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Abstract

This paper is concerned with the generalized resolvent estimate and the maximal L”-L9 regularity of
the linearized Oberbeck-Boussinesq approximation for unsteady motion of a drop in another fluid without
surface tension, which is indispensable for establishing the well-posedness of the Oberbeck-Boussinesq
approximation for the two incompressible liquids separated by a closed interface. We prove the existence of
R-bounded solution operators for the model problems and the maximal L”-L4 regularity for the system.
The key step is to prove the maximal LP-L9 regularity theorem for the linearized heat equation with the
help of the R-bounded solution operators for the corresponding resolvent problem and the Weis operator-
valued Fourier multiplier theorem.
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1. Introduction

We consider the unsteady motion of a drop of one incompressible viscous fluid inside another
one in the Oberbeck-Boussinesq approximation. The liquids are separated by a closed unknown
interface on which we take into account the surface tension. Let €2 be a bounded domain in the
N-dimensional Euclidean space RY (N > 2) with solid boundary I'_, Q2 be a subdomain of
with a closed surface I', and Q_ = Q\ Q. We assume that dist(I', "_) =inf{|lx —y| :x €T, y €
I'_} > 2d for some constant d > 0. Let 2,4 and I'; be the evolution of €2 and I, respectively,
both of which depend on the time ¢ > 0, and set Q;— = Q\ (Q;4+ UT};), with Qo+ = Q4 and
I'o =T'. Let n; be the normal to I'; oriented from Q,+ into ;_, n = ng, and n_ be the unit
outward normal to I"_. Denote Qt Q4 UQ;_ and Q= Qo For any 7 > 0, we consider the
following two-phase fluid motion in the Oberbeck-Boussinesq approximation:

0 (3;Vv+v-Vv) —Div(uD(v) — pI) = a(x, t) — agh’ inQ;, (a)
30" +div(ve' —kV6') =0 inQ, (b
divv=0 in, (c)
[(uD(v) — pDn; [ =0, [v]=0 only, (d) (1)
[«V6' -n =0, [0]=0 onT;, (e)
Vo=v-m onl;, ()
v=0, VO -n_+ B0 =b(x,t) onT_, (g
Vio=vo. 0'|,_y=06} inQ, (h)

where v = (v (x,1), ..., vy (x, 1)) is the velocity vector field, p = p(x, t) is the pressure, 8 (x, t)

is the deviation from the average temperature, a is a given vector function of mass forces, and
g=g(0,0, 1) is a constant vector with the gravity constant g. The piece-wise positive constants
P, 1, o and k correspond to the mass density, the kinematic viscosity, the temperature expansion
coefficient and the thermal conductivity, respectively. Here, both the above functions v, p,6’, a
and the constants p, u, o, k are piece-wisely defined, for instance, v=v xq, +v_xq_,p =
P+ xe,. + p—xq_, etc.,, where xq, are the characteristic function of Q. D(v) is the doubled
deformation tensor with the (i, J)th component 9;v;+3;v;, and I'is the N x N identity matrix.
b(x,t) is a given function on the fixed boundary I'_, and B8 > 0 is a constant. Q, vo and 9(’) are
the prescribed initial data for €;, v and 6’, respectively. V, is the evolution velocity of I'; along
n,. Moreover, for any function f(x,t) = fi(x,t) for x € Q;+ and ¢ > 0, we denote the jump of
f across I'; by

[T o) = Jlim fy(x)— lim f-(x)

XeQy xXeQ_

for every point xo € I';. Finally, for any matrix field K = (K;;), the quantity DivK is an N-

th component is Z —10;K;j, and for any vector functions u = (uy,...,uy),
th

vector whose i
. N
divu= Z/ djuj, and u- Vu is an N-vector whose i component is Zj 1 ujoju;.

In order to transform the time-dependent domain €, to the fixed domain €2, we introduce the
Lagrangian coordinates. Let ¢(£) be a C*(R¥) function which equals 1 if dist (¢, T'_) > 2d and
equals O if dist(§,T'-) < d.Letu(§, 1), q(§,1),a(&,¢t) and 6(§, ) be the velocity field, the pres-
sure, the vector of mass forces and the deviation from the average temperature via x = x(§, 1),
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respectively, in the Lagrangian coordinates. The connection between the Eulerian coordinates x
and the Lagrangian coordinates & is given by

x(¢,t)=¢& +/(/)(§)u(§,s)ds.
0

In the present paper, we will prove the maximal regularity for the following linearized equa-
tions in the Lagrangian coordinates:

posu — Div(uD(u) — gI) =Nj(u,a,0) +a(&, ) + agh in Q, (a)
divu = N> (u) = div N3 (u) inQ, (b
[(uD) — ¢Dn] =Ny, [u] =0 onT, (o)
9,0 — kA6 = N5(u, 0) in 2, (d) (1.2)
[«VO -n] = Ne(u,0), [0]=0 onl', (e)
u=0, VO_-n_+BO0_=0b(,1) on'_, ()
ul,_g=uo, Oli—o="0 inQ, (9

for t € (0, 00). Here, noting that x = & near I'_, we have n_ - VO_ + B0_ =b(&,¢t) on I'_, and
Ni(u,a,0),..., Ng(u, 0) are some nonlinear terms generated by the coordinate transforms.

The Oberbeck-Boussinesq approximation has implications for a wide variety of flows within
the context of astrophysical, geophysical and oceanographic fluid dynamics (e.g., see [10]). The
approximate equations were first derived by Oberbeck [13,14] and independently derived by
Boussinesq [1], to describe the thermo-mechanical response of linearly viscous fluids that are
mechanically incompressible but thermally compressible. Numerous attempts have been made
to provide a rigorous justification for this approximation such as [9,15,16,18] and so on.

The free boundary problems of two-phase problems of two incompressible viscous fluids have
been studied by many mathematicians in recent decades. Tanaka proved the local solvability of
the problem with general data [21] and global solvability for data close enough to an equilib-
rium state [22]. The global weak solutions were constructed for the two phase Stokes system by
Giga and Takahashi [8] and for Navier-Stokes equations by Takahashi [25]. Shibata has proved
local and global well-posedness for incompressible-incompressible two-phase problem in [31].
In the Holder spaces for all ¢ > 0, the local existence theorem for the problem in the Oberbeck-
Boussinesq approximation was established in [2]. Denisova and Solonnikov [3] proved the global
existence of classical solutions for capillary fluids in the framework of Holder spaces. For the re-
solvent problems, Shibata and his collaborators have done a lot of work, e.g., [11,26,28-30,33],
with the help of the R-bounded solution operators. By R-bounded solution operator theory, Frol-
ova and Shibata proved the maximal L?”-L? regularity and local well-posedness for the MHD
in [6,7]. Recently, Saito, Shibata and Zhang established some local and global solutions for the
two-phase incompressible flows with moving interfaces in LP-L9 maximal regularity class in
[17].

Now, we state the main result as the following theorem.

Theorem 1.1.Let 1 < p,q,r < oo with 2/p + 1/q ¢ {1,2} and t > 0. Assume that Q2
is a uniform Wrz_l/r domain, uy € B;f[lj_l/p)(Q) and 0y € B;F}j_l/p)(fl) are initial data
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for the equations (1.2), e "'a(€,1) € LP(R, L4(2)) and e V'b(&,1) € LP (]R, qu(F_)) N

H;,/2 R, L9(T'2)). Let Ni(u,a,0), ..., No(u,6_) be functions appearing on the right side of

the equations (1.2) which satisfy the conditions:

e V'(N1, Ns) e L? (R, L4()), e V'N3 e H) (R, LY ().
- U . (13)
¢V (Na, Ny, Ng) € LP (R, H, (Q)) N HY? (R, L)),
for any y = yo with some yy. Assume that the compatibility conditions hold:
divug= Nal,—g in €, ug— N3|,_o€D(Q), (1.4)
where D(R2) can be found in the appendix, and for 2/p +1/q < 1
[(uD (o) m).] = [(Na)c]|,_y, [«V6o-n]= Neli—g onT, 05
V60— -n_ + Bo— = bl,_g onT_, '
for2/p+1/qg <2
[uo] =0, [60]=0 onT, uwy=0 onl_. (1.6)

Then, the problem (1.2) admits a unique solution (u, 0) in
L7 ((0,00), HA) N H,j ((0,00), L)

possessing the estimate

€773 .0 1y 0,00y, o) + €7 (@, 0)] Lr (.00 1300)
S woll g21-1/p ) + 1160ll g2a-1/m ) + [ @M, NS)”L”(R’L"(Q))

+ ”g_yt a’N3 ”LP(R,L?(Q)) + ”e—)’f (Nz, N4’ N6) ”LP(R,H‘}(Q)) + ”e_ytb”]j (R,H‘}(Q,))

1/2 —yt —yt
+ (1 +yY ) (He "' (N2, Ny, Ne) UHI;/Z(R,U(Q)) + e8] H;/Q(R,Lq(sz,))) ’
where the symbol “<” denotes “< C” for some constant C > 0.
Remark 1.2. We do not impose any compatibility conditions if 2/p + 1/ > 2 in the theorem.

Remark 1.3. In this paper, N (u, a, 0), ..., Ng(u, 6_) are regarded as some given functions, we
just consider the model problem which is indispensable for establishing the local well-posedness
of the Oberbeck-Boussinesq approximation for the two incompressible liquids separated by a
closed interface. The specific definition will be given in proof of the local well-posedness of
the Oberbeck-Boussinesq approximation in the future. Here we will not analyze these nonlinear
terms. In addition, on the fixed boundary I'_, we consider a mixed boundary condition for 6 in
(1.2f) instead of the Neumann or Dirichlet boundary condition.
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Remark 1.4. We can also consider the two-phase fluid motion of the Oberbeck-Boussinesq ap-
proximation (1.1) with surface tension on the free interface, that is, the first equation in (1.1d) is
replaced by

[[(MD(V) - Pl)nt]] =oH (I't)ng,

where o is a positive constant describing the coefficient of the surface tension and H (I';) is
N — 1 times the mean curvature of I'; given by the relation H (I';) n; = Ar,x, with the Laplace-
Beltrami operator Ar, on I';. For this case, the surface tension can be represented by the Laplace-
Beltrami equations on the fixed interface by using the Hanzawa transformation (cf. [32]).

The rest of this paper is structured as follows. Firstly, we use the fact that the maximal L?P-L4
regularity theorem for the Stokes equations with interface and non-slip boundary conditions in
[11] and Theorem 2.1 to obtain Theorem 1.1 in section 2. The existence of R-bounded solution
operators for the model problems is proved in section 3. Section 4 is devoted to prove Theo-
rem 3.1. In section 5, Theorem 2.1 is proved with the help of R-bounded solution operators
given in Theorem 3.1 and the Weis operator- valued Fourier multiplier theorem [24]. Then, we
will prove the maximal LP-L9 regularity theorem for the problem (1.2) in a finite time interval
in section 6. Finally, we will recall some notations and useful results in Appendix.

2. Linear theory

We consider two linearized equations. One is the Stokes equations with transmission condi-
tions on I" and non-slip conditions on I'_, the related results of which have been recalled in A.2.
The other is the system of the heat equations with interface and boundary conditions on I" and
I'_, respectively.

We discuss the maximal LP-L? regularity for the system of heat equations with interface
conditions has the form: for r > 0

30 —kAO = f inQ, (a)
[«V6-n] =g, [0]=0 onl, (b) @0
VO_ -n_+B0_=h onl'_, (¢
0),—0 = 6o inQ. @

We can prove the following key result of the present paper.

Theorem 2.1. Let 1 < p,q,r < oo with 2/p + 1/q ¢ {1,2}, and t > 0. Assume that Q2 is a
uniform Wrzfl/r domain. Let 6y € quy(};l/p)(Q) be initial data for equations (2.1). Let f, g and
h be functions appearing in the right side of equations (2.1) which satisfy the conditions:

e el! (RLID), e gel” (R H ()N H, (R LIQ),

eV helP (IR, qu(Q_)) nHY? (R, L9(Q)),

for any y > yo with some yy. Assume that the compatibility conditions:
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V6o -n] = gl,_ T,

Levéo - n] = £li—o o ir2p /g <t;

V6o -n_+B0_=hley onT_, 2.2)
[60] =0 onT, if2/p+1/q <2.

Then, problem (2.1) admits a unique solution 0 with
0ecLP ((0, 00), qu(s'z)) N H) (0, 00), L($))

possessing the estimate

” e 75,0 “ LP((0,00), L9 ()

) + ||eiyt9 HLp ((O,m),H‘{Z(Q))

S 6ol B2U1P () +ef ||LP(R,L‘1(Q))

2.3)

+ e +e7"n]

Lr (R,H;(Q)) Lp (R,qu (Q,))

 (1477) (1 sy + 1My s )

To prove Theorem 2.1, we use an R-bounded solution operator associated with the following
generalized resolvent equations corresponding to (2.1):

A —kAO = f in €,
[«V6 -n]=g, [6]=0  onT, (2.4)
VO_ -n_+pn_=h onl'_,

with A € C. The proof will be given in section 5.
Now, we give the proof of Theorem 1.1.

Proof of Theorem 1.1. By Theorem A.4 and (1.2), for f =Nj(u) + a + «gf, we have

”e_wf“LP(R,L'I(Q)) S ”e_yla“LP(R,Lq(Q)) + ||e_V’N1 ”Lp(R,Lq(s'z)) + ”e_yt"‘ge ”Lp(R,Lq(Q))'
Then, by Theorem 2.1 and the fact that & = 0 for < 0 (proved in next section), we get
e " gt ”L,,(RYL,, @) S le7'o],, (0000 H2) (2.5)
From (2.3), (A.4) and (2.5), we complete the proof of Theorem 1.1. O
3. Model problem

Before proving Theorem 2.1, we need to prove the following theorem:
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Theorem 3.1. Let 1 < g <00, 0 <€ <mw/2, and N <r < oo. Assume that Q is a uniform

Wrz_l/r domain in RN, Let

E(@={F=(fe.h):feL9@), g, henj©)],
£,() = {(Fo, Fi,...,Fy): Fo, Fy € LY(Q), Fs € HN(Q), Fs € LYQ.), Fy € H) (Q_)} .
Then, there exist a constant A1 > 1 and an operator family
Z()(S) € Hol (Sen, £ (&), HA) )

such that for any A € ¢ ,, F € Eq(Q), the unique solution of (2.4) is given by 6 = Z(A) F)F,
where

FF= (f, A2g g 212, h) € E,(S).
The estimate

R (e, m2 ) (froo (#722m) 2 e Sen]) <. e =tma

isvalid for £ =0,1 and k =0, 1, 2. Here, y is a positive constant depending on k4, €, B, q and
N.

Remark 3.2. (1) The functions Fy, Fy, F>», F3 and F4 correspond to f, kl/Zg, g, AY2h and h,
p

respectively. ) ]
(2) The norms of E,(£2) and &,(£2) are defined by

||F||Eq(g'2) = ”f”Lq(g'z) + ||g||qu(g'2) + ||h||qu(gL) ,
Mﬂ»ﬂ,uqFDMMQf=Mﬂ»ﬂﬂuﬂm%ﬂﬁbmﬁ@)+HﬁHmm4+ﬂwﬂmMgg
3.1. Model problem in the whole space
In this subsection, we consider the equation in whole space:
A —kAO=f inRV. 3.1)

We define the operators A actingon f € L, (R™) by the formula

(3.2)

F
AﬂMfzf?[—iﬂ§L}

A+ ke|E]?

where F[ f] and ]:S_ ! denote the Fourier transform and the inverse Fourier transform, respec-
tively, given by
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FIA1E) = / e f(dx,  Fr'[g®)x) = ¥ / ¢ g(§)dE.

RN RN

Concerning the spectrum, we can get the following result.

Lemma 3.3. Let 0 < € < /2 and X, be defined in (A.1). Forany . € X and & € RY, we have
[T+ 1P| > Con (121+ 16F).
with C¢  depending on ¢ and k.

Proof. Without loss of generality, it suffices to prove |A + x| > Cc(|A| + x)(x > 0). Let A =
|xle!? and & < 7w — €, we have

A+ x|2 =|)L|2 + 2x|A| cos6 + x2> |)»|2 + 2x|A|cose +x% > cose (A —I—x)2 .
Thus, we complete the proof of the lemma. O
Finally, we have the following result about the R-boundedness of A4 (A).

Theorem 3.4. Let 1 < g <00, 0 <€ <m/2, and Ly > 0. Let 3¢ and Ze ;,, be the sets defined in
(A.1), AL be the operators defined in (3.2). Then 6+ = A4 f € qu(RN) is a unique solution of

(3.1) for any A € Se, and f € LI(RN). Moreover, As € Hol (EMO, L(LY(RN), HqZ(RN)))
and the estimate

R o(10(R) 421 (2) ({ea0 (924:09) 2 € B }) <o T =1mi,

holds for £ =0,1 and j =0, 1,2, where the constant y;, depends on Ay in such a way that
Vag—> 00 as Ao — 0.

Proof. The proof is based on the theory of L?”-multipliers in Fourier integrals initiated by
Mikhalin [12]. Indeed, from Lemmas A.5, A.6, A.7 and A8, it follows the conclusion. O

3.2. Model interface problem
Let
Rf:{x:(xl,...,xN)eRN:xN>0},
Rdz{x:(xl,...,xN)eRN:xN<O],
Rg:{xz(xl,...,xN)eRN:xN=O},
and RV =RY URY.
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We consider the following equations

Mi—kAOy = fyi inRY,

(3.3)
[kVo-n]=g, [6]=0  onR],
withn=(0,...,0,—1).
Let F4 be the zero extension of fi to Rﬁ. We can reduce (3.3) to the case f = 0 by using
A+ (L) F+ in (3.2). Thus, we can consider

A0 — kA =0 inRY, (a)
—KONOy +Kk_INO_ =g onR}, (b) (3.4)
0, —6_=0 onR}). (¢
The aim of this subsection is to prove the existence of R-bounded solution operators of (3.4).
Let 7' and }-S_’l be the partial Fourier transform with respect to x’ = (x1, ..., xXy—1) € RN=1and
the inverse partial Fourier transform with respect to &' = (&1, ...,&En—1) € RN-L respectively,
defined by

F=Flfl= / E f (3 ) d,
RN-I

— / l ix/./ / /
fS/l[g(?XN)]:W / ¢V g (6 xy) dg.
RN-1

Applying the partial Fourier transform to (3.4a), we have

Mx +is |E] e k0202 =0  for £xy >0, (a)
—kp ONOy +Kk_ONO_ =T on{xy =0}, (b) (3.5)
§+ —0_=0 on {xy =0}. (c)

LetAyL =/ ﬁ + |§"|2, Re A1 > 0. Then, the solutions to (3.5a) are of the form é; = qpeTAEN,
Inserting them into (3.5b) and (3.5¢) yields

{K+Ol+A+ +rk_a_A_=T7, 3.6)

oy —a_=0.

Thus, we can get

o~

8

d=0_ =04 = A—
+K++A_K_
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By the Volevich method (cf. [23]), we have for £xy > 0

oo oo

é\i(x)z—/emi(x”ﬂ”)awl (&' yn) dyN+/Aie¢A*(xN+yN)Ol (&', yn)dyn.
0 0

. . .- ki Ao €3 .
Using the identities Ay = yn + T we obtain

6 (&', xn)
+o0 12 ,
— W/2pFA£(xN+yN) K ' + |é§/| ?Ai(XNJrYN)|g | 3 ’ d
=- T e el NOl(SJJN) YN
+
0
+o00
—151/2 /
CVKZA !
:t/ A1/2pFAL N +YN) iA +’§/‘6¥Ai(XN+)N)B Ol(fl,yN)dYN‘
J + Az
It follows that
r 1 1
B (8. xw) ::t/XI/Ze?Ai(XN+YN)KiAi <A — s F [Al/zg] (é/,yN)> dyy
+K+ —k—

> o
|

1

[
FAL Gy -w) L5 ( : Fo;¢] (¢ )ci
lo/ié | |§'/|A+ A+K++Ail(_ [ Jg] (g ’yN) YN

~.
I

+

1/2
a2 FAL (N +yN) T A + |§ | FAL(xn+YN) ’S ‘
Kt AL AL

X (m]: [Ongl ("E 7)’N)> dyn.

Define the operators B4 by

B+ (L) (F1, F2)

)
1 1
=4 ]—'—/1 W2, FALGN+IN) FE , .,
/ [ ¢ KiAr Ajiy +A Kk [F1] (S )’N) YN

= o

—1

P1

6T AL Ak + A_k_

oo
/}- ~1 |:|§/| e FAL(N+IN) & ! F [Bsz] (5/’ yN)] dyn
1o

~.
Il

Kkt AL A%

_|_

12 /
].‘—/1 |:<)L1/26¥Ai(XN+)’N) A + |%-/| e_Ai(xN+)’N)|$_2})
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X <m~7ﬂ [On F2] (5/» )’N))] dyn.

Obviously,
0200 = Fy! [ (5, 0)] () = B2 0) (4%, 5)
Thus, we should show the R-bound of the operator B..

In what follows, we denote the set of all multipliers defined on RN-1 \{0} x ¢ 5, of order s
with type i (i = 1,2) (defined in Definition A.9) by M; ;. We also introduce the following two
fundamental lemmas.

Lemma 3.5. Let 51, 52 € R, then the following assertions hold:
(1) Givenm; € M, 1(i =1,2), we have mymy € My, 4, 1.
(2) Givenl; e My, ;(i =1,2), we have l1ly € Mg, 14, 2.

(3) Givenn; € My, 2(i =1,2), we have n1ny € My, 14, 2.

Proof. It immediately follows from the inequality

—\Dl/\ P
(|A|1/2+’§’|) <|§/| lo/|
and the Leibniz rule. O

Lemma 3.6. Let s € R and 0 < € < /2. Then the following assertions hold:

—je]
<C 54 (IA|‘/2+|E’|)X o (3.7)

0% A%

LCyrslE'1 71, (3.8)

A

Proof. By Lemma 3.3, we have
e (172 4+ [¢']) < 1Az <o (112 + [g]) (3.9)

Let f(¢) = t*/2, we observe that

ag A% o AL 00 AY |

lo'|
< |ro@) ¥
(=1

/ Iyl
o+t =a

(s/2)—¢
< Y culad
le’]/2<E< |

|%./|2£—\o/\-

since &/ < (13172 + &)~ provided that |o/| /2 < £ < |o

The estimate (3.8) can be proved similarly. O

, by (3.9), we have (3.7).
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By the Leibniz rule and Definition A.9, we can obtain directly
o (- =1 r=le|
o (& €]7)| <Cu &[T, (3.10)

thus i&; |f§/|‘l € My>. By Lemmas 3.5 and 3.6, and (3.10), we have

12 -1 1 1 e 1
MIFAT €My, , 5 eM_,,
K+A+ A+K++A_K_ K:I:Ai A+K+ +A_K_
and
i 1 18] 1 oM
1E1AL \ Ak YAk ) A2 Aky + Ak 2%
+

By Lemma A.10, we can get the R-boundedness of the operator B, then we obtain that 6, =
BL () (Al/ 2 g, g) is the solution of problem (3.4). Moreover, we have the following theorem.

Theorem 3.7. Let 1 < g < 00,0 <€ <mw/2, and hy > 0. Let
X @Y ={(f.9): f e LI@®Y), g e H)RY)],
X, @Y = | (Fo, i, P« Fo, Fi e LYRY), Fr e H} R
Then, there exists an operator family
B (%) € Hol (Ee, £ (X, RY), HZRY))),

such that for any A € T 3, (f, g) € X4 (RN), the unique solution of (3.3) is given by 04+ =
By ()\)F)z (f, g), where

Fl(fo = (12" ) € X, RY).

Moreover,

holds for £ =0,1 and j =0, 1,2, where the constant y;, depends on Ay in such a way that
Vg —> 00 as Ao — 0.

Proof. By Lemma A.10, we can get (3.11), and the existence has been completed. Thus, we only
need to prove the uniqueness, let 0+ € qu (RV) satisfy the homogeneous equations

A0 —KkAO =0 in RV,
(3.12)

[«kVO-n]=0, [8]=0 onRY.
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Since the R-boundedness implies the usual boundedness, by (3.11), we have

2
A2 110 L <C”F1 i H o
;' P2 00l s oy S C | BLA O

where ||-|| X, (RY) is similarly defined as in Remark 3.2. Obviously, when 6. satisfy homogeneous
equations, [|04| ;2 RN = 0 yields 81+ = 0, which shows the uniqueness. O
q

3.3. Model problem in a half space

In this subsection, we consider the model problem in the half space

M_ —k_A6_=f_ inRY,
(3.13)
VO_-n+p0_=h onR},
where n= (0, ..., —1). We can directly use similar methods of model interface problem. Thus,
we get O_ = a_eA~*N with A_a_ + fa_ =h, i.e., a_ = ﬁ. By Lemma 3.6, we have
o -1 172 Al
of B+ A7 | <Cuc (P +IE]) (3.14)

Then, by (3.14) and Lemma 3.5, we obtain

Ky 1 kA2
- ; 3 €eM_21,
A \B+A_ A2 B+A-

and

i£j ( 1 > ﬂ 1 oM
ETA- \B+A_)" AZp+A_ %

Finally, by Lemma A.10, we have the following theorem.
Theorem 3.8. Let 1 < g <00, 0 <€ <m/2, and Ay > 0. Let

Y,RY) = {(f,,h) L fe Lq(M) heH) (M)} ,

Yy ®Y) = {Fo, Py, Fy: Fo-, Fs e LI®RY), Fye HJRY)|.
Then, there exists an operator family

CG.) € Hol (Ees, £(Vy RY), HARY))).

such that for any A € Xy, and (f—,h) €Y, (Rf) the unique solution of (3.13) is given by
0_ =C(\)FZ(f-, h), where
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FR(=) = (=2 h) € Yy RY),
Moreover, the estimate

R (3, @2 ) ({0t (172c@) ihe S )) <y T=Ima,  (315)

holds for £ = 0,1 and j =0, 1,2, where the constant y,, depends on Lo in such a way that
Vg — 00 as Ao — 0.

3.4. Model problem in a bent space
Let ® : RN — RY be a bijection of C! class and ®~! be its inverse map. We write

dyi _ 0x;
(Vd),; = [%] =M+Myx), (VO )= [%} =M_|+M_|(x),
J J

where M and M _ are orthonormal matrices with constant coefficients, and M (x) and M_|(x)
are matrices of functions in Hr2 (RY) with N < r < oo such that

(M, M_Dllpe®yy < K1, VM, M_)|lg1wryy < K2. (3.16)

We will choose K small enough eventually, so that in the sequel, we may assume that 0 < K1 <
1<Ky Let Q4 = @ (RY), Q- =@ (R") and I' = ® (R})). Let n be the unit normal to T,
which points from €4 to 2_. Similarly, we assume that W meets the same requirements as ®,
Q= \II(RQY) Q_ = lIl(]Rﬁl) and I'_ = \I’(RS]). Let n_ be the unit normal to I'_. In what
follows, we consider the two problems:

80 —kAO = f in Q,
(3.17)
[«V6-n]=g, [0]=0 onT,
and
00 —k_AO_= f_ in Q_,
(3.18)
VOo_ -n_+B0_=h onl_.

Theorem 3.9. Let 1| <g <00, 0 <€ <m/2, g > 1. Assume (3.16) holds for some 0 < K1 <
1 < Kj. Then ti.zere exisfs a Lo depending only on €, k+, q, N and K>.
(1) Let X ;4(82), X;(S2) be defined in Theorem 3.7. Then, there exists an operator family

B+ (1) € Hol (zm, c (X,,(Q), Hj(s'z))) ,

such that for any ) € Z¢ 5, and (f, g) € Xq(Q), the unique solution of (3.17) is given by 6+ =
Bi()) F)E (f, &), where

FL(f9) = (1212, 8) € 2, (.
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Moreover,
Re(xy 0,27 (@) ({(rar)‘Z (M'/zzsi(x)) he zw]) <y, t=Imx, (3.19)

holds for £ =0, 1 and j =0, 1,2, where y depends only on €, k4, K»,q and N.
(2) Let Y, (22), YV, (22) be defined in Theorem 3.8. Then, there exists an operator family

() € Hol (zm, C (yq(sz,), H;(SL))) ,

such that for any A € X¢ o and (f—, h) € Y, (2_), the unique solution of (3.18) is given by
0_ =C(\)FZ(f-, h), where

FX(f_.h) = (f_, A2, h) eV, Q).

Moreover,

holds for £ =0, 1 and j =0, 1,2, where the constant y depends on €,k+, B, K»,q and N.

Since the proofs are similar to those of the Stokes equations with free boundary conditions
given in Shibata [28,29], we omit the details and only give a sketch of the proof here. We first con-
vert (3.17) and (3.18) to problems in whole space and half-space problems, respectively. Then,
we can use Theorems 3.7 and 3.8 to prove Theorem 3.9. We only consider (3.18) as an exam-
ple. Let us reformulate the functions in (3.18) by the change y = W(x). Let 6_(x) = 6_(W(x))
and h(x) = h(¥(x)) satisfy (3.18). Let M_; and M_; be the N x N matrices appearing in the
condition (3.16) and let M i and M (x) be the (j, k)™ component of M_; and M_;(®(x)),
respectively. For simplicity, we set Q jx = M ji + M ;. By (3.16), we get

Mol <1 My <K M e, < o

In this case, we have

For the equation 8,5_ —Kk_ANO_ = f_ in Q_, if we set ®_ = M _16_, then we have the
equation in RY

AO_ —Kk_AO_=M_if-+V(O_, M_j,M_y)

with a nonlinear term V (®_, M_;, M_;). Since ¥~ (I'_) = Rév, we may assume that
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<8xN dxXN
dy1 > """ Oywn
= onl'_.

(Z?’:l 2) 1/2

Recalling that (8xj/8yg) (®(x)) = Qje(x) and setting Q(x) =,/ Z?’:l |OnN; (x)|2, we have

axN
ay;j

n(®(x) = (Qn1(x), ..., QN (x) /Q(x)  forx e Ry

Thus, we can get new equations in the half space

AO_ —k_AO_=M_if-+V(O_, M_;,M_;) inRY,
INO_ +BO_=M_1h+V(O_, M_1,M_) onRY,

with nonlinear terms V and V. Then, we can apply Theorem 3.8 to obtain Theorem 3.9 with the
help of Lemma A.3.

4. Proof of Theorem 3.1
4.1. Local solutions

1 N 1 1 N 1 1 N 1 2 N 2 2 N
Wesetq>j(R+)=H+j,q>j(R) H!,, @) (RY) =T, @ (RY) =H2 d)(]R)
and HO = RY. Let n1 and n? be the umt normal to F} oriented from ’Hl 1nt0 7—[1

the unit outer normal to l"2 respectlvely Let 'Hl 7-[] U 7—[1 . We cons1der the followmg
problems

0 0 =0
Mij—kAOL ;=84 f mHJi,
M) —knel =l f in#j,
[«V6] -nj]=¢jg. [6j]=0  onTj, (4.1)
0% .—KA92.=§.f, in 2 ;,
Vo2, .n? ;4 p0%; =07h onT? ;.
Obviously, by Proposition A.11, )‘ H2(B' < CnyK>. From Theorems 3.4, 3.7 and 3.8,

there exists a constant Ao > 1 and operator famlhes
72,6 € Hol (S0, £ (LI H), HZHOL))),
T0) € Hol (Ee. £} (), HZ(D)). 4.2)
TF0) € Hol (S, £ (V22 ), HZH2 ).
such that
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00, =TS 0} =T 0F (T £.Te). 02, =TI (/- Tn). @3
where
B @)= (B0 T Be). B2 (Er00) = (B4 200 En)
is the unique solution to (4.1). Moreover, we have
¢ (1k/2 .
R (i) ([ @00 (WPT200) 12 € B <o
. . ey k/241 .
R,C(XQ(H}),H;_k(H]I)) (!(Tat) <)\— 7; ()\)) NS 26,)\.0 }) <v, (44)
(k272 .
Re(v,00 )40t ) (oo (4272 0) 2 e Beso) <o,

with k =0, 1,2 and some constant v independent of j € N. Since the R-boundedness implies
the usual boundedness, by (4.4), we have

2
S g, HH2 () < <v |20 s .

2 ~ ~

; LY 9} ‘ HZR AL SV H R (C;f’ g}g) qu(ﬂ})’ 4-5)
2

kX:(:)Wk/z 921) HZE ) HF’\ ({ J- CJ )Hy GN

with the same constant v as in (4.4) and j € N.
4.2. Construction of a parametrix
We define the parametrix P(1)F by

POIF=Y" Z £2,6%; + Z £}0} + Z £762;

i]l

Z Y, +,(A);+Jf+Z; ST0007° f+Z§ T (3 £28) @6

Jj=1 Jj=1

+ Z BTV (T2~ 20h).

j=l1
for F = (f,g,h) € Eq(Q). Since there are jump quantities on the boundary, we set F)f =

F)\1 (E} f, E}g), let £+ |:’7;1 ()L)‘Hl :| F)} be the Lions extension of F} into ”HL]. such that
+j
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2
D A2
k=0

E. [7;1 W), ] F]
i)

J7)
ML

_ <CVIF, (s
Hi () (%) “.7)

I

oy (Ei [le A

Pl

where

flp (o) = lim f(x) forxoeT}.
7 xe?-lzltj
X—>X(

Let F. /\2 = Ff (EJZ f-, E/zh) Then using these notations we obtain

[V (&) T O F]-0) =¢/Tev (T} W FL) -nj] + R GIFL,
(4.8)
V(T200FE) n2, = V(TR FD - + REGIF,

where

RIMF =¥ (;J‘) {K+E+ [7}1 (,\)‘Hlﬂ} Fl —«_E_ [7}1 (,\)‘Hlj} F/\]}

1
Tj

REFE =V (¢7) TR FE - .

We can get P(A)F € qu(Q) by Proposition A.13 and (4.5). Inserting 6 = P(A)F into (2.4), and

1 2

taking into account that n =n jonsuppg jl NI and n_ =n” j onsupp gf NT'_, we have

A — kA0 = f+ VI WF in €,
[kVO -n]=g+V>*MF, [0]=0  onT, (4.9)
VO_-n_+B0_=h+VQWF onT_,
where
ViF=cY" i [2(vel)) - (v (72,0088, 7)) + (882,) T2,088, /]
+ j=1

e S p(59)- (v (1)) + (a5)) o)
j=1

e L [p(79)- (v (1)) + (agh) o]
j=1
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and
o0 o0
VZOF =Y RIWF!., VWF=)> RiMWF}.
j=1 j=1

Let
V()F = (Vl (MF, VZO)F, V3 (A)F) .
Then, Proposition A.13 and the estimate (4.5) imply V(X) € Eq(Q), and
IEAVF g, ¢y < CAT 2 IIFFllg, 6

for any A € X¢3,,A1 = Ao = 1, where F) is the operator given in Theorem 3.1. Since

||FAF||gq(Q),)\ # 0 are equivalent norms of E,(£2), we can choose A; > Ag so large that

Ckl_l/z < 1/2. We see that (I — V(1))~! exists and # = P(A)(I — V(1)) 'F is a solution of

(2.4). The uniqueness follows from the existence theorem of dual problem.
4.3. Construction of solution operators

For F = (Fy, Fi, ..., F3) € £(RQ), F' = (Fo, Fi, P2) € X,(Q), F> = (Fola_, F3, F4) €
Yy (), we define the following operators

00 2 o
PLF=Y "3 "d TL0F+) Y T/ 0)F,

+ j=1 i=1 j=1

VIR =) [2(ve2)) (v (72,0088 Fo) ) + (A8d,) 72,022, Fo

+

2

~
I
-

+
=
M2

[2(v¢))- (V(T/ 00T 1)) + (a¢)) Tt P

~.
I

{2 (56) - (v (TR ) + (adf) T ]

=

1

J

VF =Y RIWZIF, VF=Y RWIF,
j=1 J=l

VOOF = (vl (WF, V2(L)F, V3 (,\)F) .

Obviously, P(L)F =P X)) F,F and VO)F = V(L) F, F. By (4.3), (4.4) and Proposition A.13, we
see that

119



C. Hao and W. Zhang Journal of Differential Equations 322 (2022) 101-134

P(h) € Hol (S, £ (€, HAD)),
V(W) € Hol (Be.y,, £ (E4(2), E4())).

Moreover, by (4.4) and Proposition A.13 we have

Rﬁ(sq(s'z),ﬂ,f*f(fz)) ({(Taf)l ()\jﬂp(l)) A€ EG,A2}> <Cv, (j=0,1,2),

(4.10)

—1/2
R (6, @0.6,@) ({(ra,)‘f BV A€ Em}) <cng, @=0.1),

for any Ay > A1. By (4.10), Z(W)F = P(A) (I — F;, V(L) 'F exists and

R (e o @) ({eo0 (42260) 2 e 2en}) <o,

for £ =0,1and j =0, 1, 2. Since V(A) F)F = V(A)F, we have

FA-VO)N™' =) BV =) FEVMF) =) (VYO F
j=0 j=0 Jj=0

=A-FVO) ™ F
Thus,
6=POVA-VA) 'F=PLFA-VO)'F
=P A—FYW) ' F,F=Z\)F,F.
Therefore, we complete the proof of Theorem 3.1.

5. Proof of Theorem 2.1

Now, we prove Theorem 2.1 with the help of Theorem 3.1. The key tool in the proof of the
maximal regularity results is the Weis operator-valued Fourier multiplier theorem, i.e., Theo-
rem A.15.

We first consider the equations of 6; =Y, 61+ xq, :

8,01 —kAO = f in Q2 x R,
[«VO -n] =g, [6:1]=0 on[ xR, (5.1
Vo -n_+B61_=h onI'_ x R.

Let 7, and .7-'L_1 be the Laplace transform and the inverse Laplace transform, respectively, de-
fined by

X o0 1 o0
fO)=FLlfln) = / e M f(1yat, f;‘[g(m(r):g / eMg(r)dr,
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for A =y + it € C. Obviously,

FLLFI0) = / e (0ydt = F e ] (),

—00

o0
1 ,
F gl = ey’g f eg(ydr =" Fgl(r), FiLF;'=F;'FL=1
—00

Applying the Laplace transform to (5.1) gives

A0 —kAD = f in Q xR,
[«VO -n]=3§, [61]=0  onT xR, (5.2)
Vél_ -n_ —i—ﬂél_ —h onI'_ x R.

By Theorem 3.1, we have él = Z(A)F,G for A € X, where
G = (£00,212800, 800,22, h () )
Let
NP =F PR = F REe ] AR f o =F e a2,

and define

01,0 =F; ' [ZOFGl ="' F [ZWF [V G0 (0],
with G(¢) = (f, A)l,/zg, g, A)l,/zh, h), where y is chosen such that y > A, andsoy +it € X¢ 3,
for any v € R. By Cauchy’s theorem in the theory of one complex variable, 61 is independent of
choice of y whenever y > A1. Noting that

30 =F ' MZQW)FGl=e F, ! [AZWF[e7'G1)] (D]

and all Lebesgue spaces and Sobolev spaces on RY are UMD spaces, by applying Theorems 3.1
and A.15, we have

le™"" 001 Lo m.acen) + €77 1 ”L”(R’H"Z(Q))

<O hurmana 1 st ) + 1 8

+|le""h]| +

e_ytA}l,/zh

(5.3)

Lo (R H} (@) LI’(R,L‘I(Q_))} '
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Since ‘kl/z (1+ 1:2)_1/4‘ <C(1+y'?), we get

o8]

. NI
LP(R,Lq(Q)) + He AV h‘ LP(R,Lq(Q_))

<C (1 + )/1/2> (”e_ytgHH’l,/z(R,Lq(Q)) + He_V’hH H,E/z(]R,Lq(Q_))) .

We now prove that 8; = 0 for 7 < 0. Since |y /A| < 1, we have
P10 e 1oy < e 0 oo 1oy
and by (5.3) we obtain
||91||LP((—oo,0),Lq(s'2)) < le™6 ”LP(R,L‘I(Q)) <y~! le™"" 8,61 ”Lp(]R,Lq(s'z))
<y {1 g+ 17 8o+ 17 s

(17) (18 gy 17 Mlageim )]

Thus, letting y — 0o, we have ||6; ”LP((—oo,O),Lq(Q)) =0, which leads to 8; =0 for ¢t <O.
Next, we consider the initial value problem of 6,

900 —kAO, =0 in  x (0, 00),
[«V6y-n] =0, [6]=0 onI" x (0, 0c0),
64
VO, -n_+ 6, =0 onI'_ x (0, 00).
62l;—0 =60 — O1l,=0 in Q.

Define
1, () = {9 € HX():[kV6-n]=0, [6]=0onl, V6_-n_=0 on F_].
We consider
A —kAOr=f, for 0r€J,.

Since the R-boundedness implies the usual boundedness, by Theorem 3.1, we have p(kA) D
e, and

N RTINS <CIf oy -

=AY~ H
+H( €A f H2(S)

L9() 2

By the theory of analytic semigroups, we see that k A generates C 0 analytic semigroups 7'(¢) on
Jy(R2). Let 6 =T (1) (6o — 61l,—0). Then, by a standard real-interpolation method (cf. [34]), we

have the following theorem.
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Theorem 5.1. Let 1 < p, g < 0o, we set

Dy p () = [LI (), Jy 1],y , -

where [-, -11-1/p,p denotes a real interpolation functor. Then for any 62|,—¢ € Dq,p(Q) andy >

A1 with some constant C > 0, where A1 is the same constant as in Theorem 3.1, the equation
(5.4) has a unique solution 6, with

e7V16y € L7 ((0,00), HZ(S)) N H} (0, 00), LI().
possessing the estimate

&7 362 + e8]

||L,,((0’oo),m(m) < C”92|t:O”Bgfjjfl/z?)(g'z)- (5.5)

Lr ((0,00),qu(§2)>

Remark 5.2. Let us define the Besov space B(?f;,_l/ P )(Q) by the real interpolation

2(1-1/p) & : :
B‘f’(” = [Lq(Q)’ H‘?(Q)]l—l/p P

From [19, Remark 2.3], we have
201-1/p) &5y . : B
0By M@0, ] when2(1—1/p)> 1+ 1/g,

Dy.p(RQ) = eeBﬁf},‘l/P)(Q):[[emr:o} when 1/g <2(1—1/p) <1+ 1/q,
By, P9 when 2(1 — 1/p) < 1/g4.

By Remark 5.2 and the compatibility condition (2.2), we have 6y — 01],—¢ € Dy, p(Q), then

02— - < |16 - : 01— - .
10210 [l 211701 5 < 1601 211/ ) + 1 Otli=o | 2011701 )

By the interpolation theory in [20], we know that

H O1li—o ||B§f[',"/")(g'z) N He_yt&@l ” LP((0,00),L9 (2)) + He_ytel ”LP((O,oo),HqZ(§2)> :

Thus, 8 = 01 + 6, is a solution of (2.1).

We finally prove the uniqueness. For ¢ > 0, the uniqueness of 6; follows from Theorem 3.1
and the uniqueness of 6, follows from the existence of analytic semigroups. This proves the
uniqueness, which completes the proof of Theorem 2.1.

123



C. Hao and W. Zhang Journal of Differential Equations 322 (2022) 101-134

6. Maximal regularity theorem in a finite time interval

First, we introduce the extension map ¢ : L1 1oc(£2) = L1 Joc (]RN ) possessing the following
properties:

(i) For any 1 < ¢ < oo and f € H)(RQ), tf € H (RY), of = f in Q and If s vy <
Cy ||f||H(;-(Q) for i =0, 1 with some constant C, depending on g and 2.

(ii) Forany 1 <g <oo and f € qu(sz), [(1—a)"12uv ) ||Lq(RN) < Cyll fllLae with
some constant Cy depending on g and €2. Here, (1 — A)*® is the operator defined by (1 — A)* f =
7! [(1 +1g12)"? ]-"[f]] fors € R.

In the following, such extension map ¢ is fixed. We define H_~ 1(Q) by

H @) = | f € Lo : (1 = )7 ip e L9@).
As proved in [27], we have

s

cffera[a-a 2]

<
LP(R,L1(Q)) Lr(R,L4(RN))

+ e £ 6.1)

Lr(R.H) (@) }

for any y > yp. We can set t = Zi te Q. and i+ 1 L1 10c(2+) — Ll)loc(]R{N). Combining The-
orem 1.1 with (6.1), we have the following theorem.

Theorem 6.1. Let 1 < p,q < oo with 2/p + 1/q ¢ {1,2}, T be any positive number with
t € (0,T]. Assume that Q is a uniform W,Z_l/r domain. Let ug € B,?f,l,_l/p)(Q) and 9y €
B VP(Q) be initial data for (1.2), a(€, 1) € LP((0,T), L4(R)) and b(E, 1) € L1’<(0, T),

qu (Q_)) N H; <(0, T), Hq_l(Q_)). Let Ni(u,a,0),..., Neg(u, 0_) be functions appearing on
the right side of (1.2) satisfying the conditions:

N, NseL?((0.7),L9()). NszeH,((0.T),LI()).

N2, Na, Ng € LP ((0, T), H) (Q)) NH) ((o, 7)., H,;" (s'z)) .

Assume that the compatibility conditions (N3, N3, N4, Ng, b) |:=0 =0, (1.4), (1.5) and (1.6) hold.
Then, problem (1.2) admits a unique solution (u, 0) with

uel? ((o, ), qu(s'z)) NH) (0,7, L9()
0Ll ((0, ), H;(s'z)) NH)((0,7), L),

possessing the estimate for any t € (0, T']
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” al‘ (ll, 9) ”LP((O‘[)yL‘I(Q)) + ” (ll, 9) ||L1’((0,t),HqZ(Q))

t —yt
Ser { ||Uollng,1)—1/1)>(Q) + ||90||B§g,1)—1/1)>(9) + e (a,Ny, NS)HL,,((O,,),M(Q))

+ 13N3 L (0,01, 0 0) + (N2, Na, No)| + 1161

Lr(O.0.H) () L (0.0 H} @)

+

0, [(1 = &) 2Nz, Ny, N |

LP((0,1),L9(RN))

_I_

5, [(1 - A)—l/%,b]‘

LP((0,1),L9(RV)) }

for any y > yo and some positive number .

Proof. Given any function f (-, t) defined on (0, 00), let fy denote the zero extension of f to
(—00,0), namely fo(-,1) = f(-,¢) fort € (0, 00) and fo(-,1) =0 for t € (—o0,0). Let ¢ be any
number in (0, 7'] and ¢; be an operator defined by

foC,s) fors <t,

ler F1C. )= fo(-,2t —s) fors>t.

Obviously, [e; f1(-,s) =0 for s ¢ (0, 2¢). Moreover, if f|;,_y =0, then we have

0 for s ¢ (0, 21),
05 [er f1C.5) =1 05 f) (-, 5) fors € (0, 1), (6.2)
— (05 f)(-,2t —s) fors e (t,21).

Let U(-, s) = [e;u](:, s) and O(-, s) = [¢;0](-, s) be solutions to the equations: for s € (0, co)

03U — Div(uD(U) — ¢;gI) = ¢;N| + ¢;a+ fg® in Q,

divU = ¢, N, = div(e;N3) in €2,

[(uD(U) — e;gDn] = e Ny,  [U] =0 onT,

3,0 — Kk AO = ¢,;Ns in €, (6.3)
[«VO -n] =e¢;Ng, [BO]=0 onT,

U=0, VO_.-n_+80_=¢b onl'_,

Ul,_o=ug, Ol,_o=0 in .

Since ¢, f = ey, f for 0 < t1, 1 < T, the uniqueness of solutions yields that

€n (u’ 0)(5 S) =én (u’ 0)(9 S)
fors € [0,11] with 0 <] <1, < T. By (5.3) and (5.5), we easily have
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7780 o000 * 17Ol 0,01 m300)

S0l g20-m gy + €77 N5 | Lo o) + €77 eV 6”LP(R,H; @)

+ He_VSA;/ZetN6‘

) + He—l/setbnLP(RHq1 (S’L)) + He—VSA}/%,b‘

LP(R,L4(Q) Lr(R,L4(Q2))

By the compatibility conditions, (6.1) and (6.2), we have

”e_VSA)l//ze,b’

Lr(R,L1(Q-))

Sle7re] +

eV, [(1 — A2 (L_b):H

Lr(O.0.H} (@) Lr((0.).L4 (RV))

Other terms can be estimated as similarly as in [27]. Setting u = e7u and 6 = er 6, and noting that
(u(-, s),0(-,8)) = (e;u(-, s),e6(-,s)) for 0 < s < ¢, we complete the proof of Theorem 6.1. O
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Appendix A. Notations and useful results
A.l. Further notations

For any scalar function f = f(x) and N-vector function g = (g1 (x), ..., gn(x)), we write

Vf=0@1f(x),....onf(x), Vg=(Vgix),...,Vgn(x)),
N

divg=Z8jgj(x), v2f=(aiajf)fj:1, V2g=(V2gi,...,Vgn).
j=1

For an open set Q of RV, p,g € [1,00] and 5 € R, let L9(), H;(Q) and B;,p(SZ) denote
Lebesgue spaces, Sobolev spaces and Besov spaces on 2, with norms || - || z9(). || - ||H5(Q) and
I~ Il; (), respectively. Let

X@={f:fle. e X @D}, Iflx@=Fle:lxq., + 1 fle-lxq

for X € {Lq, H;, B;’p}. For simplicity, we write ||g[lx¢)v = [I8llxg)- For a Banach space
X and any time interval (a, b), L?((a, b), X) and H(; ((a, b), X) denote the standard X-valued
Lebesgue spaces and X-valued Sobolev spaces with norms || - || Lr((,5),x) and || - ||H‘;((a,b),X),
respectively. For any two Banach spaces X and Y, £(X, Y) denotes the set of all bounded linear
operators from X into Y. Let D(R, X) denote the space of X-valued distributions. S(R, X)
denotes the space of X-valued Schwartz functions and S'(R, X) = L(S(R, X) is the space of
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X-valued tempered distributions. For a domain U in C, let Hol(U, L(X, Y)) be the set of all
L(X, Y)-valued holomorphic functions defined on U, where C denotes the set of all complex
numbers. Set

Ze={reC\{0}: |argA| <7 — €}, Tej,={r € Ze:|A] = Ao} (A.1)
For any N-vectors a and b, we seta-b = (a,b) = Z;V:l a;b;, and the tangential component a,

of a with respect to the normal n is defined by a; = a — (a, n) n. For complex-valued functions f
and g, weset (f, 2o = fQ f(x)g(x)dx where g(x) is the complex conjugate of g(x), and for any

two N-vector functions f and g, denote (f, g)qo = Z?’:l (fj, gj)Q. Let 1l < g < o0, % + % =1,
we introduce the following spaces

Hy(2):={u € Lgioc(Q) | Vu € Ly(Q)}

D(Q) = {fe Ly | (£, Vo)g =0 forany ¢e 19;,(9)] .

Since C3°(R2) € I'-Alq1 (£2), we see that divf = 0 in 2 provided f € D(2). But, the opposite direction
does not hold in general.
Next, we recall two definitions.

Definition A.l. Let both X and Y be Banach spaces. A family of operators 7 C L(X,Y) is
called to be R-bounded on L(X,Y), if there exist some constants C > 0 and p € [1, co) such
that foreachn e N, T; € L(X,Y) and f; € X(j =1,...,n), we have

n n

Y oriTif <CY rifi

j=1 LP((0,1),Y) j=1 LP((0,1),X)
Here, the Rademacher functions {r j};l,zl are defined from [0, 1] into {—1, 1}. The smallest of
such C’s is called the R-bound of T on L(X, Y), and denoted by Rz (x,y) 7.

Definition A.2. Let 1 < r < 0o, and €2 be a domain in R with boundaries I" and I'_. We say

that 2 is a uniform W,2 —Ur domain, if there exist some positive constants «, 8, y and K such
that

. . . 2—1
(1) for any xo = (xo1, X02,-..,Xon) € [, there exist a coordinate number j and a W; /r
function A (x") (where x’ = (xl,...,)?j,...,xN) = (x1,...,xj_1,xj+1,...,xN)) for x’ €
B, (x(/)) with x{, = (x()l, e XOjy s x()N) and ||h”W,2_'/'(B,;(x5)) < K such that

QﬂB,g(xo)zixeRN:—y—l—h(x})<xj<h<x}>+y]ﬂB,g(xo),

FﬂBlg(xo)z{xeRN:szh(xD}ﬂBﬁ(XO);

(2) for any xg € I'_, there exist a coordinate number j and a W,2 —ur function h(x’) for x’ €
/ / :
B, (xo) with ||h||Wr2—]/r(B(,¥ (x0)) < K such that
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QﬂBﬂ(xo)z{erRN:xj>h(x’)}ﬂBﬁ(xo),

r_mBﬁ(x0)={xeRN:x,:h(x’)}mB,g(xo).

Here, B), (x(’)) = {x/ eRN-1: |x" — x| <a},B/5 (x0) = {x eRN : |x — xo <,8}.

Lemma A.3 (/26]). Let 1 <q <r <ooandr > N. Then there exists a constant Cy . 4 such that
foranyo >0,aeL” (Rﬁ_’) and b € qu (Ri’), the following estimate

_N =N
labll oy < ONVBI oY) + Cnorgo ™7 lal o 161 Lo my)

holds.
A.2. Two phase problem for the Stokes equations with free boundary conditions

We recall the L?-L9 maximal regularity for the two-phase problem of the Stokes equations
with free boundary conditions and the non-slip condition given as follows: for ¢ > 0

9,u — Div(uD(u) — gI) =f inQ, ()
divu=g =divg in €, ()
[(uD@) —ghn] =h, [u]=0 onT, (o) (A2)
u=20 onl'_, (d)
ul;—g =up in Q. (e)

Theorem A4 (cf. [32]). Let 1 < p,q,r <ocowith2/p+1/q ¢ {1,2}, and t > 0. Assume that Q
is a uniform Wrz_l/r domain and ug € ij},‘”’”(s'z) is the initial data for equations (A.2). Let
f, g g and h be functions appearing on the right side of equations (A.2a)-(A.2c) satisfying the
conditions:

e Ve L (R, LI(Q)), e V'gell (R, qu(s'z)) N HY? (R, L)),
eVge Hy (R, LIQ), e 'hell (R HID)NH) R LID),

for any y > yo with some yy. Assume that the compatibility conditions hold:

divag= Nal,—g in 2, wup— N3|,_g€D(R),
[uD@o)n]; =h;|,—g  onT, if2/p+1/g<]1, (A.3)
[wg] =0 onT, wy=0 onl_, if2/p+1/q<2.

Then, problem (A.2) admits a unique solution u and q with
uel? ((0, 00), qu(s'z)) N H) ((0,00), L9()) ,
geL? ((0.00), H)(@ + H}(@).
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possessing the estimate

e 0rul 00150y + 170 .00 00

Shuoll g2o-1m ) + €78 L m 10 )

i B (A4)
+ ||€ ”’BngLp(R,Lq(Q)) + ||e 7 (g h) ”LP(R,H,,'(Q))

1/2 - -
+(147"2) (e 8l oy 17 Bl e o)
A.3. Some fundamental properties of the R-bounded operators

We recall the following technical lemma in order to prove the R-boundedness of AL (A) given
in (3.2).

Lemma A.5 ([5, Theorem 3.3]). Let 1 <q < oo and A C C, m =m(X, &) be a function defined
on A x (RN\{0}) which is infinitely differentiable with respect to « € (N U{OD)N for each A € A.
Assume that for any multi-index « there exists a constant Cy depending on « and A such that

om0, )| < Calg] (A5)

forany (L, &) € A X (]RN\{O}). Let K be an operator defined by K= Fgl[m()\, EYF )]
Then, the family of operators {K : . € A} is R-bounded on L (Lq (RMy, L4 (RN)) and

RE(L‘I(RN),L([(RN)) ({I(}L :)\. S A}) < Cq)N |a|1’1'<12]1\rx+2 CD(a (A6)

with some constant Cy n depending only on g and N.
We recall the fundamental properties of the R-bounded operators as follows.

Lemma A.6 (cf. [4, Proposition 3.4]). Let X and Y be Banach spaces, T and S be R-bounded
families on L(X,Y). Then, T +S=(T +S:T €T, S €S} is R-bounded and Rz x y)(T +
S) <K Rex,v)(T) +Rex, vy (S).

Let X, Y, Z be Banach spaces, and T € L(X,Y) and S € L(Y, Z) be R-bounded, then TS =
{TS:T eT,SeS}is R-bounded on L(X, Z), and Rrx,z)(TS) < Rex.v) (T Ry, z)(S).

Lemma A.7 (c¢f. [11, Proposition 2.5]). Let 1 < g < 0o and 2 be a domain in RY. Letm =m(\)

be a bounded function defined on a subset A C C and let My, (1) be a map defined by M,,(A) f =
mL) f forany f € L1(2). Then, we get

Rea@)y,La@) UMm(A) : A € A}) < Cn g, llmllLoe(a).
Lemma A.8 (¢f [34, Proposition 2.3]). Let 1 < p,q < oo and Q2 be a domain in RN. Let n =
n(t) be a C'-function defined on R\{0} which satisfies the conditions |n(t)| <y and |tn'(v)| <

y with some constant y > 0 for any T € R\{0}. Let T, be the operator-valued Fourier multiplier
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defined by T, f = Fl [nF[f]1] for any f with F[f] € D (R, L1(2)). Then, T,, can be extended
to a bounded linear operator from LP (R, L9(2)) into itself. Moreover, denoting this extension
also by T,, we have

|7 ||,/;(LP(R,Lq(Q))) < CQ,p,q V.

Here, D (R, L1(R2)) denotes the set of all L (2)-valued C*°-functions on R with compact sup-
port.

We introduce two classes of multipliers.
Definition A.9. Let 0 < € < /2 and Ao > 0, and m (&', 1) be a function defined on RN =1\ {0} x

Y 5» Which is infinitely differentiable with respect to &’ and holomorphic with respect to A. If
for any multi-index o’ = («q, ..., any_1), there hold the estimates:

m(hE)| <

‘as/ Td.m (X, E))) Cs,e,00 <|k|1/2+}§ |)

X r ol €,ho (l)\|1/2 + |$/|>X7{

(A7)

with 7 = ImA and some positive constant Cy o/ ¢ 3., then m(&’, 1) is called a multiplier of order
s with type 1.
Similarly, if there hold the estimates:

E'm( é):) sa’,e,ko (|)»|1/2—{—|$/|>S|gj:/|_|°‘/‘7
‘85, Tdem (3§ ))‘ Cs,o 6,00 (|A|1/2+ & |) B |°‘|

(A.8)

with T = I'mA and some positive constant Cs o/ ¢ 1., then m (&', A) is called a multiplier of order
s with type 2.

Lemma A.10 (/33]). Let 0 <€ <m/2, 1 <q <00 and Ay = 0. Let m; + € M_21, ma 1 €
M_; >, we define the operators K +(A)(j =1,2) for A € Z¢ ;,, by the formulas:

[K1,+()h] (x) = / f,l mli(x EN) AN 2eFALCNTIN Fp) (&, yN)]( ")dyn,
0

[Ka.£ (k] (x) = / Fot [moe (. 8) |¢| T4 F L) (8, y) | (+) -
0

Then, for £ =0, 1 and j = 1, 2, the following sets
{(rar)K (AKj+ () :he Ew} , {(raf)@ (|,\|1/2VK,,i(x)) Ae zm} ,
[(raf)f (szj,i(A)) e EMO]
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are R-bounded families in L(L9 (RN)Y), whose R-bounds do not exceed some constant
CN,q,e,00,s depending only on N, q, €, Lo and k.

A.4. Several properties of uniform W22 T domains
We recall several properties of uniform W22 ~1" domains given in Enomoto and Shibata [5].

Proposition A.11. Let N < r < 0o and 2 be a uniform Wrz_l/r domain in RN. Let K be any

small number in (0, 1) and K, be given in (3.16). Then, there exist some constants 0% ol o%e

(0, 1), at most countably many N -vector functions dD; € H,2 (RN), and points xij € Q4, le. el
and sz- € I'_ such that the following assertions hold:

(1) The maps: RN 5 x — 433. (x) e RN (i =1,2; j € N) are bijective.

@ 2= (U (Boo @) U B0 0) ) U (Ui U (@) () N Bpux))), with 1! =
RN and H? = RY, where B(,o(xij) C Qu, cb} RY) n B(,.(x]‘.) =QiN Bal(le.),
q>§ RY) N Bgz(sz.) =Q_N Bgz(sz.) and cb}(R{)V) N Ba,-(xj.) =Tn Bal(x})(i =1,2)
with ' =T and T?=T_. i

(3) There exist C* functions {ij, g“ij and {Jlf, ;J’F (k=1,2; j € N), such that

0 %0 i s
0<¢;. 89,08 <1,

supp ¢t suppZl € By (x1).  suppel;, suppZl; € Byo (x4).

H(g—jl’ gij’é‘;,Eij)HHgo(RN)gc()’ E}:lon supp;'j’:, Ei]:lon sllppg':?:j7
00 2 o 0o 00

Do +d Y g =ton Y¢f=tonT, Y ii=lonT-.

+ j=1 i=1 j=1 i=1 =

Here, cq is a constant depending on Ky, N, q and r, but independent of j € N.
. . . A\ 1 , ) . .
%) VCD’J. = M’/ + M}, \Y% (CD’J) = M’j’_ + M;’_, where M’J and /\/l’j’_ are N x N con-

stant orthonormal matrices, and M;. and M; _ are N x N matrices of Hr1 (RN functions

defined on RN which satisfy the conditions: HM; Lo ®N) < Ky,
7
J L™ (RN)

<Ky fori=0,1and j € N.
(5) There exists a natural number L > 2 such that any L + 1 distinct sets of {Boi (x;)] U

< Ky,

;|
J= L°(RN)

< K, and HVMi. _‘

L7 (RN)
{Bao(xij)} (i =1,2; j € N) have an empty intersection.

Let Bij = B,o (xij), B; = Byi (xj) withi = 1,2 and j € N for short. Then, by the finite
intersection property stated in Proposition A.11 (5), we see that, for any r € [1, 00), there is a
positive constant C,. 1, such that, for any f € L"(2), we have
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o0 1/r
[l ) <CrrllfllLr@)- (A.9)
j; Lr(mAj)

In fact, for 1 <r < o0,

annu ana)) /ZIXA;(X)lf(X)lrdx
/:

o
> K 11y < LIy
=1 L (RN)

where A; S {Bi 0 B}, BJZ} Then, we have the following lemma to construct parametrizes.

Lemma A.12 ([26]). Let X be a Banach space and X* be its dual space. Let {fj};il be a
sequence in X* such that there exists a constant M > 0 such that

o
YU o) <Mliglx  foranyg € X,
j=1

then 372, f; exists and

o
ij <M.
j=1

X*

With the help of (A.9) and Lemma A.12, we have the following proposition.

Proposition A.13. Ler 1 <g < oo and ' =q/(q —1). Let Aj € {BO ; Bl., Bz}. Let m be a
non-negative integer. Let {fl}jil be a sequence in Hy'(2) and { (f)} - (=0,1,...,m) be
- Jj=

a sequence of positive real numbers. Assume that for any ¢ € L"/(SZ),
o
0 1 ()
X}( ) < 00, ’(V fj»¢)9‘<ng ”(p”Lq/(QmAj)a
]:

with £ =0, 1, ..., m and some constant M independent of j € N. Then, f = Z?i] fj exists in
the strong topology of H(;” () and

Q=

o0
O]
Lq(SZ)\ CorM Z( )

Jj=1

|v'7]
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A.5. Weis operator-valued Fourier multiplier theorem

Let X and Y be Banach spaces. Then, given m € L1 joc(R, £(X, Y)), we define an operator
T, : F'DR, X) > S'(R,Y) by

Tmp = F UmFlg]] forall ¢ € F7'DR, X). (A.10)

Definition A.14. A Banach space X is said to be a UMD Banach space, if the Hilbert transform is
bounded on L? (R, X) for p € (1, o). Here, the Hilbert transform H operating on f € S(R, X)
is defined by

[Hf](t)—— lim. f()d (t <R).
|t—s|>€

We recall the Weis operator-valued Fourier multiplier theorem as follows:

Theorem A.15 ([24]). Let X and Y be two UMD Banach spaces and 1 < p < o0o. Let m be a
function in CY(R\{0}, L(X,Y)) such that

Rex,ry(Im@) 1T € R\{0}}) = Ko < o0,
RL',(X,Y) ({)»m/(r) A E ]R\{O}}) =K1 <.

Then, the operator Ty, defined in (A.10) is extended to a bounded linear operator from LP (R, X)
into LP (R, Y). Moreover, denoting this extension by T,,, we have

1T fllLr,yy < C ko +x) I fllLrw,x)y Sfor f e LP (R, X)
with some positive constant C depending on p.
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