua + ∇r∇ap = (curlu)ac∇ruc + sgn(2 − r)

r−2∑
s=1

(
r

s + 1

)
(∇1+su) · ∇r−sua

+ ∇c

(
F

cb∇r
Fab

)
+

r∑
s=1

( r

s

)
∇s

F
cb∇r−s∇cFab. (4.1)

Similarly, by divF� = 0 again, we have, for r � 2,

Dt∇r
Fab = Dt

( ∂xi

∂ya

∂xj

∂yb

∂xi1

∂ya1
· · · ∂xir

∂yar

∂rFij

∂xi1 · · ·∂xir

)

= ∂xi

∂ya

∂xj

∂yb

∂xi1

∂ya1
· · · ∂xir

∂yar

(
Dt

∂rFij

∂xi1 · · ·∂xir
+ ∂vl

∂xi1

∂rFij

∂xl · · ·∂xir
+ · · ·

+ ∂vl

∂xir

∂rFij

∂xx1 · · ·∂xl
+ ∂vl

∂xi

∂rFlj

∂xx1 · · ·∂xxr
+ ∂vl

∂xj

∂rFil

∂xx1 · · · ∂xxr

)

= ∂xi

∂ya

∂xj

∂yb

∂xi1

∂ya1
· · · ∂xir

∂yar

(
[Dt, ∂

r ]Fij + ∂rDtFij

)
+ ∇u · ∇r

Fab + ∇au
c∇r

Fcb + ∇bu
c∇r

Fac

= ∇au
c∇r

Fcb + ∇bu
c∇r

Fac − ∇ruc∇cFab + ∇c

(
gcd

Fdb∇rua

)

− sgn(2 − r)

r−2∑
s=1

(
r

s + 1

)
(∇1+su) · ∇r−s

Fab

+
r∑

s=1

( r

s

)
gcd∇s

Fdb∇r−s∇cua. (4.2)

From [3, Lemmas 2.1 and 3.9] and (4.1), it follows that

Dt

(
gbdγ af γ AF ∇r−1

A ∇aub∇r−1
F ∇f ud

)
= (Dtg

bd)γ af γ AF ∇r−1
A ∇aub∇r−1

F ∇f ud + rgbd(Dtγ
af )γ AF ∇r−1

A ∇aub∇r−1
F ∇f ud

+ 2gbdγ af γ AF Dt(∇r−1∇aub)∇r−1∇f ud
A F
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= −2∇cueγ
af γ AF ∇r−1

A ∇au
c∇r−1

F ∇f ue

− 2r∇cueγ
acγ ef γ AF ∇r−1

A ∇au
d∇r−1

F ∇f ud

− 2∇b

(
γ af γ AF ∇r−1

F ∇f ub∇r−1
A ∇ap

)
(4.3)

+ 2∇b

(
γ af γ AF

)
∇r−1

F ∇f ub∇r−1
A ∇ap

+ 2γ af γ AF ∇r−1
F ∇f ub(curlu)bc∇r−1

A ∇au
c

+ 2sgn(2 − r)γ af γ AF ∇r−1
F ∇f ud

r−2∑
s=1

(
r

s + 1

)(
(∇s+1u) · ∇r−sud

)
Aa

+ 2γ af γ AF ∇r−1
F ∇f ud∇c

(
F

cb∇r−1
A ∇aFdb

)
(4.4)

+ 2γ af γ AF ∇r−1
F ∇f ud

r∑
s=1

( r

s

)(
∇s

F
cb∇r−s∇cFdb

)
Aa

.

Similarly, we have

Dt

(
gbdgceγ af γ AF ∇r−1

A ∇aFbc∇r−1
F ∇fFde

)
= Dt(g

bd)gceγ af γ AF ∇r−1
A ∇aFbc∇r−1

F ∇fFde

+ gbdDt (g
ce)γ af γ AF ∇r−1

A ∇aFbc∇r−1
F ∇fFde

+ rDt (γ
af )γ AF ∇r−1

A ∇aFbc∇r−1
F ∇fF

bc

+ 2γ af γ AF Dt(∇r−1
A ∇aFbc)∇r−1

F ∇fF
bc

= −2∇ku
mγ af γ AF ∇r−1

A ∇aF
kc∇r−1

F ∇fFmc

− 2∇ku
mγ af γ AF ∇r−1

A ∇aF
dk∇r−1

F ∇fFdm

− 2r∇dueγ
adγ ef γ AF ∇r−1

A ∇aF
bc∇r−1

F ∇fFbc

+ 2γ af γ AF ∇r−1
A ∇aFec∇bu

e∇r−1
F ∇fF

bc

+ 2γ af γ AF ∇r−1
A ∇aFbe∇cu

e∇r−1
F ∇fF

bc

− 2γ af γ AF ∇r−1
F ∇fF

bc∇r−1
A ∇au

e∇eFbc

+ 2γ af γ AF ∇r−1
F ∇fF

bcged
Fdc∇e∇r−1

A ∇aub (4.5)

+ 2sgn(2 − r)γ af γ AF ∇r−1
F ∇fF

bc

r−2∑
s=1

(
r

s + 1

)(
(∇1+su) · ∇r−s

Fbc

)
Aa

+ 2γ af γ AF ∇r−1
F ∇fF

bc

r∑
s=1

( r

s

)(
ged∇s

Fdc∇r−s∇eub

)
Aa

.
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For (4.4) and (4.5), one has

(4.4) + (4.5) = 2γ af γ AF ∇r−1
A ∇au

b∇e

(
F

ec∇r−1
F ∇fFbc

)
+ 2γ af γ AF ∇e∇r−1

A ∇au
b
F

ec∇r−1
F ∇fFbc

= 2∇e

(
γ af γ AF ∇r−1

A ∇au
b
F

ec∇r−1
F ∇fFbc

)
(4.6)

− 2∇e(γ
af γ AF )∇r−1

A ∇au
b
F

ec∇r−1
F ∇fFbc. (4.7)

The boundary integral stemmed from the integration of (4.6) over 
 will vanish since it involves 
the term NeF

ec which is zero on the boundary. Since (3.9), especially the integral involving p, 
vanishes, we do not need the boundary integral in the first order energy E1(t). However, the 
boundary integral derived from the integral of (4.3) over 
 will be out of control for higher order 
energies. Thus, we have to include a boundary integral to overcome this difficulty.

Define the r-th order energy for an integer r � 2 as

Er(t) =
∫



gbdγ af γ AF ∇r−1
A ∇aub∇r−1

F ∇f uddμg +
∫



|∇r−1curlu|2dμg

+
∫



gbdgceγ af γ AF ∇r−1
A ∇aFbc∇r−1

F ∇fFdedμg +
∫



|∇r−1curlF�|2dμg

+
∫
∂


γ af γ AF ∇r−1
A ∇ap∇r−1

F ∇f p ϑdμγ ,

where ϑ = 1/(−∇Np) as before. Then, we have the following theorem.

Theorem 4.1. For the integer r ∈ {2, · · · , n + 1}, there exists a constant T > 0 such that, for any 
smooth solution to system (2.3) for 0 � t � T satisfying

|F| � M1 for r = 2, in [0, T ] × 
, (4.8)

|∇p| � M, |∇u| � M, |∇F| � M, in [0, T ] × 
, (4.9)

|θ | + 1/ι0 � K, on [0, T ] × ∂
, (4.10)

−∇Np � ε > 0, on [0, T ] × ∂
, (4.11)

|∇2p| + |∇NDtp| � L, on [0, T ] × ∂
, (4.12)

the following estimate holds for any t ∈ [0, T ],

Er(t) � eC1tEr(0) + C2

(
eC1t − 1

)
, (4.13)

where the constants C1 and C2 depend on K , K1, M , M1, L, 1/ε, Vol
, E0(0), E1(0), · · · , 
and Er−1(0).
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Proof. The derivative of Er(t) with respect to t is

d

dt
Er(t) =

∫



Dt

(
gbdγ af γ AF ∇r−1

A ∇aub∇r−1
F ∇f ud

)
dμg (4.14)

+
∫



Dt

(
gbdgceγ af γ AF ∇r−1

A ∇aFbc∇r−1
F ∇fFde

)
dμg (4.15)

+
∫



Dt |∇r−1curlu|2dμg +
∫



Dt |∇r−1curlF�|2dμg (4.16)

+
∫



gbdγ af γ AF ∇r−1
A ∇aub∇r−1

F ∇f ud trhdμg (4.17)

+
∫



|∇r−1curlu|2trhdμg +
∫



|∇r−1curlF�|2trhdμg (4.18)

+
∫



gbdgceγ af γ AF ∇r−1
A ∇aFbc∇r−1

F ∇fFdetrhdμg (4.19)

+
∫
∂


Dt

(
γ af γ AF ∇r−1

A ∇ap∇r−1
F ∇f p

)
ϑdμγ (4.20)

+
∫
∂


γ af γ AF ∇r−1
A ∇ap∇r−1

F ∇f p

(
ϑt

ϑ
+ trh − hNN

)
ϑdμγ . (4.21)

Step 1: Estimate the integrals (4.14), (4.15) and (4.20)

From the previous derivations for the integrands in (4.14) and (4.15), (4.6), (4.7) and

Dt

(
γ af γ AF ∇r−1

A ∇ap∇r−1
F ∇f p

)
= − 2r∇cueγ

acγ ef γ AF ∇r−1
A ∇ap∇r−1

F ∇f p + 2γ af γ AF ∇r−1
A ∇apDt

(
∇r−1

F ∇f p
)

,

we have

(4.14) + (4.15) + (4.20)

� C
(‖∇u‖L∞(
) + ‖∇F‖L∞(
)

)
Er(t)

+ CE
1/2
r (t)

r−2∑
s=1

∥∥∥∇s+1u

∥∥∥
L4(
)

(∥∥∇r−su
∥∥

L4(
)
+ ∥∥∇r−s

F
∥∥

L4(
)

)
(4.22)

+ CE
1/2
r (t)

r−1∑∥∥∇s
F
∥∥

L4(
)

(∥∥∥∇r−s+1u

∥∥∥
L4(
)

+
∥∥∥∇r−s+1

F

∥∥∥
L4(
)

)
(4.23)
s=2



C. Hao, D. Wang / J. Differential Equations 261 (2016) 712–737 725
+ 2
∫
∂


γ af γ AF ∇r
Aap

(
Dt∇r

Ff p − 1

ϑ
Nb∇r

Ff ub

)
ϑdμγ (4.24)

+ 2
∫



∇b

(
γ af γ AF

)
∇r−1

F ∇f ub∇r−1
A ∇apdμg (4.25)

+
∫
∂


Neγ
af γ AF ∇r−1

A ∇au
b
F

ec∇r−1
F ∇fFbcdμγ (4.26)

−
∫



∇e(γ
af γ AF )∇r−1

A ∇au
b
F

ec∇r−1
F ∇fFbcdμg. (4.27)

Since N · F� = 0 on ∂
, (4.26) vanishes. From [3, Lemma A.4], we see that, for ι1 � 1/K1,

‖F‖L∞(
) � C
∑

0�s�2

K
n/2−s

1

∥∥∇s
F
∥∥

L2(
)
� C(K1)

2∑
s=0

E
1/2
s (t). (4.28)

Using the Hölder inequality and the assumption (4.9), we obtain for any integers r � 3,

|(4.27)| � CK ‖F‖L∞(
) Er(t) � C(K,K1)

(
2∑

s=0

E
1/2
s (t)

)
Er(t). (4.29)

For r = 2, by (4.8), one has

|(4.27)| � CK ‖F‖L∞(
) Er(t) � C(K,M1)Er(t). (4.30)

Step 1.1: Estimate (4.25)

From Hölder’s inequality, we have

|(4.25)| � CKE
1/2
r (t)

∥∥∇rp
∥∥

L2(
)
. (4.31)

It follows from (2.3a) and [3, (2.21)] that

�p = −∇au
b∇bu

a + gcb∇aFcd∇bF
ad . (4.32)

Then, for r � 2,

∇r−2�p = −
r−2∑
s=0

(
r − 2

s

)
∇s∇au

b∇r−2−s∇bu
a

+
r−2∑
s=0

(
r − 2

s

)
gcb∇s∇aFcd∇r−2−s∇bF

ad .

In view of (4.28), one has, for s � 0,
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∥∥∇s
F
∥∥

L∞(
)
� C

2∑
�=0

K
n/2−�

1

∥∥∥∇�+s
F

∥∥∥
L2(
)

� C(K1)

2∑
�=0

E
1/2
s+�(t), (4.33)

and

∥∥∇su
∥∥

L∞(
)
� C(K1)

2∑
�=0

E
1/2
s+�(t). (4.34)

From the Hölder inequality, (4.33) and (4.34), we have, for r ∈ {3, 4},
∥∥∥∇r−2�p

∥∥∥
L2(
)

� C

r−2∑
s=0

∥∥∥∇s∇au
b∇r−2−s∇bu

a
∥∥∥

L2(
)

+ C

r−2∑
s=0

∥∥∥gcb∇s∇aFcd∇r−2−s∇bF
ad

∥∥∥
L2(
)

� C ‖∇u‖L∞(
)

∥∥∥∇r−1u

∥∥∥
L2(
)

+ C ‖∇F‖L∞(
)

∥∥∥∇r−1
F

∥∥∥
L2(
)

+ (r − 3)C

(∥∥∥∇2u

∥∥∥
L∞(
)

∥∥∥∇2u

∥∥∥
L2(
)

+
∥∥∥∇2

F

∥∥∥
L∞(
)

∥∥∥∇2
F

∥∥∥
L2(
)

)

� C(K1)

r−1∑
�=1

E�(t) + C(K1)E
1/2
2 (t)E

1/2
r (t). (4.35)

For the case r = 2, we have the following estimate from the assumption (4.9) and the Hölder 
inequality:

‖�p‖L2(
) � C ‖∇u‖L2(
) ‖∇u‖L∞(
) + C ‖∇F‖L2(
) ‖∇F‖L∞(
) � CME
1/2
1 (t), (4.36)

which is a lower order energy term. Hence, from [3, (5.29)], (4.35) and (4.36), we have for any 
real number δr > 0,

∥∥∇rp
∥∥

L2(
)
� δr

∥∥�∇rp
∥∥

L2(∂
)
+ C(1/δr ,K,Vol
)

∑
s�r−2

∥∥∇s�p
∥∥

L2(
)

� δr

∥∥�∇rp
∥∥

L2(∂
)
+ C(1/δr ,K,K1,M,Vol
)

r−1∑
�=1

E�(t)

+ (r − 2)C(1/δr ,K,K1,M,Vol
)E
1/2
2 (t)E

1/2
r (t). (4.37)

Next, we estimate the boundary terms. Because p = 0 on the boundary ∂
, from [3, (5.30)], 
we obtain for r � 1,
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∥∥�∇rp
∥∥

L2(∂
)
� C(K,K1)

(
‖θ‖L∞(∂
) + (r − 2)

∑
k�r−3

∥∥∥∇k
θ

∥∥∥
L2(∂
)

)

×
∑

k�r−1

∥∥∥∇kp

∥∥∥
L2(∂
)

. (4.38)

Due to [3, (4.20)], we have �∇2p = θ∇Np. From (4.11), (4.10), [3, (A.20)], (4.9) and (4.37), 
we obtain

‖θ‖L2(∂
) =
∥∥∥∥�∇2p

∇Np

∥∥∥∥
L2(∂
)

� 1

ε

∥∥∥�∇2p

∥∥∥
L2(∂
)

, (4.39)

and ∥∥∥�∇2p

∥∥∥
L2(∂
)

� ‖θ‖L∞(∂
) ‖∇p‖L2(∂
)

� C(K,Vol
)

(∥∥∥∇2p

∥∥∥
L2(
)

+ ‖∇p‖L2(
)

)

� C(K,Vol
)δ2

∥∥∥�∇2p

∥∥∥
L2(∂
)

+ C(K,Vol
)(Vol
)1/2M

+ C(1/δ2,K,K1,M,Vol
)E1(t), (4.40)

where the first term on the right hand side of (4.40) can be absorbed by the left hand side if we 
take δ2 small such that C(K, Vol
)δ2 � 1/2. Then,∥∥∥�∇2p

∥∥∥
L2(∂
)

+
∥∥∥∇2p

∥∥∥
L2(
)

� C(K,K1,M,Vol
)(1 + E1(t)), (4.41)

‖θ‖L2(∂
) � C(K,K1,M,Vol
,1/ε)(1 + E1(t)). (4.42)

From Theorem 3.1, there exists a constant T > 0 such that E1(t) can be controlled by the initial 
energy E1(0) for t ∈ [0, T ], e.g., E1(t) � 2E1(0). Then, from (4.38), (4.42), (4.9) and (4.41), 
we get ∥∥∥�∇3p

∥∥∥
L2(∂
)

� C(K,K1)
(
K + ‖θ‖L2(∂
)

)∑
k�2

∥∥∥∇kp

∥∥∥
L2(∂
)

� C(K,K1,M,Vol
,1/ε,E1(0))

∥∥∥∇3p

∥∥∥
L2(
)

+ C(K,K1,M,Vol
,1/ε,E1(0)).

It follows from (4.37) that∥∥∥∇3p

∥∥∥
L2(
)

� δ3C(K,K1,M,Vol
,1/ε,E1(0))

∥∥∥∇3p

∥∥∥
L2(
)

+ δ3C(K,K1,M,Vol
,1/ε,E1(0))

+ C(1/δ3,K,K1,M,Vol
)(E1(t) + E2(t))

+ C(1/δ3,K,K1,M,Vol
)E
1/2
2 (t)E

1/2
3 (t),
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which, if we take δ3 > 0 so small that δ3C(K, K1, M, Vol
, 1/ε, E1(0)) � 1/2, implies

∥∥∥∇3p

∥∥∥
L2(
)

� C(K,K1,M,Vol
,1/ε,E1(0)) + C(K,K1,M,Vol
)

2∑
�=1

E�(t)

+ C(K,K1,M,Vol
)E
1/2
2 (t)E

1/2
3 (t), (4.43)

and thus ∥∥∥�∇3p

∥∥∥
L2(∂
)

� C(K,K1,M,Vol
,1/ε,E1(0))

(
1 +

2∑
�=1

E�(t) + E
1/2
2 (t)E

1/2
3 (t)

)
.

Because

∇b∇Np = γ d
b ∇d(Na∇ap) = (δd

b − NbN
d)((∇dNa)∇ap + Na∇d∇ap)

= θa
b ∇ap + Na∇b∇ap − NbN

d(θa
d ∇ap + Na∇d∇ap),

we have from [3, (A.20)] that

∥∥∇∇Np
∥∥

L2(∂
)

� C ‖θ‖L∞(∂
) ‖∇p‖L2(∂
) + C

∥∥∥∇2p

∥∥∥
L2(∂
)

� C(K,Vol
)

(∥∥∥∇3p

∥∥∥
L2(
)

+
∥∥∥∇2p

∥∥∥
L2(
)

+ ‖∇p‖L2(
)

)

� C(K,K1,M,Vol
,1/ε,E1(0)) + C(K,K1,M,Vol
)

2∑
�=1

E�(t)

+ C(K,K1,M,Vol
)E
1/2
2 (t)E

1/2
3 (t).

Then, by [3, (4.21)], we have

(∇θ)∇Np = �∇3p − 3θ⊗̃∇∇Np

and

∥∥∇θ
∥∥

L2(∂
)
� 1

ε

(∥∥∥�∇3p

∥∥∥
L2(∂
)

+ C ‖θ‖L∞(∂
)

∥∥∇∇Np
∥∥

L2(∂
)

)

� C(K,K1,M,Vol
,1/ε,E1(0))
(

1 +
2∑

�=1

E�(t) + E
1/2
2 (t)E

1/2
3 (t)

)
.

From (4.38) and [3, (A.20)],
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∥∥∥�∇4p

∥∥∥
L2(∂
)

� C(K,K1)
(
K + ‖θ‖L2(∂
) + ∥∥∇θ

∥∥
L2(∂
)

)∑
k�4

∥∥∥∇kp

∥∥∥
L2(
)

. (4.44)

Thus, by (4.37) we can absorb the highest order term 
∥∥∇4p

∥∥
L2(
)

by the left hand side for 
δ4 > 0 small enough which is independent of the highest order energy E4(t), and∥∥∥∇4p

∥∥∥
L2(
)

+
∥∥∥�∇4p

∥∥∥
L2(∂
)

� C(K,K1,M,Vol
,1/ε,E1(0))
(

1 +
3∑

�=1

E�(t) + E
1/2
2 (t)E

1/2
4 (t)

)
.

Hence, from (4.41), (4.43) and (4.44), we have for r � 2,∥∥∇rp
∥∥

L2(
)

� C(K,K1,M,Vol
,1/ε,E1(0))
(

1 +
r−1∑
�=1

E�(t) + (r − 2)E
1/2
2 (t)E

1/2
r (t)

)
,

which, from (4.31), yields

|(4.25)| � C(K,K1,M,Vol
,1/ε,E1(0))E
1/2
r (t)

·
(

1 +
r−1∑
�=1

E�(t) + (r − 2)E
1/2
2 (t)E

1/2
r (t)

)
.

Step 1.2: Estimate (4.24)

The boundary condition p = 0 on ∂
 implies γ a
b ∇ap = 0 on ∂
. Then we have, from 

[3, (3.4)] and ϑ = −1/∇Np,

−ϑ−1Nb = ∇NpNb = Na∇apNb = δa
b∇ap − γ a

b ∇ap = ∇bp. (4.45)

From the Hölder inequality and (4.45), we get

|(4.24)| � C ‖ϑ‖1/2
L∞(∂
) E

1/2
r (t)

∥∥∥�
(
Dt

(∇rp
) − ϑ−1Nb∇rub

)∥∥∥
L2(∂
)

= C ‖ϑ‖1/2
L∞(∂
) E

1/2
r (t)

∥∥�
(
Dt

(∇rp
) + ∇ru · ∇p

)∥∥
L2(∂
)

. (4.46)

It follows from [3, (2.23)] that

Dt∇rp + ∇ru · ∇p = [Dt,∇r ]p + ∇rDtp + ∇ru · ∇p

= sgn(2 − r)

r−2∑
s=1

(
r

s + 1

)
(∇s+1u) · ∇r−sp + ∇rDtp. (4.47)
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Now, we consider the last term in (4.47). From [3, (5.30) and (A.20)], we have, for 2 � r � 4,

∥∥�∇rDtp
∥∥

L2(∂
)

� C(K,K1,Vol
)

⎛
⎝‖θ‖L∞(∂
) + (r − 2)

∑
k�r−3

∥∥∥∇k
θ

∥∥∥
L2(∂
)

⎞
⎠

·
∑
k�r

∥∥∥∇kDtp

∥∥∥
L2(
)

. (4.48)

It follows from [3, (5.29)] that

∥∥∇rDtp
∥∥

L2(
)
� δ

∥∥�∇rDtp
∥∥

L2(∂
)

+ C(1/δ,K,Vol
)
∑

s�r−2

∥∥∇s�Dtp
∥∥

L2(
)
. (4.49)

From [3, (2.22)], (4.32), [3, Lemma 2.1], (3.1), (3.2) and (2.3), it follows that

�Dtp = 2gac∇cu
b∇a∇bp + (�ue)∇ep + 2∇eu

b∇bu
a∇au

e

− 2gce∇eu
b∇aFcd∇bF

ad − 2∇duf ∇aF
bd∇bF

af

+ 2gce∇cF
ad∇aFeb∇dub − 2gbd∇bu

a∇a∇cFdeF
ce

+ 2gce∇bF
ad
Fed∇a∇cu

b.

From (4.33), (4.37) and [3, Lemma A.4], it implies that, for s � 2,

∥∥∇s�Dtp
∥∥

L2(
)

� C ‖∇u‖L∞(
)

∥∥∥∇s+2p

∥∥∥
L2(
)

+ s(s − 1)C

∥∥∥∇3u

∥∥∥
L2(
)

∥∥∥∇2p

∥∥∥
L∞(
)

+ sC

∥∥∥∇2u

∥∥∥
L4(
)

∥∥∥∇s+1p

∥∥∥
L4(
)

+ C

∥∥∥∇s+2u

∥∥∥
L2(
)

‖∇p‖L∞(
)

+ C
(‖∇u‖L∞(
) ‖∇u‖L∞(
) + ‖∇F‖L∞(
) ‖∇F‖L∞(
)

)∥∥∥∇s+1u

∥∥∥
L2(
)

+ s(s − 1)C ‖∇u‖L∞(
)

∥∥∥∇2u

∥∥∥
L4(
)

∥∥∥∇2u

∥∥∥
L4(
)

+ C ‖∇u‖L∞(
) ‖∇F‖L∞(
)

∥∥∥∇s+1
F

∥∥∥
L2(
)

+ sC

∥∥∥∇2u

∥∥∥
L4(
)

∥∥∥∇2
F

∥∥∥
L4(
)

(
(s − 1)‖∇F‖L∞(
) + ‖F‖L∞(
)

)
+ s(s − 1)C ‖∇u‖L∞(
)

∥∥∥∇2
F

∥∥∥
L4(
)

∥∥∥∇2
F

∥∥∥
L4(
)

+ C ‖∇u‖L∞(
) ‖F‖L∞(
)

∥∥∥∇s+2
F

∥∥∥
2
L (
)
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+ sC

∥∥∥∇3u

∥∥∥
L2(
)

‖F‖L∞(
)

(
(s − 1)

∥∥∥∇2
F

∥∥∥
L∞(
)

+ ‖∇F‖L∞(
)

)

+ s(s − 1)C

∥∥∥∇3
F

∥∥∥
L2(
)

‖F‖L∞(
)

∥∥∥∇2u

∥∥∥
L∞(
)

+ s(s − 1)C ‖∇F‖L∞(
)

∥∥∥∇2
F

∥∥∥
L4(
)

∥∥∥∇2u

∥∥∥
L4(
)

+ s(s − 1)C ‖∇F‖L∞(
) ‖F‖L∞(
)

∥∥∥∇4u

∥∥∥
L2(
)

+ s(s − 1)C

∥∥∥∇2
F

∥∥∥
L∞(
)

‖F‖L∞(
)

∥∥∥∇3u

∥∥∥
L2(
)

.

In view of [3, Lemma A.3] and (4.34), the following holds

∥∥∥∇s+1u

∥∥∥
L4(
)

� C
∥∥∇su

∥∥1/2
L∞(
)

(
2∑

�=0

∥∥∥∇s+�u

∥∥∥
L2(
)

K2−�
1

)1/2

� C(K1)

2∑
�=0

E
1/2
s+�(t).

We can estimate all the terms with L4(
) norms in the same way in view of (4.33), (4.34), the 
similar estimate of p and the assumptions. Hence, we obtain the bound which is linear with 
respect to the highest-order derivative or the highest-order energy E1/2

r (t), i.e.,

∥∥∇s�Dtp
∥∥

L2(
)

� C(K,K1,M,M1,L,1/ε,Vol
,E0(0))
(

1 +
r−1∑
�=0

E�(t)
)(

1 + E
1/2
r (t)

)
. (4.50)

Therefore, by (4.48), (4.49), (4.50) and for some small δ independent of Er(t), we obtain, by the 
induction argument for r ,

∥∥�∇rDtp
∥∥

L2(∂
)
� C(K,K1,M,M1,L,1/ε,Vol
,E0(0))

·
(

1 +
r−1∑
�=0

E�(t)
)(

1 + E
1/2
r (t)

)
. (4.51)

For the estimate of (4.47), it only remains to estimate

∥∥∥�
(
(∇s+1u) · ∇r−sp

)∥∥∥
L2(∂
)

for 1 � s � r − 2.

For the cases r = 3, 4 and s = r − 2, we have, from (4.12) and [3, Lemma A.7], that
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∥∥∥�
(
(∇r−1u) · ∇2p

)∥∥∥
L2(∂
)

�
∥∥∥∇r−1u

∥∥∥
L2(∂
)

∥∥∥∇2p

∥∥∥
L∞(∂
)

� CL

∥∥∥∇2u

∥∥∥
L2(n−1)/(n−2)(∂
)

� C(K,Vol
)L

(∥∥∇ru
∥∥

L2(
)
+

∥∥∥∇r−1u

∥∥∥
L2(
)

)

� C(K,L,Vol
)
(
E

1/2
r−1(t) + E

1/2
r (t)

)
.

For the cases n = 3, r = 4 and s = 1, from [3, (4.48)], [3, Lemma A.7] and (4.37), we have∥∥∥�
(
(∇2u) · ∇3p

)∥∥∥
L2(∂
)

=
∥∥∥�∇2u · �∇3p + �(∇2u · N)⊗̃�(N · ∇3p)

∥∥∥
L2(∂
)

� C

∥∥∥�∇2u

∥∥∥
L4(∂
)

∥∥∥�∇3p

∥∥∥
L4(∂
)

+ C

∥∥∥�(Na∇2ua)

∥∥∥
L4(∂
)

∥∥∥�(∇N∇2p)

∥∥∥
L4(∂
)

� C

∥∥∥∇2u

∥∥∥
L4(∂
)

∥∥∥∇3p

∥∥∥
L4(∂
)

� C(K,Vol
)

(∥∥∥∇3u

∥∥∥
L2(
)

+
∥∥∥∇2u

∥∥∥
L2(
)

)(∥∥∥∇4p

∥∥∥
L2(
)

+
∥∥∥∇3p

∥∥∥
L2(
)

)

� C(K,K1,Vol
)(E
1/2
3 (t) + E

1/2
2 (t))

(
3∑

s=0

Es(t) +
(

2∑
�=0

E
1/2
� (t)

)
E

1/2
4 (t)

)

� C(K,K1,Vol
)

3∑
s=0

Es(t)

4∑
�=0

E
1/2
� (t).

Thus, we get

|(4.24)| � C(K,K1,M,M1,L,1/ε,Vol
,E0(0))
(

1 +
r−1∑
s=0

Es(t)
)(

1 + Er(t)
)
.

From [3, Lemma A.3], it follows that

|(4.22) + (4.23)| � C(K,K1,M,Vol
,1/ε)
(

1 +
r−1∑
s=0

Es(t)
)
Er(t).

Therefore, we have shown that

|(4.14) + (4.15) + (4.20)|

� C(K,K1,M,M1,L,1/ε,Vol
,E0(0))
(

1 +
r−1∑
s=0

Es(t)
)(

1 + Er(t)
)
.



C. Hao, D. Wang / J. Differential Equations 261 (2016) 712–737 733
Step 2: Estimate (4.16)–(4.19) and (4.21)

From [3, Lemma 2.1], (4.1) and (4.2), we have

Dt

(
|∇r−1curlu|2 + |∇r−1curlF�|2

)
= −2(r + 1)gae∇eu

cgbdgAF ∇r−1
A (curlu)ab∇r−1

F (curlu)cd

− 2(r + 1)gae∇eu
cgbdgef gAF ∇r−1

A (curlF�)abe∇r−1
F (curlF�)cdf

+ 2gacgbdges∇su
f gAF ∇r−1

A (curlF�)abe∇r−1
F (curlF�)cdf

+ 4gacgbdgAF ∇r−1
F (curlu)cd(curlu)be∇r

Aau
e

+ 4sgn(2 − r)gacgAF ∇r−1
F (curlu)cd

r−2∑
s=1

(
r

s + 1

)(
(∇1+su) · ∇r−sud

)
Aa

+ 4sgn(2 − r)gacgAF ∇r−1
F (curlF�)cdf

r−2∑
s=1

(
r

s + 1

)(
(∇1+su) · ∇r−s

F
df

)
Aa

+ 4gacgbdgef gAF ∇r−1
F (curlF�)cdf ∇r

AaFse∇bu
s

− 4gacgbdgef gAF ∇r−1
F (curlF�)cdf ∇r

Aau
s∇sFbe

+ 4gacgbdgef gAF ∇r−1
F (curlF�)cdf ∇eu

s∇r
AaFbs

+ 4∇f

(
gacgbdgAF

F
f e∇r−1

F (curlu)cd∇r
AaFbe

)

+ 4gacgbdgAF ∇r−1
F (curlu)cd

r∑
s=1

( r

s

)(
∇s

F
ef ∇r−s∇eF

bf
)

Aa

+ 4gacgAF ∇r−1
F (curlF�)cdf

r∑
s=1

( r

s

)(
∇s

F
bf ∇r−s∇bu

d
)

Aa
.

Since N · F� = 0 on ∂
, by the Hölder inequality and the Gauss formula, we have

(4.16) � C(K,K1,M,Vol
,1/ε)

(
1 +

r−1∑
s=0

Es(t)

)
Er(t). (4.52)

From [3, (3.21)–(3.22)] and [3, (2.22)], we get

Dt(∇Np) = −2ha
dNd∇ap + hNN∇Np + ∇NDtp,

which implies

ϑt

ϑ
= −Dt∇Np

∇Np
= 2ha

dNd∇ap

∇Np
− hNN + ∇NDtp

∇Np
. (4.53)
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Hence, (4.21) can be controlled by C(K, M, L, 1/ε)Er(t). The remaining integrals (4.17), (4.18)
and (4.19) vanish due to the fact trh = 0.

Therefore, we have

d

dt
Er(t) � C(K,K1,M,M1,L,1/ε,Vol
,E0(0))

(
1 +

r−1∑
s=0

Es(t)
)(

1 + Er(t)
)
, (4.54)

which implies the desired result (4.13) by the Gronwall inequality and the induction argument 
for r ∈ {2, · · · , n + 1}. �
5. Justification of a priori assumptions

In the derivation of the higher order energy estimates in Section 4, some a priori assumptions 
are made. In this section we shall justify these a priori assumptions.

Denote

K(t) = max
(‖θ(t, ·)‖L∞(∂
) ,1/ι0(t)

)
,

E(t) = ‖1/(∇Np(t, ·))‖L∞(∂
) , ε(t) = 1

E(t)
. (5.1)

As in [3, Definition 3.5], let 0 < ε1 < 2 be a fixed number, take ι1 = ι1(ε1) to be the largest 
number such that |N (x̄1) −N (x̄2)| � ε1 whenever |x̄1 − x̄2| � ι1 for x̄1, x̄2 ∈ ∂Dt .

Lemma 5.1. Let K1 � 1/ι1. Then there are continuous functions Gj , j = 1, 2, 3, 4, such that

‖∇u‖L∞(
) + ‖∇F‖L∞(
) + ‖F‖L∞(
) � G1(K1,E0, · · · ,En+1), (5.2)

‖∇p‖L∞(
) +
∥∥∥∇2p

∥∥∥
L∞(∂
)

� G2(K1,E,E0, · · · ,En+1,Vol
), (5.3)

‖θ‖L∞(∂
) � G3(K1,E,E0, · · · ,En+1,Vol
), (5.4)

‖∇Dtp‖L∞(∂
) � G4(K1,E,E0, · · · ,En+1,Vol
). (5.5)

Proof. The estimate (5.2) follows from (4.34), (4.33) and (4.28). By [3, Lemmas A.4 and A.2], 
we obtain

‖∇p‖L∞(
) � C(K1)

2∑
�=0

∥∥∥∇�+1p

∥∥∥
L2(
)

, (5.6)

and

∥∥∥∇2p

∥∥∥
L∞(∂
)

� C(K1)

n+1∑
�=0

∥∥∥∇�p

∥∥∥
L2(∂
)

. (5.7)

Thus, the estimate (5.3) follows from (5.6), (5.7), [3, Lemmas A.5–A.7], (4.36), (4.41) and (4.43). 
Since |∇2p| � |�∇2p| = |∇Np||θ | � E−1|θ | in view of [3, (4.20)], the estimate (5.4) follows 
from (5.3). The estimate (5.5) follows from [3, Lemma A.2], (4.49), (4.50) and (4.51). �
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Lemma 5.2. Let K1 � 1/ι1. Then we have

∣∣∣∣ d

dt
Er

∣∣∣∣ � Cr(K1,E,E0, · · · ,En+1,Vol
)

r∑
s=0

Es, (5.8)

and ∣∣∣∣ d

dt
E
∣∣∣∣ � Cr(K1,E,E0, · · · ,En+1,Vol
). (5.9)

Proof. The first estimate (5.8) follows immediately from Lemma 5.1 and the proof of Theo-
rems 3.1 and 4.1. The second estimate follows from∣∣∣∣∣ d

dt

∥∥∥∥ 1

−∇Np(t, ·)
∥∥∥∥

L∞(∂
)

∣∣∣∣∣ � C

∥∥∥∥ 1

−∇Np(t, ·)
∥∥∥∥

2

L∞(∂
)

‖∇NDtp(t, ·)‖L∞(∂
)

and (5.5). �
As a consequence of Lemma 5.2, we have the following result:

Lemma 5.3. There exists a continuous function T > 0 depending on K1, E(0), E0(0), · · · , 
En+1(0) and Vol
 such that for

0 � t � T (K1,E(0),E0(0), · · · ,En+1(0),Vol
), (5.10)

one has

Es(t) � 2Es(0), 0 � s � n + 1, E(t) � 2E(0). (5.11)

Furthermore,

1

2
gab(0, y)Y aY b � gab(t, y)Y aY b � 2gab(0, y)Y aY b, (5.12)

and

|N (x(t, ȳ)) −N (x(0, ȳ))| � ε1

16
, ȳ ∈ ∂
, (5.13)

|x(t, y) − x(t, y)| � ι1

16
, y ∈ 
, (5.14)∣∣∣∣∂x(t, ȳ)

∂y
− ∂(0, ȳ)

∂y

∣∣∣∣ � ε1

16
, ȳ ∈ ∂
. (5.15)

Proof. Since the proofs are standard, we omit the details. One can refer to [3, Lemma 7.8] and 
[8, Lemma 6.3]. �

As a consequence of (5.13), (5.14) and the triangle inequality, we have the following result:
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Lemma 5.4. Let T be as in Lemma 5.3. There exists some ι1 > 0 such that, if

|N (x(0, y1)) −N (x(0, y2))| � ε1

2

when |x(0, y1) − x(0, y2)| � 2ι1, then

|N (x(t, y1)) −N (x(t, y2))| � ε1

when |x(t, y1) − x(t, y2)| � 2ι1.

Lemmas 5.3 and 5.4 yield immediately the main Theorem 1.1.
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