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Abstract

A free boundary problem for the incompressible neo-Hookean elastodynamics is studied in two and
three spatial dimensions. The a priori estimates in Sobolev norms of solutions with the physical vacuum
condition are established through a geometrical point of view of Christodoulou and Lindblad (2000) [3].
Some estimates on the second fundamental form and velocity of the free surface are also obtained.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

We are concerned with the motion of neo-Hookean elastic waves in an incompressible mate-
rial for which the deformation or strain is proportional to the stress. Precisely, we consider the
free boundary problem of the following incompressible elastodynamic equations of neo-Hookean
elastic materials:
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vi4v-9v+dp=div(FF), (1.1a)
F,+v-9dF = 9vF, (1.1b)
divv=0, divF' =0, (1.1¢)
in a set
2= J 1 x 2,
0<t<T

where 2, C R", n =2 or 3, is the domain that the material occupies at time ¢ € [0, 7] for some
T > 0; where 0 = (91, - -+ , 9,) and div are the usual gradient operator and spatial divergence in
the Eulerian coordinates with 8; = 8/dx’, respectively; v(t, x) = (v1(t, x), --- , v, (¢, X)) is the
velocity vector field of the fluid, p(¢, x) is the pressure, F (¢, x) = (F;; (¢, x)) is the deformation
tensor, F | = (Fj;i) denotes the transpose of the n x n matrix F, FF T is the Cauchy—Green
tensor in the case of neo-Hookean elastic materials (cf. [9,14]); and the notations (dv);; = 9;v;,
(BvF)ij = (QvF)J = ()i FN = 3pv' F¥ , divv = 9;v", (div F T)' = 3, F/" follow the Einstein
summation convention: v’ = 8/v; = v; and F"/ = §'*§/! Fy; = F;;. The boundary conditions on
the free boundary:

7= | 11 x99

0T
are prescribed as the following:
p=0o0ndZ, (1.2a)
N-FT=0o0nd2, (1.2b)
(0 +v-0)]yg € T(09), (1.2¢)

where N (¢, x) is the exterior unit normal to the free surface 0%, and T (02) is the tangential
space to d 2. The boundary condition (1.2a) implies that the pressure p vanishes outside the do-
main, (1.2b) indicates that the normal component of F' T (i.e., Ni F¥) vanishes on the boundary,
and (1.2¢) means that the free boundary moves with the velocity v of the material particles, i.e.,
v-N =« on 39, with « the normal velocity of 3%;.

For a simply connected bounded domain %y C R" that is homeomorphic to the unit ball, and
the initial data (vo(x), Fo(x)) satisfying the constraint (1.1c): divvg = 0, div FOT =0, we shall
establish a priori estimates for the set 2 C [0, T] x R" and the vector fields v and F solving
(1.1)—(1.2) with the initial conditions:

x:0,x) e 2} =%, v, F)|i=0= (vo(x), Fo(x)) for x € 9. (1.3)

We will study the free boundary problem (1.1)—(1.3) under the following natural condition (cf.
[2-4,7,8,10-13,16-18]):

Vyp<—e<0ond%, (1.4)
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where Vs = N79; and & > 0 is a constant. We assume that (1.4) holds initially, and will verify
that it still holds within a time period. Roughly speaking, the elastic body will not break up in
the interior since the pressure is positive, the boundary moves according to the velocity, and the
boundary is the level set of the pressure that, together with the Cauchy—Green tensor, determines
the acceleration, thus the regularity of the boundary in quite involved, which is a difficult issue
for this problem.

There have been some results for the free surface problem of the incompressible Euler
equations of fluids in the recent decades, see for examples [1,3,4,7,10-13,16-18] and the
references therein. For elastodynamics, there have been some studies on the fixed boundary
problems, see for examples Ebin [5,6] for the global existence of small solutions to the three-
dimensional incompressible and isotropic elasticity equations and the special case of incom-
pressible neo-Hookean materials, and Sideris—Thomases [14,15] for the global existence of the
three-dimensional incompressible elasticity. In this paper, we shall prove the a priori estimates
for the free boundary problem (1.1)—(1.3) in all physical spatial dimensions n = 2, 3 by adopting
a geometrical point of view used in Christodoulou—Lindblad [3] and establishing estimates on
quantities such as the second fundamental form and the velocity of the free surface.

Define the material derivative by D; = 9; + v* 3. We rewrite the system (1.1) as

D;v; +3ip=3kFiijj, in 9, (1.5a)
D F;; = 8" v Fyj, in 2, (1.5b)
dv' =0, 8;F/i=0, in 2. (1.5¢)
From (1.5), one has
1d 2 2 i kj i
37 (vl +|F|)dx =— | pv'NidS+ | Fij FYv'NidS, (1.6)
@t 39{ 39;

where d S is the surface measure. We see that (1.6) and the boundary conditions (1.2) yield the
conserved physical energy:

1 2 1 2
Eo(t)=/<§|v(t,x)| + 5 1F @) )dx. (1.7)
I

Note that the identities div F' =0in Z and N - FT =0 on 39 are preserved, that is, they hold
if div F(;r =0in %y and N - FO—r =0 on 09 for initial data, where N denotes the exterior unit
normal to the initial interface d %), which can be verified in the Lagrangian coordinates.

The higher order energy norm has a boundary part and an interior part. Consider the following
positive definite quadratic form Q of the form (see [3]):

O, By =q" " - g et i By (1.8)
where

g7 =8 —n(d?’N'NY, d(x)=dist(x,02,), and N'=-59;d, (1.9)
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and n is a smooth cutoff function satisfying

d d
0<nd) <1, n(d) =1ford< ZO’ 1(d) =0 ford > 70

with dj a fixed number less than the injectivity radius of the normal exponential map ¢ which is
the largest number ¢ such that the map

09, x (—1o,10) = {x e R" : dist(x, 0%;) < 1o}, (1.10)
defined by
(F,0) > x =X +N(X),

is an injection.
Let sgn(s) be the sign function of the real number s. Denote

(curl F1);jp i=8; Fjx — 8; Fix

and © = (—Vsp)~!. Then, we define the higher order energies for r > 1 as:

E (1) = / (6”‘ Q(a’vi,a’v,»+6"f6k’"Q(a’m,a’F,-m>)dx

7
+f(|a’—1curlv|2+|a’—1cur1FT|2) dx

7
+sgn(r—l)/Q(8rp,8rp)z9dS. (1.11)

D,

The higher order energy norm has a boundary part (for » > 2) which controls the norms of the
second fundamental form of the free surface, and an interior part which controls the norms of the
velocity and thus the pressure. We will prove that the time derivatives of the energy norms are
controlled by themselves. One advantage of the above higher order energy norms is that the time
derivatives of the interior parts yield some boundary terms which have some cancellation with
the leading-order terms in the time derivatives of the boundary integrals.

Now, we can state the main result of this paper as follows.

Theorem 1.1. Let

1
K(0) = max <||9(0, M@z M)

and

1

€= H Vap(©,-)

L>® (%)



716 C. Hao, D. Wang / J. Differential Equations 261 (2016) 712-737

Then, there exists a continuous function 7 > 0 such that if
T < y(lc(o)v 5(0)7 EO(O)v M) En+1(0)7 VO] 90)1

any smooth solution of the free boundary problem (1.1)—(1.4) satisfies

n+l n+1
D Es()<2) E(0), 0<i<T.
s=0 s=0

We remark that Theorem 1.1 extends the result of [3] for the Euler equations of incompress-
ible flow to the elastodynamics (1.1). Our proof will be based on the geometric point of view
following [3]. We need to develop new ingredients in the proof to handle the deformation F and
the interaction with the velocity v, which requires some new thoughts. For the well-posedness
of incompressible Euler equations we refer the readers to [10,11] and the references therein. The
well-posedness of the elastodynamics (1.1) is much harder. In this paper we shall explore all the
symmetries of the equations and then we will be able to establish the sharp a priori estimates.
Although the well-posedness does not follow directly, these estimates are crucial for the local ex-
istence of smooth solution for the system (1.1) which could be possibly obtained by improving
the estimates of this paper together with the Nash—-Moser technique.

The rest of the paper is organized as follows. In Section 2, we reformulate the problem to
a fixed initial-boundary value problem in the Lagrangian coordinates. Sections 3 and 4 are de-
voted to the first and higher order energy estimates, respectively. Finally, we justify the a priori
assumptions in Section 5.

2. Reformulation in Lagrangian coordinates

In this section, we can reformulate the free boundary problem to fix the boundaries by follow-
ing the same terminology and lines of [3] (we omit the details). We first generalize from [3] the
estimates of commutators between the material derivative D; and covariant derivatives V,:

Lemma 2.1. Let Ty, ...q, be a (0, 1) tensor. Then

[Dy, 8%8"V )T = — AuoT — gV Vu, T — g%Vou ;V, T7°
— g"Vou sV, T —VuV, T/ —V 1u"v, T 2.1

where gqy, is the induced metric and g is the inverse of gap.
Proof. From [3, (2.13) and (2.20)], it follows that

[Dr. 88" ValTea

= D18 gV Tea + 8°°D18"'VaTea + 88" DiVaToq — 88" Va Dy Tog

= _2hacgbdva Teq — Zgachbdva Teqd — gacgbd (VeVaut® Teg + VaVau'Te,)

= —Au, T — g"VyVu, T — g“Vou ;V,T7°

— &"Vou V. 7 — V'V, T — VbV, 1. 0
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Letu, =v; %, ut = g“bub and

xt ax/

N ab __ _ac _bd 2 _ ab
Y 8ya ayb’ F =8 8 ]FCd9 |]F| —]FabF .

IE‘ab

Then, it follows from [3, (2.7)] that

_ ay? 8yb

F>=|F> and Fjj=———
dx! dx/J

Fap. (2.2)

From [3, (2.11)],(2.2),[3,(2.12)] and [3, (2.6)], we can rewrite the system (1.1) in the Lagrangian
coordinates as

Ditg + Vap = VeFupF + uVu, in[0,T] x , (2.32)
D Fap = g% VauaFep + Fep Vau + Foe Viput in[0, 7] x €, (2.3b)
Vou® =0, V,F%=0 in[0,7T] x , (2.3¢)
p=0, NBF,=0 on [0, T] x 92. (2.3d)

From (1.7), we also have the conserved energy

1 1
Eo(1) =/ <5 lu(t, )I* + 3 [F(z, y)|2> dug. (2.4
Q
‘We note that if
[Vu(t,y)|<C in[0,T]x Q, (2.5)

and divv =0 in [0, T] x €, then the divergence free property of F', i.e., divF' =0, is pre-
served for all times under the Lagrangian coordinates or in view of the material derivative, i.e.,
D,div FT = 0. Moreover, N -FT = 0is also preserved for all time ¢ in the lifespan [0, T'], that is,
we have N%F,, =00n [0,T] x 9Q if N -F" =0 on the boundary 9€2 at initial time.

3. The first order energy estimates

In this section, we prove the first order energy estimate. From [3, (2.20)], (2.3a) and (2.3b),
we have

Dy (Vita)+VyVap = Vo Vatte + VpVFagF + VeFaa VpF, (3.1)
and
D;(V Fup) = gdecheb(Vdua + Vaug) + VL'[Fadvbud + gdeFechvduw (3.2)

We now derive the material derivative of g%?y*V,u},V,uy. From [3, (2.13), (2.11), (3.21),
(3.22)] and (3.2), it follows that
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D, (gbdyaeva“bveud + gbdgc‘fV“eVancVeFdf)
= —2y“eyf'CVeusauchud - 2yaeyf'CVeusaFds V F 4
— 2V (¥ Ve’ Vap — v Vou V FefFT)
+ 2(Vpy ) (Ve Vap = Vou VF s F)
+2y9Voul V F gV F 4299V, udV, By V,F . (3.3)

Then, we calculate the material derivatives of |curlu|? and |curl FT|? where curl FT is de-
fined as

(curl F M) gpe 1= Vo Fpe — Vi Fye.
Indeed, one has
Dy (Jcurlu|? 4 |curl F T |?)
= —4g%¢ g%V ,u° (curl u)gp (curl u)eg + 4% g"? (curl M)chaFererf
_ 4gﬂngdgef unc(curIIE‘T)abe (curl ]FT)Cdf
_ 2g“0gb‘1ge‘1 unf(curl FT)abe (curl FT)gdf
+4g° (curl F 1) ey Vo Vou? + 4 g™ (curl F 1) cay VaF Vpu,

+4g% g (curl F 1) o Vo F¥ Vouy + 4V, [gac g" (curlu) gV, Fp FES ] ) (3.4)

Define the first order energy as

Ei(r) = / (v VaupVeta + 8" gy VuFpc Ve ur ) dpg
Q

+/ <|Cur1u|2+ |curIIE‘T|2> ditg. 3.5)
Q

Then, we can establish the following estimate on the first order energy:
Theorem 3.1. For any smooth solution of system (2.3) for 0 <t < T satisfying
IVpl <M, |Vu|<M, in[0,T] x Q, (3.6)
|0|+|Vu|+%<1(, on [0, T] x 0%2, 3.7
one has, forany t € [0, T],
E1(t) <2¢SMIE|(0) + CK? (Vol Q + Eo(0)) (eCM’ _ 1) (3.8)

with some constant C > 0 which depends only on the dimension n.
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Proof. It follows, from (3.3), (3.4) and Gauss’ formula, that

d )
B0 = / Di (&"'y“ VaupVetta + g8 v VuFpc VeFay ) disg
Q

+ f ("7 Vaus Veura + 8" 5y VaFyc VeFay ) trhdpg
Q

+ f D; <|curlu|2 + |curlIFT|2) dug

)

+/ (lcurlul2 + |curIIFT|2> trhdu,
Q

= —2/ y“enyVeusaudVCuddug — 2/ y“eyfcveusaFdsVCFdsdug
Q Q
2 / No (P VetV p — y "ot VF o FP i,
Q2
+2 / (Voy ™) (Ve Vo p — Ve VoFof FP g
Q

+2/y“eveudvc]FdfvaFffdug+2/y“evcudvewdfva1@ffdug

Q
—4 [ g*g"V,u (curl u)ap(curlu)cqd g

+4 | g%g" (curlu) g Vo F V, Fprdp,

—4 | g99g" %IV u (curl F 1) g (curl F 1)y pd g
—2 [ gg"g*IVgu (curl F)ape(curl F )eard g
+4 | g(curl F1)ap Vo Vould g
+4 | gg" (curl F)eay VaF Y Vypugdp,

+4 [ g%g% (curl IFT)CdeaFdS Veutsdiig

D D D 0 0 0 0 ®

+4 / N e g€ gbd (curlu)eq Vo Fprdpe, ,
Q2

719

(3.9)

(3.10)

(3.11)
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due to the fact trz = 0. Since p = 0 on the boundary €2, it follows that Vp =0, i.e., ydep =0,
and then y“°V,p = g“yfV,p =0 on 9. In addition, N - FT =0 on dQ. Thus, the integrals
in (3.9) and (3.11) vanish.
For the term (3.10), we first have from [3, (3.6) and (3.4)],
Oab = (8; - NaNc)chb = VuNp — NgVNNp =V;Np

since Vy N =0 in geodesic coordinates, and then

Vpy®© = Vp(g* = N*N) = = V,(N“N°)
= —(VpNY)N® — (VN )N = —0f N¢ — 0f N°.
Thus, by the Holder inequality, (3.7) and [3, Lemma 5.5], one has
(3.10)| < CK (||Vu||Lz(g> IV pll L () (VoL )72 + [Vl oo IF Il 12 ||VIF||L2<Q>)
<CkM (VoI + E20) £} ().

For other terms, we can use the Holder inequality directly. Hence, we obtain

d
TE10) < CKM (Vo122 + E%(0)) £/ 1)

+C Vil e (||W||§2(Q) +IVEI2, g, + leurlul2, o + chrlIFT‘

2
LX)

<CKM ((Vol Q)24 Eé/Z(O)) E () + CME ().

By the Gronwall inequality, it yields the desired estimate. O
4. The general r-th order energy estimates

In this section, we establish the higher order energy estimates. In view of [3, (2.16), (2.18)]
and (1.5a), one has

- axt dxir Qv
DtV Ug = D,Val e Varua = DtVal s Var—l

W oy dxir

(8xi 9xil dxir " v; )
! aya ayal ayar axil .. .axir

. dxt 9xit dxir 0"v; ! " v;
T 9ya dyar gyar \Taxit .. gxir | xit gxl ... dxir

dxir axit---9xl | 9xi dxi .- dx*r

' " v; ! "y )

_ dxt gxi dxir
- dya Jya dyar

([D,, 9 Tv; + arD,u,-) VUV Uy + VSV u,
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r—1

=—V'Vap + VauVue =y (s Jrr 1) (V'Su) .V S,
s=1

’
+ Z (i’) VSIFCer_SVCIFab,
s=0 §
where
(VSIFCer_S VcFab) — Z V;gl vy Fvaga j—l gy V:Fup.

ap---ar

Then, using div FT =0, we obtain, for r > 2,

DiV'u, +V'Vyp = (curlu)yeV'u€ + sgn2 — r) Z ( ) (VISu) .V 5,

+1

4V, (Fd’v’wa,,) n Z (;) VFPV SV, Fp. 4.1)
s=1

Similarly, by divF " = 0 again, we have, for r > 2,

ax’ 9xJ 9xh dxir " F;j )

D/V'Fa =D (__ _ ,
P Tab "Naya gyb gyar  gyar gxit ... gxir

_ dxt 9xJ 9xh duxir ( 0" Fij av! 0" Fij

Ty ayb gy gyar \'gxit . gxir  gxit xl .- gxir
! arF,;; nl F; awl Fy )
Axir dx*1 ... 9x!  9xf Jx¥1...Qx¥r  IxJ JxF1...QxNr

_ dxt 9xJ 9xh dxir
T 9ye ayb aym gyar
+Vu-V'Fup + VuV'Fe + Vou‘V'F,,

= (1D 071Fy + 0" Dy Fy)

= ViV Fop + Vou V' F e — V'tV Fopy + Vo (ngIdeVrua>
r—2 ,
_ 2 _ Vl—i—s . vr—sF
sgn( ”;(HJ( u) ab

.
r _
+3 (S ) VS E gV ™ Ve, 4.2)

From [3, Lemmas 2.1 and 3.9] and (4.1), it follows that
Dy (8" A VT Vaup ViV g
= (Dig")y Yy AV TNy VTV pug + g Dy Yy A VT I Vaupy ViV pug
+ 28"y Ly A DUV Vaup) Vi V g
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= —2Veu,y y AV IV VTV pu
— 2erue)/“cyefyAFV271VaudVIr;lVfud
—29, (v y ATV VT p) (4.3)
12V, ()/af)/AF) v;:l Vfubvzfl Vap

+ zyafyAFv;_l Vfub(curlu)bcvz_lvauc

r—2
r

_ af ., AF gr—1 s+ N ygr—s,,d

+2sgn(2 — 1)y yAF Y vfuds;(sﬂ)((v -V u)Aa

+ 27y APV stV (RO Fa (4.4)
"

2 af AerflV d ( )(VSFCer_‘YV~F ) .

+ Yyov F fu Zl s ctdb Aa

S=
Similarly, we have

D, (gbdgceyafyAFV2—1VanCVrF—lVdee)
= D;(g")g“y y M VT VaFpe ViV Fae
+ gbth (gce))/af)/AFVZ_lVanCV;—_IVdee
+ 1Dy )y ATV T IV Ry VTV R
+ 2y YA D (VT IV Fpe) VTV T
= 2V y Yy ATV Y, ROV R,
_ 2vkumyafyAFv:(] VaIdeVI’;l VFum
— 2rVaueyy e y ATV I VLTIV Ry
+ 2y YAV I F o Vput ViV P
i 2yafyAFV2—1vanevcuev;_—lVfIFbc
— 2y Sy AE Y BV IV ul Ve
+ 2y Y AEVIN R g F 4V VT Y (4.5)

r—2
+ 2sgn(2 — r)y”fyAFV’F_lvfIFbc Z <
s=1

I+s .\ . wr—s
) (@ m)

r

_ r _
2y ATy 1vaFbCZ(S)(gedv3chv’ Sveub)A .

a
s=1
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For (4.4) and (4.5), one has

(A.4)+ (4.5) =2y Y APV Iy by, (Fefv;—lvflﬁbc)
+ 2y APV VLTIV U ROV IV Ry,

—2v, (y“f yAEVIEIY b Feevy flﬁbc) (4.6)

— 2V, (y y ATV P TV TV e 4.7)

The boundary integral stemmed from the integration of (4.6) over €2 will vanish since it involves
the term N,F¢¢ which is zero on the boundary. Since (3.9), especially the integral involving p,
vanishes, we do not need the boundary integral in the first order energy E1(¢). However, the
boundary integral derived from the integral of (4.3) over 2 will be out of control for higher order
energies. Thus, we have to include a boundary integral to overcome this difficulty.

Define the r-th order energy for an integer » > 2 as

E (1) = /gbdy”fyAFVIr(lVaubv;flVfuddpLg+/|Vr_lcur1u|2dug
Q Q

+/gbdgceyafyAFV271VanCv;-71Vdegdng+/|Vr_]Curl]FT|2d,bLg
Q Q

+ / y Yy AN TN, pV T IV s pod sy,
0

where ¥ = 1/(—Vy p) as before. Then, we have the following theorem.

Theorem 4.1. For the integerr € {2, --- ,n + 1}, there exists a constant T > 0 such that, for any
smooth solution to system (2.3) for 0 <t < T satisfying

[F| <My forr=2, in[0,T] x 2, 4.8)

IVpl| <M, |Vul<M, |VFI<M, in[0,T] x Q, (4.9)
1014+ 1/10 < K, on [0,T] x 92, (4.10)
—Vyp2>2e>0, on|0,T] x 082, “4.11)
IV2p|+ |VnDip| <L, on [0,T] x 92, (4.12)

the following estimate holds for any t € [0, T,

E (1) < SV E0) + Cs (eclf - 1), (4.13)

where the constants C1 and Cy depend on K, K1, M, My, L, 1/¢, Vol 2, Ep(0), E{(0), ---,
and E,_1(0).



724

C. Hao, D. Wang / J. Differential Equations 261 (2016) 712-737

Proof. The derivative of E, (t) with respect to ¢ is

dt

d _ _
E.(t)= /Dt <gbdyafyAFV2 lVauerF IVfud) dug

Q

+/Dt (gbdg"ey“fy“v/’flVancV}‘IVfIFde) diig
Q

+/Dt|Vr_lcurlu|2d,ug+[D,|Vr_1curlFT|2dug
Q Q

+ / g™y AT, VI pugte hd g
Q

+/|Vr_lcurlu|2trhdug+/|Vr_1curIIFT|2trhd,ug
Q Q

+/gbdgceyafyAsz—lVaIFva;—lVdeetrhdMg
Q

+[D, (y“fy“v;;lvapvg—lvfp) 9du,
Q2

: _ _ 9
+ | vy AV, pVT Y p (3’ +trh—hNN) ddu,.

il

Q

Step 1: Estimate the integrals (4.14), (4.15) and (4.20)

From the previous derivations for the integrands in (4.14) and (4.15), (4.6), (4.7) and

D, (V“fVAFVZCIVapV’F_Ipr)

(4.14)

4.15)

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

4.21)

= — 2V ™y Ly AN, VIV p + 29 Y AEYENY, b D, (v;—lvfp) ,

we have

(4.14) 4+ (4.15) 4+ (4.20)

< C (IVull poocey + IVFIl oo (gy) Er (2)

r—2
+CE0Y vau
s=1

r—1
BP0 R ([
s=2

+ ” VrfSJrlF

LY(Q)

. (|| VU ooy + | Vrfs]F||L4(Q)>

L4(Q))

4.22)

(4.23)
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1
+ 2/ vy Viap (D,V’Ffp - 5N;,V}fub> ddp,
Q2
+ 2/ Vo (v y AT ) ViV sl VT Vapdieg
Q
+ / Ney™ yAE Vi IV ub BV TV Fyed e,
Q2
- f Ve y ALV FOV LTIV fFped .
Q

Since N -FT =0 on 9%, (4.26) vanishes. From [3, Lemma A.4], we see that, for ¢; >

2
IFll iy <C Y KI5 VOF| o < CKD Y B (0),
0<s<2 s=0

Using the Holder inequality and the assumption (4.9), we obtain for any integers r > 3,

2
|(427)| < CK |[Fll oo Er (1) < C(K, K1) (Z Es”zm) E,(1).
s=0

For r =2, by (4.8), one has
|(4.27) < CK ||Fll oo () Er (1) < C(K. M) E,(0).
Step 1.1: Estimate (4.25)

From Holder’s inequality, we have

4.25)] < CKE* (1) [V P 121 -

It follows from (2.3a) and [3, (2.21)] that
Ap ==V Vyu + gV, FoqV,F.

Then, for r > 2,

r—2
-2
V}’—zAPZ_Z<r ] )Vj‘vaubvr—2—j‘vbua
s=0
2 r-2
+ Z < > ngVSVaIE"CdV’_z_SVbIF“d.
S
s=0

In view of (4.28), one has, for s > 0,

725

(4.24)

(4.25)

(4.26)

4.27)

1/Kq,

(4.28)

(4.29)

(4.30)

4.31)

4.32)
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2
1/2
Ly SCKD Y ESLL O,
£=0

2
[V gy < C DK} H V”SIE“
=0

and

2
[9°u] iy < CKD Y ELG )

£=0

From the Holder inequality, (4.33) and (4.34), we have, for r € {3, 4},

M

LX)

r—2
<cy H VIV, ub V25V u
s=0

LX)

r—2

+CY

s=0

gcb Al Va ch Vr—2—s VbFad

LX)

< CIVulp=g) H vy

+CIIVFl e [ V7 'F|

L2(Q) L2(Q)
w090 (|92] g 19 gy 19 [ )
L(Q) L2() L(Q) L2()
r—1
<CKD Y Et) + C(KDE 0 E ().

=1

(4.33)

(4.34)

(4.35)

For the case r = 2, we have the following estimate from the assumption (4.9) and the Holder

inequality:

1/2

18p1 2 < ClIVull 2 Vil Loy + C IVF Il gy IVl Loy < CMEL(0),

(4.36)

which is a lower order energy term. Hence, from [3, (5.29)], (4.35) and (4.36), we have for any

real number §, > 0,

“VVPHLZ(Q) <6 ||l'IV’p||L2(m) +C(1/5:, K, Vol 2) Z |v*ap “LZ(Q)
s<r—2
r—1
<8, [TV a0y + C(1/8:, K, K1, M, Vol Q) Y~ E(t)
=1

+(r—2C/5, K, Ki, M, Vol EyY> () E}* (1),

(4.37)

Next, we estimate the boundary terms. Because p = 0 on the boundary 9<2, from [3, (5.30)],

we obtain forr > 1,
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I b 200, < CE KD (16120 + =2 Y ||
3

N
< X [v]

k<r—1

L2(39)>

. (4.38)
L2(3%2)

Due to [3, (4.20)], we have HVzp =0Vyp. From (4.11), (4.10), [3, (A.20)], (4.9) and (4.37),
we obtain

1]l H nv2p <1 an2 ‘ (4.39)
2 = < - , .
L2(39) VND ll12pe) € L2(3%2)
and
2
HHV Pl 200 < 10llLeae) 1VPl 260
< C(K, Vol Q Hv2 ‘ v
(K, Vo )( p L2(9)+|| Pl
< C(K. Vol Q)5, H nv2p‘ pogey T CCKNOIR)(Vol Q)M
+C(1/8, K, K1, M, VOl Q)E; (1), (4.40)

where the first term on the right hand side of (4.40) can be absorbed by the left hand side if we
take & small such that C (K, Vol )8, < 1/2. Then,

vy

+HV2p

< C(K, Ky, M, VolQ)(1 + E1 (1)), 4.41)

L2(3Q) L2(9)

10112250 < C(K, K1, M, Vol 2, 1/¢)(1 + E1(1)). (4.42)

From Theorem 3.1, there exists a constant 7 > 0 such that £1(¢) can be controlled by the initial

energy E1(0) for ¢t € [0, T], e.g., E1(¢t) < 2E1(0). Then, from (4.38), (4.42), (4.9) and (4.41),
we get

|

k
poney S CUC KD (K +1611200) 3 | V)
2

S

L2(Q)

< C(K, K1, M, Vol Q, 1/¢, E1(0)) HV3p’

L2(Q)
+C(K, Ky, M, Vol 2, 1/¢, E1(0)).

It follows from (4.37) that

|v*»

| SHCK. K1 M. Vol Q.16 E1(0) Hv3p‘

L2(Q L2(Q)
+83C(K, K1, M, Vol 2, 1/e, E1(0))
+C(1/83, K, K1, M, VolQ)(E (1) + Ex(t))

+C(1/83, K, K1, M, Vol Q) Ey* (1) E3/* (1),
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which, if we take 63 > 0 so small that 3C(K, K1, M, Vol 2, 1/¢, E1(0)) < 1/2, implies

2
V20| 2iqy S UK K1 M NOLR 1, EY(O)) + COKL K1 M NOIR) Y Ex(1)
=1
+C(K, Ky, M, Vol Q) E) > (1) E3 (1), (4.43)
and thus
nv?
H p L2(3Q)
2
SQKKLMNMQU&&@DG+2}MO+@”@@”@>
=1
Because

VoVnp =y Va(NVap) = (88 — NyN((VaN)Vap + NVV,up)
=00V,p+ NVpVyp — NyN4(04V,p + NVyV,p),

we have from [3, (A.20)] that

HvVNP H L2(3%)

SClblizepo) IVPI2pe) +C H Vzp‘

L2(3R)

<cXmea>@v%4 +WVpham)

o

L2(Q) L2(Q)

2
<C(K. Ky, M, VolQ, 1/e, E1(0) + C(K. K1, M, VolQ) Y " Eq¢(1)
=1

+C(K, Ky, M, Vol Q)E) > (1) E3* ().

Then, by [3, (4.21)], we have
(VO)Vyp =TIV?p —360QVVyp

and

+ C 10l L) ‘WVNPHLZ(E)Q))

2
<CK K1, M Vol 2, 1/e, EO)(1+ Y Ee0) + Ey OB (0)).

=1

_ 1 3
[ve HLz(‘aQ) S A (HHV Plli2p0)

From (4.38) and [3, (A.20)],
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HHV“p

< C(K,Ky) (K + 10200 + | VO “LZ(BQ)) > H Vkp‘
k<4

L2(3)

(4.44)

L@’

Thus, by (4.37) we can absorb the highest order term ||V4 p” 12Q) by the left hand side for
84 > 0 small enough which is independent of the highest order energy E4(¢), and

v4 ‘ H nv+
H P L2(Q) + p L2(092)
3
<C(K. K1 Mol 2, 1/e, EO) (14 Y Ee) + By PO B (0)).
=1
Hence, from (4.41), (4.43) and (4.44), we have for r > 2,
V" p| L2(Q)
r—1
<C(K, K1, M Vol @, 1/e, EO)(1+ Y Ee) + =2 EY 20 E ),
=1
which, from (4.31), yields
|(4.25)| < C(K, K1, M, Vol Q, 1/¢, E1(0))E}/* (1)
r—1
: (1 + 3 B+ (r - 2)E21/2(1)Er1/2(t)>.
=1

Step 1.2: Estimate (4.24)

The boundary condition p =0 on 92 implies y;'V,p = 0 on dQ. Then we have, from
[3,34)]and & = —1/Vyp,

—9"'Np =V pNp=N"VapNy =5Vap — v Vap = Vpp. (4.45)

From the Holder inequality and (4.45), we get

1/2 1/2 r -1 rob
samr<clol? . o E tHl‘[(D V' p)— 97N,V )‘
I( | l ”L B) £r ) t( P) bV u 12009)
=c 912 .  EY*@) | n(D, (V" Vu-v 4.46
=C| ||L°°(8S2) A () ” ( t( P)+ u P)”Lz(ag)- (4.46)

It follows from [3, (2.23)] that

DN p+V'u-Vp=[D,,V'Ip+V'D,;p+V'u-Vp

r—2
:sgn(2—r)Z(s:_1)(Vs+lu)-Vr_Sp+VrD[p. (4.47)
s=1
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Now, we consider the last term in (4.47). From [3, (5.30) and (A.20)], we have, for 2 <r <4,

” HVrDtP”LZ(aQ)

<k
<CK. K1 VoI D) [ [Bleoey + =2 Y- [T

k<r-3 L2092
k
> Hv D, p‘ . (4.48)
k<r
It follows from [3, (5.29)] that
”VrDtP”ﬁ(sz) <8 ”HVrDtP”H(aQ)
+C(1/8, K, Vol Q) Z I VSADtp“Lz(Q) ) (4.49)
s<r—2

From [3, (2.22)], (4.32), [3, Lemma 2.1], (3.1), (3.2) and (2.3), it follows that

AD;p =28V’ V Vi p 4+ (Aué)V, p 4+ 2Vt Viyu Vou®
— 28Vl V,F g VpF* — 2Vqu rV,F0 v, R
+ 28V F“V,F ., Vau® — 26" Vyu? Vv,V F 4, F
+ 28V FF gV Vou®.

From (4.33), (4.37) and [3, Lemma A.4], it implies that, for s < 2,

I VSADtP“LZ(sz)

S ClIVullpoeo(q) ”VHZP‘

+s(s—1)C Hv%

[¥7|
L2(Q) L%(Q) L®(Q)

VS+1

+sC H VZu p

s H Vit

\% 0o
L4(Q) ” L4(Q) L2(Q) IVPlL @

+C (IVull oy IVl ooy + IVFl vy | VE N o gey) | V2

12(@)
+5(s — DC Vil o) Hv2u

|V
L) L)

+C | Vull (@) IVEl iy | V51|

L2(@)
I
+s “I 12 L) (6 = DIVElL@) + IFll o)
N HVQIF HVZ]F
+5(s = DC || Vull Lo (g) L4Q) L4(Q)

+C IVull i [Pl sy | V*42F |

LX)
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+sC Hv%‘

F|l —1 HVZ]FH VEF| 0
2@ 1 F1l oo () <(S ) Lm(sz)—Hl oo ()

Fs(s—1)C HV3]F

IFl @ | Vu

L2( L>(Q2)
+5(s — DC | VF | (g H VZ]F‘ o HVzu .
565 = DCIVEl ey Bl | V], o
Fs(s—1)C H VZ]FHLOC(Q) IF ) L g Hv3u .

In view of [3, Lemma A.3] and (4.34), the following holds

12
H VS+1

2
1/2 ¢ 2—¢
“Nosey <€ IVl (; ”VH ”‘ PSR )

2
<C(K) Y E/S 0.
=0

We can estimate all the terms with L*($2) norms in the same way in view of (4.33), (4.34), the
similar estimate of p and the assumptions. Hence, we obtain the bound which is linear with

respect to the highest-order derivative or the highest-order energy E rl / 2(t), ie.,

I VSADfp”LZ(Q)

r—1
<C(K, Ky, M, M, L,1/e,VolQ, EO(O))(I +3 Eg(t))(l +EP@). (450

£=0

Therefore, by (4.48), (4.49), (4.50) and for some small § independent of E, (), we obtain, by the
induction argument for r,

IV " Dip| 250, < C(K, K1, M, My, L, 1/¢, Vol 2, E(0))

(92

r—1
(14 Y E) (14 B (), (4.51)
=0

For the estimate of (4.47), it only remains to estimate

orl <s<r—2.

I ( VS+1 . vr—s )
H ( u) p L2(3Q)

For the cases r = 3,4 and s =r — 2, we have, from (4.12) and [3, Lemma A.7], that
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| (=t v20)

S Hvr—lu

L2(0Q)

] L[5
L>®(0)

L2(09) ” L20=D/(1=2) (5)

L2<Q>)

For the cases n =3, r =4 and s = 1, from [3, (4.48)], [3, Lemma A.7] and (4.37), we have

< C(K. Vol Q)L <|| Vrul gy + [V

< C(K,L,VolQ) (Er‘ﬁzl (t) + Erl/z(t)) .

WCR]

L2(3Q)

- HHVzu V3 4+ T1(V2u - N)TI(N - V3p)‘

L2(3%2)

3

gCHHVzu V'p

e H M(N“V2u,) (VyV2p)

v4 ‘
L2(9)> (H P LZ(Q))

3 2
< C(K, K1, Vol Q)(EY () + E)* (1)) <Z Ey(t) + <Z Eé”(z)) Ej”(t))

L4(3Q) H L4(0Q) L4(3Q) H L4Q)

<C Hvzu V3

LYOSQ) H L4BSQ)

< C(K. Vol Q) (HV3M

+ HVZI/{’

+[7

L2(Q) L2(Q)

s=0 =0
3 4
<C(K, K1, VolQ) Y E()Y E/*(0).
s=0 =0
Thus, we get
r—1
(4.24)| < C(K, Ky, M, My, L, 1/¢, Vol Q, EO(O))(I +3 Es(t)>(1 +E (1))
s=0
From [3, Lemma A.3], it follows that
r—1
[(4.22) + (4.23)| < C(K, K1, M, Vol 2, 1/8)(1 +> K (t))Er (t).
s=0
Therefore, we have shown that
(4.14) + (4.15) + (4.20)
r—1

<C(K,Ki,M,My,L,1/¢, Vol L, EO(O))<1 +) Es(t))(l + E(1)).
s=0
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Step 2: Estimate (4.16)—(4.19) and (4.21)
From [3, Lemma 2.1], (4.1) and (4.2), we have

D; <|Vr_lcurlu|2 + |Vr_lcurIIFT|2>

= —2(r + Dg*V,ug" g v (curlu) 4 V! (curlu) e
—2(r + g Voug" g gA Vi curl F 1) e Vi (curl F 1) gy
+2g% ghd ges VsungFVZ_l(curl FT)abeV’F_l(curl FT)Cdf

+ 4g“cgbdgAFVF] (curlu)cq(curlu)pe VY ,u’

r—2
_ ac JAF gr—1 r I+s N\ . wr—s,d
+4sgn(2 — r)g g F VI (curlu)cd2}<s+l><(v -V u)Aa
S=

r—2
4sgn(2 — r)g® g Vi~ (curl FT g (v”s ,Vrfodf)
+4sgn(2 = r)g* g V! (cur )m;{{‘ s ) (0 N
S=
+4g g™ g MV (curl F 1) oay Vi Foe Viu®
—4g“gh gl APV (curl F 1) eay Vi 14" VsFie
+4g%g" g gAY (curl F 1) cap Vout* Vi Fis

+4V; (gacgbdgAFFfé’V’F—l (curlu)eq vgaF,,e)

.

ac ,bd S/AF gr—1 r sTref xgr—s bf

+4g7cghd gAF " (curlu)cdzl(s)(VF V'Y, R )Aa
S=

,
+ 4gachFv1’;1 (curl FT)cdf Z (;) (VSFthr—vaud)

s=1

Aa

Since N - FT =0 on 9%, by the Holder inequality and the Gauss formula, we have
r—1
(4.16) < C(K, K1, M,Vol2,1/¢) <l + ZEAI)) E.(1). (4.52)
s=0

From [3, (3.21)-(3.22)] and [3, (2.22)], we get
D:i(Vnp) = =2hGNVup + hyyVnp + Vi Dip,
which implies

o8 D,Vyp 2h%N9V,p VD p
— = = —hnn + .

(4.53)
4 Vyp VNp Vnp
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Hence, (4.21) can be controlled by C(K, M, L, 1/¢)E,(t). The remaining integrals (4.17), (4.18)
and (4.19) vanish due to the fact triz = 0.
Therefore, we have

r—1
d
TE (1) < C(K. K1 M, My, L, 1/8, Vol 2, EO(O))(I + g Es(t))(l FE(), (4.54)

which implies the desired result (4.13) by the Gronwall inequality and the induction argument
forref{2,---,n+1}. O

5. Justification of a priori assumptions

In the derivation of the higher order energy estimates in Section 4, some a priori assumptions
are made. In this section we shall justify these a priori assumptions.
Denote

K(t) = max (16, )l Lo @g - 1/t0())

1
EO=11/(Vnp@, Dlrepe), 0= 20 (5.1

As in [3, Definition 3.5], let 0 < &1 < 2 be a fixed number, take ¢; = (1(¢1) to be the largest
number such that [NV (x1) — N (x2)| < &1 whenever |x; — x2| < ] for X1, X2 € %;.

Lemma 5.1. Let K1 > 1/11. Then there are continuous functions G j, j =1,2,3,4, such that

Vil oo () + IVF roo (@) + 1Fll Loy < Gi1(K1, Eo, - -+, Ent1), (5.2)

1Vl o) + ”vszLm(m) <Ga(K1,E Ep, - Eny1,VOIQ),  (5.3)

101l L= @e) < G3(K1, &, Eo, -+, Eqt1, VoI Q), (54
||VDtp||L°°(E)Q) < G4(K1’ 65 E09 ) En+17 VOl Q)' (5'5)

Proof. The estimate (5.2) follows from (4.34), (4.33) and (4.28). By [3, Lemmas A.4 and A.2],
we obtain

2
IVl S CKD Y H V“_lp‘ ey’ (5.6)
=0
and
n+1
v2 H <CK ”vf ‘ . 5.7
H P L>® Q) ( O; p L2(3Q) 57

Thus, the estimate (5.3) follows from (5.6), (5.7), [3, Lemmas A.5-A.7], (4.36), (4.41) and (4.43).
Since |V2p| > [TIVZp| = |Vypll0] = £7116] in view of [3, (4.20)], the estimate (5.4) follows
from (5.3). The estimate (5.5) follows from [3, Lemma A.2], (4.49), (4.50) and (4.51). O
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Lemma 5.2. Let K| > 1/t1. Then we have

d r
‘EEr < Cr(K1.&. Eo, - ,En+1,Vom)ZOES, (5.8)
s=
and
d
Eéf <Cr (K1, Ep, -+, Epyr, VOIQ). (5.9)

Proof. The first estimate (5.8) follows immediately from Lemma 5.1 and the proof of Theo-
rems 3.1 and 4.1. The second estimate follows from

gCH;

1 2

_VNP(I9 )

VN D: p(2, )l L 90

d
dt L>®(3K)

L®(3K2)
and (5.5). O
As a consequence of Lemma 5.2, we have the following result:

Lemma 5.3. There exists a continuous function 7 > 0 depending on Ky, £(0), E¢(0), ---,
E,+1(0) and Vol Q such that for

0<t < J(Ky1,E(0), Eg(0), -+, Epy1(0), VoI Q), (5.10)
one has
E,(t) <2E;0), 0<s<n—+1, &) <2£(0). (5.11)
Furthermore,
%gab(o, VYUY < gap(t, YY? <2840, y)YYP, (5.12)
and
IN(x(t, 7)) = N (x(0, 1)) < % yeoQ, (5.13)
KD =xE < yew (5.14)
8x§y’y) = 8(2’;) < f—é, 5 edQ. (5.15)

Proof. Since the proofs are standard, we omit the details. One can refer to [3, Lemma 7.8] and
[8, Lemma 6.3]. O

As a consequence of (5.13), (5.14) and the triangle inequality, we have the following result:
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Lemma 5.4. Let 7 be as in Lemma 5.3. There exists some 11 > 0 such that, if
N0, y1) =N x(0. 3| < 5
when |x(0, y1) — x(0, y2)| < 21, then
IN (e (t, y) = N(x(t, y2)) < &1
when |x(t, y1) — x(t, y2)| <2u1.
Lemmas 5.3 and 5.4 yield immediately the main Theorem 1.1.
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