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Abstract

In this paper, we prove the existence of smooth initial data for the two-dimensional free boundary in-
compressible viscous magnetohydrodynamics (MHD) equations, for which the interface remains regular
but collapses into a splash singularity (self-intersects in at least one point) in finite time. The existence of
the splash singularities is guaranteed by a local existence theorem, in which we need suitable spaces for the
modified magnetic field together with the modification of the velocity and pressure such that the modified
initial velocity is zero, and a stability result which allows us to construct a class of initial velocities and
domains for an arbitrary initial magnetic field. It turns out that the presence of the magnetic field does not
prevent the viscous fluid from forming splash singularities for certain smooth initial data.
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1. Introduction

In the present paper, we are concerned with the formation of splash singularities for two-
dimensional incompressible viscous magnetohydrodynamics (MHD) equations without mag-
netic diffusivity. It consists of solving a bounded variable domain Q(r) C R? filled with the
incompressible viscous electrically conducting homogeneous plasma, the density of which is a
positive constant, together with the vector field of velocity u(r,x) = (u',u?)T and magnetic
field H(r,x) = (H!, H*>)T, and the scalar pressure ¢(t, x) satisfying the system of MHD. The
boundary d€2(¢) of Q(¢) is the free-surface of the plasma.

The problem can be represented in the following form (cf. [19,20]). In the plasma region, the
incompressible viscous MHD equations read

oru—+u-Vu—divT(u,q) =divTy(H), in Q(1),
o4H~+u-VH=H-Vu, in Q(1),
divu =0, divH =0, in (1),

where the time t > 0; u - V and H - V are directional derivatives; T (u, q) = —qZ 4+ vS(u) is
the viscous stress tensor; Z is the 2 x 2 identity matrix; v is the kinematic viscosity; S(u) =
Vu+ (Vu) T is the doubled rate-of-strain tensor; (Vu);j = Bjui; Ty(H)=pn(HQH — %|H|2I)
is the magnetic stress tensor; (H ® H);j = H 'HJ; 1 is the magnetic permeability. We assume
v =1 and pu =1 for simplicity.

The plasma surface is free to move and the presence of the kinematic viscosity leads to the
following condition that must be satisfied on the surface, i.e.,

(T(u,q) + Ty (H)n =0, on 3QA(¢),

where n = (n!, n?)7 is the unit outer normal to 9§2(¢).
For convenience, we denote the total pressure

— g+ 2 |HP
pP=q 3 .
The system can be rewritten as

oju+u-Vu—Au+Vp=H-VH, in (1),

O%H+u-VH=H-Vu, in Q(1),
divu =0, divH =0, in Q(1), (1.1)
(—pI+Vu+Vu)' + HR H)n=0, ondQ(t),

u(,)=ug, H(0,-)= Hy, in Qo,

where Qp, ug and Hy are prescribed initial data which satisfy the compatibility conditions

{divuo:O, div Hy =0, in Qo, (12)

ng (Vieo + (Vuo) " + Ho ® Ho)no =0,  on 8<,
where ng = (n(l), n%)—r is the unit outer normal to 9 2¢ and né = (—n%, n(l)).
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1.1. Background and the main result

The splash singularity (cf. [3,4] for the rigorous definition) for the two-dimensional inviscid
water wave equations was studied by Castro et al. in [5]. They established some smooth initial
data for which the smoothness of the interface breaks down in finite time, i.e., collapses in a
splash singularity, by proving a local existence and a structural stability result in a transformed
domain. Moreover, their stability result shows that a sufficiently small perturbation of initial data
which leads to a splash singularity still generates a splash singularity. The idea of their proof is
to adapt a conformal map to transform the equation from €2(¢) to a new domain Q(r) and the
transformed water wave equations behave similarly to the original equations. The existence of
solutions in the transformed domain for times in [t* — ¢, t* + €], with a given splash domain
Q(t*) was proved by adapting the energy estimates in [1] and [6]. Then, they selected a suitable
initial velocity to complete the proofs.

Apart from the splash singularity, the splat singularity defined in [3] is another singularity that
can arise in the water wave equations, i.e., the solutions collapse along an arc in finite time but
remain smooth otherwise. It turned out that there exist some smooth initial data for which the
smoothness of the interface breaks down in finite time, resulting in a splash singularity or a splat
singularity in [3].

In the presence of viscosity, the strategy for the inviscid case could not work because the
equations failed to be solved backward in time, i.e., proving the existence of solutions in the
transformed domain for times [t* — g, t*) is rather difficult. For this problem, Castro et al. uti-

lized the transformation to Q() in a new way and proved that there exist solutions to the viscous
water wave equations that remain smooth for short time but form a splash singularity in finite time
in [4]. For the three-dimensional case, Coutand and Shkoller have proved that the free-surface
incompressible Euler equations with regular initial geometries and velocity fields satisfying the
Taylor sign condition have solutions that form a finite-time splash or splat singularity in [7].
Their approach is based on approximating the self-intersecting domain €25 with a sequence of
regular domains €2, and applying the local well-posedness, which gives the time of existence (7;)
independent of . Since the proof depends primarily on the local well-posedness, their method
can be adapted to other time-reversible PDEs that have a local well-posedness theorem. For the
two-dimensional or three-dimensional viscous water wave equations, given a sufficiently smooth
initial boundary which is close to self-intersection, they designed a divergence-free initial ve-
locity field to push the boundary towards self-intersection and proved that the free-surface will
indeed self-intersect in finite time in [8].

The two-dimensional free boundary viscoelastic fluid model of the Oldroyd-B type at a high
Weissenberg number was studied in [10] by applying the classical conformal mapping method
and the existence of splash singularities was proved. It turned out that the action of the viscoelas-
tic deformation does not prevent the existence of splash singularities.

In many important physical situations, magnetic fields are essential (cf. [9,21,22]), e.g., solar
flares in astrophysics. For the incompressible inviscid MHD in bounded domains, Hao and Luo
established a priori estimates for the free boundary problem in [13] under the Taylor-type sign
condition, and the ill-posedness for the two-dimensional case in [14] when the Taylor-type sign
condition is violated. Luo and Zhang obtained a priori estimates for the low regularity solutions
in the case when the domain has small volume in [18]. A local existence was established in
[12], for which the detailed proof is given in an initial flat domain of the form T2 x (0, 1), for
a two-dimensional period box T2 in x1 and x,. With the same set-up of the initial domain, the
local well-posedness is obtained in [11] by Gu, Luo and Zhang with surface tension. For the case
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where the magnetic field is zero on the free boundary and in vacuum, in the three-dimensional
space with infinite and finite depth settings, Lee proved the local existence and uniqueness of the
free boundary problem of incompressible viscous-diffusive MHD flow in [15], he also proved in
[16] a local unique solution to the free boundary MHD without kinetic viscosity and magnetic
diffusivity via zero kinetic viscosity-magnetic diffusivity limit.

To our knowledge, we are not aware of any previous mathematical research on the splash
singularity for the MHD equations with free-surface. To prove the existence of splash singularity
for the two-dimensional incompressible viscous MHD model, we reduce the original system to a
system in conformal Lagrangian coordinates to form a fixed boundary that is not self-intersecting.

Our main result is stated in the following theorem, see Theorem 6.2 for details.

Theorem 1.1. There exists a bounded domain Qq such that for any divergence-free Hy € H*(S20)
with the integer k large enough, there exists a solution (u, p, H) to viscous MHD equations (1.1)
in [O, t*) for some t* > 0 and the surface 9S2(t) self-intersects at time t* in at least one point
which creates a splash singularity.

To prove the local existence by applying Lemma 4.1, we must separate the velocity and pres-
sure from the flux and magnetic field. As a result, the coupling effect between the velocity and
magnetic field might be hidden but cannot be avoided. In fact, the effect of coupling can be ob-
served in the proof of the local existence as well as the stability estimates. For example, to apply
Lemmas 4.2, 4.3 and some lemmas in the appendix, some estimates involving the magnetic fields
necessitate particularly complicated splitting, even into more than twenty terms.

Unlike the viscoelastic fluid model in [10], where the authors have chosen AST1Y x leg;l X

‘; r(0) X A7~ for2 <5 < % and 1 <y <s — 1 to prove the existence of splash singularity,

we choose ASTLYF1 ICfSS U IC;'”(O) x A% for the MHD equations. Certainly, s and y have
the same range as before. The main difference is that, compared to the viscoelastic fluid model,
MHD equations cannot be estimated due to the low spatial regularity. Indeed, the estimates of
the magnetic field involve some product of the iterative solutions, but the insufficient regularity
of the functional space for spatial variables makes it impossible to use the bilinear inequalities as

in the viscoelastic case. For example, in our case, || F| F2 F3 F4|| HY, 1Y could not be controlled
by

C|| F 1 F 1 || F 1 1 || F 1 1
Il 1||H(0)HV” 2”[-[(0)]1}/ I 3”H(O)HV I 4”1—1{0)[-[1/

sincey —1 < % Because of this, we need to choose the indices of the functional spaces carefully.
Let us explain why we chose these indices. On the one hand, we could not simply raise the
regularities for all spatial variables since the spaces to which the velocity and pressure belong
are space-time coupled Beale spaces. For example,

(0. T): @) = L2(10. TT; H* () N H (10, TT: LA(),

and we note that s is related to both the time and space, which means the spaces

L*([0, T1; H™' () N H ([0, T1; L*(R)),

)
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P(a)=0

P=vi<a

P(S)

P()

Fig. 1. Conformal mapping P.

for arbitrary si,s2 are not appropriate. On the other hand, if we raise the regularities for all
variables, the initial second-order derivatives of the solutions must be zero due to the definition
of H(SO)([O, T1]). Consequently, more intricate modifications are required and some key lemmas
fail. Additionally, we attempted to establish the higher indices version of Lemma 4.1, but we
found it difficult due to the failures to apply embedding theorems. Next, we observe that the
index y in the space

AN = LE(0.T): HY (@) N H, ([0, T1; HY (Q))

can be chosen suitably. In fact, we choose suitable spaces for the modified magnetic field and
flux without changing the spaces for the velocity and pressure to keep some lemmas valid.

Furthermore, in order to acquire the necessary estimates, we must re-estimate in the current
spaces. We prove the estimates of the flux (cf. Lemma 4.2) and the magnetic field (cf. Lemma 4.3)
to control the iterative sequence and show that the sequence is Cauchy.

Moreover, to apply Lemma 4.1, we still need a modification of the velocity and pressure such
that the modified initial velocity is zero. Due to the presence of the magnetic field, we extend
the analysis for the choice of the approximated solution made in [4]. Finally, we show that the
presence of the magnetic field does not prevent the fluid to form splash singularities either.

1.2. Overview of the proof and the structure of the paper

To prove the existence of splash singularities for two-dimensional viscous MHD, let us first
recall the classical method of conformal mapping (see, for example [6]). This method has re-
cently been utilized to solve this kind of problem in [4].

We introduce the map defined as an analytic branch of /7 — a:

P(2)=vz—a, forzeC\T,

where I' is a branch cut, passed through the splash point (see Fig. 1). Also, we note that
P~!(w) = w? + « is an entire function.

The idea to prove our main theorem is to reduce system (1.1), in Eulerian coordinates, to a
system in Lagrangian coordinates to form a fixed boundary, as in [2]. The second key observation
regards the behavior of the magnetic field at the Lagrangian boundary. As a result, it shows
that the way the viscokinematic deformation acts on the boundary does not prevent the natural
tendency of the fluid to form splash singularities.
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2

.. Fluid Region

Fig. 2. Another type of splash scenario.

Remark 1.2. Another type of splash scenario is illustrated in Fig. 2. The proof can be easily
adapted by replacing P(z) = +/z — a by a branch of _/ ﬁ with suitable «, 8 and the branch cut.

From now on, we assume that o« = 0 for simplicity, then P(z) = ,/z forz € C\T.

Step 1. Changing to conformal Lagrangian coordinates.

Let the initial domain €2 be a non-regular domain as in Fig. 3. Applying the conformal map
P, we change coordinates from €2(¢) to Q@) := P(Q1)). In particular, the initial domain 2
becomes Qo := P(£2p), which is a non-splash type domain. After that, we use the Lagrangian
coordinates to transform the free boundary problem into a fixed boundary problem, i.e.,

90— Q2 X)V(VIL+J(X) VG =VGrJ(X)G, in o,
8,G =VitJ(X)G, in o,
Te(ViZJ (X)) =0, Tr(VGrJ(X)) =0, in o,
(—GZ + (VO J(X) + (VIZJ X))+ GG (J (X))~ VaXiig=0, on 3L,
5(0,) =179, G(0,-) =Gy, in o,

where J and V, are defined in Section 3. 3 3 3
Then, we take a one-parameter family of initial data {(£2.(0), f); 0 G/s o) &> 0} with Q. (0) =

S~20 + &b and |b| = 1, such that p! (8525 (0)) is regular as in Fig. 6. Similarly, we change them
to the conformal Lagrangian coordinates.

Step 2. Local existence of smooth solutions in conformal Lagrangian coordinates.
To this end, we define the iterative sequence {(X (OEHION c}(”), G(”))} and show that the mod-

ified sequence {(X™ — X, 5™ — ¢, 3™ — Gy, G™ — G)} is Cauchy in A*F1Lr+! x ICfagl X

IC;”(O) x A*Y, provided T > 0 small enough, where X, ?,qg, G are defined in Section 4.

For this, we solve the linear system for the velocity and pressure by applying Lemma 4.1. This
existence result is an adaption of [2, Theorem 4.3] and it is essential to establish the existence in
conformal Lagrangian coordinates. Because of this, it is challenging to estimate the velocity and
magnetic field simultaneously to verify the existence in conformal Lagrangian coordinates. As
a consequence, we separate the velocity and pressure iterations from the flux and magnetic field
iterations.

To apply Lemma 4.1, the velocity and pressure must be adjusted so that the modified terms
belong to X and the modified initial velocity vanishes. Accordingly, we extend the analysis for
the selection of the approximated solution in [4, Section 5]. The approximated solution turns out
to depend on the initial velocity and magnetic field.
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Also, due to the coupling between the magnetic field and velocity, the estimates for some
terms are exceedingly difficult. The coupling effect is reflected in the following aspects:

e The initial velocity and magnetic field determine the technical modifications of the velocity
field and pressure by changing coordinates via the inverse of the conformal mapping.

e The product estimates, unlike the viscoelastic fluid model in [10], fail as described in Sec-
tion 1.1. Therefore, we must re-estimate the flux and magnetic field (cf. Lemmas 4.2 and
4.3) in the functional spaces with new indices since the viscoelastic treatment is no longer
applicable.

e The estimates of some magnetic-field-related terms are extremely complicated. These items
require particularly fine expansion and tedious derivation. For example, in the proof of
Proposition 4.8, part 2, we expand into 20 terms to estimate a portion of G"+1) — G
in H(ZO)H Y. Moreover, in the proof of Proposition 4.9, part 2, we expand ﬁ((’;) — ﬁg’_l)

hg Yl

into

32 terms via a fairly complex expansion to control ||l~z(G") —

-4,
2
HG AL

Step 3. Stability estimates. ~ ~
Recall that we take a one-parameter family of initial data {(£2,(0), 13; 0 G/s,O) 1 e >0} by

shifting the initial domain such that P 1(Q.(0)) is regular. Then, we estimate the difference of
the solutions and obtain

dist(32(r), 32 (1)) < Ce

for ¢+ > 0 small enough. The coupling effect between the velocity and magnetic field still exists.
For example, in the proof of Proposition 5.3, we expand into 25 terms to estimate IG — G, —
tVog(J — Jg)G0||LooHs and 24 terms to estimate |G — G, — tVig(J — Jg)Go||Hz v - These

expansions also necessnate particularly precise analysis.

Step 4. Construction of the initial data and the existence of splash singularity.

We extend the analysis for the initial velocity choice already performed in [4, Section 7] since
we are looking for some initial data such that the compatibility conditions (1.2) hold and the
inner product of the velocity and the outer normal is positive as in Fig. 4. It follows that the
evolution of the splash curve is demonstrated in Fig. 5.

As a result, combining the above considerations together, we demonstrate the existence of
splash singularity as follows.

1) Let the initial domain €2¢ be a non-regular domain as in Fig. 3. Applying the conformal map
P, we change coordinates from (z) to Q@) := P(Q1)). In particular, the initial domain
Q0 becomes Qo := P (o), which is a non-splash type domain. Then, we use the Lagrangian
coordinates to transform the free boundary problem into a fixed boundary problem.

2) For smooth initial data (Qo, 09, Go), from (local existence) Theorem 4.4 (Section 4), we
obtain a solution (Q(7), ¥(z, -), G (z, -), G(r,-)) fort € [0, T]1and T > 0.

3) From the construction of the initial velocity (Section 6) as in Fig. 4 such that vo(®;) - fig(®@;) >
0for j = 1,2, it follows that P! (0Q(1)) is self-intersecting for some 7 € (0, T') small enough
as in Fig. 5. Because this solution exists exclusively in the complex plane, it cannot be re-
versed by P! into a solution in (). Consequently, it is insufficient to prove the existence
of a splash singularity.
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0
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Fig. 3. Initial domains Qg and .
n

r
UO . no
P ~
P—l
P)

Fig. 4. A suitable choice of the initial velocity field.

r
, P()
P—l

Q(t) Qw

0,

Fig. 5. Solutions in the complex domain.

4) To solve this problem, we take a one-parameter family of initial data {(£2:(0), 5;10, G;,o) :
e > 0} with €,(0) = Qo + ¢b and |b| = 1, such that P~1(3$2,(0)) is regular as in Fig. 6.
Similarly, we change to the conformal Lagrangian coordinates. Then, there exists a local-in-
time smooth solution (€2, (), vL(t, ), gLt ), é; (t,-)) in the complex plane. Therefore, by
the inverse mapping, a local-in-time smooth solution (2, (¢), u, (¢, -), pL(t, ), H.(t,-)) exists
in the original domain.

5) For sufficiently small ¢ > 0, the stability result (Section 5) measures the difference be-
tween (Q (1), 0.(¢, ), GL(t, ), GL(t,-)) and (Q(2), 3(t, ), G(t,-), G(z,-)) by shifting the so-
lution (Q (1), T.(¢, ), GL(t, ), GL(2, ) to (Qe(?), Te(t, ), Ge (2, -), Ge(t,-)) and changing to
Lagrangian coordinates. As a result, we obtain dist(0S2, (1), 3Q2(1)) < Ce. It follows that
dist(P~1(0Q, (7)), P~ (0Q(7))) < Ce and P~1(3K2, (7)) self-intersects as in Fig. 7.
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p! [QE(O)] Q.0
Fig. 6. The regular domain p-1 (3528 0)).
r
P
p @)
P—l
_1 ~ ~
P (QE(T)] Q,_ (%)
Fig. 7. Self-intersecting domain p-l (fzg(f)).
r r r
P1(,0) P13, (1) P (@,m)

Fig. 8. The existence of a splash singularity.

6) From the regular domain P~ 1% QS(O)) and self-intersecting domain p-! (BQE(I_)), there ex-
ists a time #;" € (0, ) such that P~ L% Q¢ (¢))) has a splash singularity as in Fig. 8.

The paper is organized as follows. In Section 2, we introduce the functional spaces for esti-
mates. In Section 3, we define all the variables and deal with the transformations from () into
a fixed domain by applying the conformal map and changing to the Lagrangian coordinates.
In Section 4, we solve the viscous MHD model by constructing an iterative Cauchy sequence for
T > 0 small enough. This local existence result in the functional spaces with new indices is one
of the main ingredients for proving the existence of a splash singularity. In Section 5, we show
the stability estimate which is another key ingredient. In Section 6, we construct a suitable initial
velocity via the initial magnetic field and other initial data which will allow the splash singularity
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to occur. Finally, we obtain a finite-time splash singularity for the MHD model in the presence of
the kinematic viscosity. In the appendix, we provide some estimates and key lemmas for readers
to consult.

2. Beale spaces

For convenience, we introduce the Beale spaces and define the spaces that will be used.
As in the classical paper [2], the space H(SO)([O, T]) is defined by the interpolation between

L2([0, T]) and H(O)([O, T]) for 0 < s < 1 with the operator S = 1 — 32 and domain D(S) = {u €
H2([0, T1) : u(0) = d,u(T) = 0}. The details can be found in [2].
The norm of H(“O)([O, T]) can be explicitly formulated. Note that the operator S has eigen-

o0

221

vectors {sin (%t) %} with eigenvalues {1 + %} . which is an orthogonal
n=0 n=

basis of L%([0, T']). Therefore, H, 0)([0, T') consists of functions u € L>([0, T']) such that

X N2/ (n+ D\
”””zzfz(“;m)( o ) <o

n=0

where

T
. 2 1 2
i ::/u(t) sin Mt —dt.
2T T
0

For s > 5, from u € H(SO)([O T1), we have u(0) =

Form =1,2,3,...and 0 <s < 1, the space H(’(”)fx([O T]) is regarded as the subspace of {u €
H"([0, T]) : 3fu)(0) =0,k =0,...,m — 1} with 3;"u € Hy ([0, T1). We equip H(g"™ ([0, T'1)
with the norm for fractional derivatlves in time

2 2 m. 2
el mes o, = 10 g0,y + 1020 oy + -+ 10"l 0.7

We also introduce the space H*([0, T']) for 0 < s < 1, which is defined as the interpolation
of L2([0, T]) and H'([0, T]) with S = 1 — 87 and domain D(S) = {u € H>([0, T1) : (3,u)(0) =

o0
(0:u)(T) = 0}. In this case, S has eigenvectors {f’ {cos( t) %} } with eigenvalues

{

o0
”2T7§2 } o which is also a basis of L2([0, T']). Thus, we define
n=!

lallis o,y = D <1 + 7) (1),

n=0
where
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T T
X u(t) X nm 2
ug™® ::/—dt, u;> :=/u(t)cos (—t),/—dt, n>1.
JT T T
0

For larger exponents, we regard H" ([0, T]),m =1,2,3,...,and 0 < s < 1 as the subspace

of H™([0,T]) with 9/"u € H*([0, T']). It happens that H('g)“([o, T ={ue H"(0,T)) :

(%u)(0)=0,k=0,1,...,m}, for s > J and H(’g)“([o, T ={ue H"(0,T]) : (3%u)(0) =
0,k=0,1,...,m— 1}, fors < 1.
Now, we introduce the spaces that will be used to solve the free boundary MHD equations

{0 (10, T1; Q) := L*([0, T]; H*(2)) N H ([0, T]; L*(Q)),

K5, 010, T1; @) == {g € L=([0, T1; H'(Q)) : Vg €Ki (10, T1; ©),

oL
UAS IC(())2 (0, T1; 89)}»

— s+l

Ko (10, T ) 1= L2(10, T); HS (@) 1 Hy! (0,71 H™(),

A0, T @) = LE(O. T (@) 1 By (10, T HY (@),

where s — 1 — ¢ <y < s — 1 for some sufficiently small ¢ > 0 and

_1
lwllpoe s == sup = *[[u(®)||as-
i t€[0,T]

These spaces are essential for applying embedding theorems and interpolation estimates to obtain
the constants that are independent of time (see, for example [2,17]).

3. MHD system in conformal Lagrangian coordinates

In this section, we consider the conformal Lagrangian formulation of system (1.1).

For the two-dimensional free boundary incompressible viscous MHD model (1.1), € is a
domain in R%; Q(r) = X (¢, Qo) moves according to the flux X associated to the velocity, which
solves

%X(Z, w)=u(t,X(t,w)),

X(0,w)=w, in Q.

Remark 3.1. Let w and @ be the typical points in 29 and Qo, respectively. Let o and 8 be the
typical points in €(r) and Q(r), respectively. H = (H', H®) ", u = ', u®) 7, X = (X', Xx*)7T
and Vp = (31 p, d,p) " are column vectors. Moreover, we define

31u1 32141
Vu =
“ <81u2 32142 ’
and Vu! = (31u’, dou’) is a row vector.
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First, we change the coordinates from €2(¢) to fZ(t) = P(S2(¢)) by applying the conformal
map P. To this end, we define the transformed velocity field, pressure and magnetic field

i(t, B) :=u(t, P~1(B)),
p(t.B) = p(t. P~ (B)).
H(t,p):=H(t, P~1(B)),

and hence

u(t, P(a)) =u(t,a),

p(t, P(a)) = p(t,a),
H(t, P(@) = H(t, ).

Also, we define
Jij () := (@, P*) o P71 ().
Then, for the derivatives of the transformed velocity field, it follows that
2
D BB @i ), B) = @u’)(t, PT(B)),
k=1
ie.,
2
Z kaaklll = (3jul) oP7 !
k=1
For the transformation in conformal coordinates, we have the following lemma:

Lemma 3.2. Let P = /z be the conformal map defined in Section 1.2, J = (J;;) and 0%() =
2

‘il—j o P~1(")| . Under this conformal transformation, system (1.1) becomes
dit+Vidi—Q*Ai+J"Vp=VHIJH, in Q(1),
&H+VHJi=VilH, in Q(1),

Tr(ViJ)=0, Tr(VHJ)=0, in Q(1), (3.1
(=pZ + (Vid + (VaH )+ HHHI =0, ondQ),
i(0,) =iy, H(0,-)= Hy, in Qo,

or in components
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2 2 2
it + Y il Byit! — QPAT + Y hplui= Y O H JGHI,  in Q)
k. j=1 k=1 k,j=1
2 2
a,ﬁi + Z akﬁijkjﬁj = Z akﬁikaﬁj, in fl(t),
k,j=1 k,j=1
2 2
D it S =0, Y H' Ji; =0, in Qt),
k,i=1 k,i=1
(—ﬁI+(VﬁJ+(VﬁJ)T)+H1§T) Jli=o, on 991,
4(0,)=d9, H(,-) = Ho, in Qo,

where n = —AJ|3§2(t)An and A = (? _()] )

Proof. Note that the conformal map P = P; + i P, satisfies the Cauchy-Riemann equations

01 PL=0P,
0P =—01 P>.

Straightforward calculations give
u-VH — VI:IJIZ, Vp— JTVﬁ, Au — QZAL?.
The other terms can be calculated similarly. O

Next, to handle the free boundary, a traditional way is to consider it in the Lagrangian coordi-
nates. For @ € Q(, we define

d - ~ ~ ~
EX(t,cb)=J(X(t,5>))ﬁ(t,X(t,c?)))7 in (1),
X(0,0) =, in Q(0),
i.e.,
d o, . L .
EX (tvw)zJk](X(taw))u](taX(t’w))a m Q(t)’
xXk0, @) =k, in Q(0).
Then, we define the Lagrangian variables

(@) =i, X1, d)),
§(t, &) = p(t, X(t, ®)), (3.2)
G@t,&):=H@, X(t,d)),

and
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tn o (X" HX! -t
<4:21 ;:22>(t’w)'_<315(2 325(2> (, @). 3.3)

Changing to Lagrangian coordinates, we have the following lemma:

Lemma 3.3. In Lagrangian coordinates, system (3.1) becomes

2 2
0 — Q*X) D OV Gl + Y, hGlu S (X)
jokm=1 k=1
2
= Z 31Gi~1k.]kj()~()éj, in S:Z(),
jk, =1
2 34
8téi = Z 8j1~)i£’jk.]k1()~()él, in Qo,
jok,I=1
Te(ViZJ (X)) =0, Tr(VGIJ(X)) =0, in Q,
(—GZ + (VT J(X) + (VOZJ (X)) + GG (I (X)) 'VaXiig=0, ondQo,
5(0,) =7p, G(0,-) = Gy, in Q,

where VA X = —AVXA.

Proof. From (3.2) and (3.3), we obtain system (3.4) in Lagrangian coordinates from standard
calculations. O

With a slight abuse of notation, we define

2
(VI = > om0 &) m;-

J.k,m=1

Note that the notation (V(Vﬁg‘)f)i does not represent the matrix multiplication. It involves the
first-order derivatives of ;:, v and the second-order derivatives of v, which is sufficient for us to
calculate.

Finally, system (3.4) becomes

30— Q*X)V(VID)L +J(X) T TVG=VGrJ(X)G, in Q,

8,G =VitJ(X)G, in Qo,

Te(ViZJ (X)) =0, Tr(VGrJ(X)) =0, in Qo, (3.5)
(—GZ + (VT J(X) + (VEZ J(X)T) + GG TY(J (X)) "' VA Xiig=0, on 3,

5(0,) =19, G(0,-) = Gy, in .

4. Local existence of smooth solutions to system (3.5)
In this section, we prove local existence of smooth solutions to system (3.5).
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We will define the iterative sequence
{()}(ﬂ)’ 5(11)’ q(ﬂ)’ é(ﬂ)) ‘n=0,1,---}
and show that
(X™ - X, 5™ —¢,™ —G4,G™ —G):n=0,1,---}
is Cauchy in suitable spaces, provided T > 0 small enough. Here we have introduced
X=a+tJvy, G=Go+1VigJGo,

and the construction of (¢, g4) will be clear in Section 4.1. Let n > 0. We separate the iteration
for (v, g) from X and G, i.e.,

8t1~)(n+1) _ QZA{)(H+1) + JTvq(n+l) — f‘"(n)’ in (0, T) x {20’
Te(VotD gy =g, in (0, 7) x Qo, @D
[—g DT + (VoD 1)y + (VD NI g =h™,  on (0, T) x 3%, '
90, &) = (@), in Qo,
where f (N g<"> and 72 collect all the nonlinear terms at the n-th step, i.e.,
f(n) - _ QZAT)(") + _]Tvq(ﬂ) + Q2(X<"))V(Vﬁ(”)2("))f(”)
_ J()}("))Tg(n)—rvq(n) —i—V(N;(n)E(n)J(f((n))G(n), 4.2)
g = Tr(ve™ ) — Te(voW ™ g (X ™)), 4.3)
R = — 5™ 1o + G (T (X ™)1V X iy
+ (VO™ ) + (v I i
_ ((Vﬁ(")f(”)J(X’(”))) + (vg(n)g(n)J(f((n)))T)J(f((n))—lVAf((n)ﬁo
— GMWGWT J(XM)TIva X Wi, (4.4)
The magnetic field G+ solves
GV (1, @) = Vo™ (1, ) ™ (@) (X (1,)G™ (1, @), “5)
G(0,) =Go(@), in Q. ’
Finally, we define
d - -
Zxm+D) s 5) = @t oNT® (+. &
th (t, @) = J (X" (t, 0)v" (1, @), 4.6)

X0,0) =&, in Q.

We will study (4.1), (4.5) and (4.6) separately. For linear system (4.1), we consider the fol-
lowing system with initial data v(0, @) = 0:
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0 — Q*AV+JTVG=F, in (0, T) x o,
Te(VoJ) =3, in (0, T) x Qo, @
[—GZ 4+ (V3J) + (VO DI Yig=h, on (0,T) x 90, '
9(0,@) =0, in Qo,
with the compatibility conditions

Tr(Vigd) = g(0), in Qo,
—1zy1 = STy 715 — 7 —17 41 G (4.8)

(J )L (VE) + (VOI) I Yig = h(0)(J " 'Tig)t,  on 8.

Define

Xo:=1{(@,§) € Kt (10, T1; Qo) x K3, (10, T1; Qo)},

1
S—3

Yo :={(f, & h) € K5, (10, T1; Qo) x Ko, ([0, T1; Qo) x K> (10, T1; 80) :
(4.8) are satisfied},

for the solutions (9, §) and data (f, g, h), respectively. Also, we define a linear operator L :
Xo — Yo, related to system (4.7)

L(@5,§)=(f.3.h. (4.9)
From [4, Theorem 4.1], we have the following lemma:

Lemma 4.1. For system (4.7), the operator L defined in (4.9) is invertible for 2 < s < % More-
over, |L™Y| is bounded uniformly if T is bounded above and the following estimate holds

13, Dllxo < CNCF, & W)y,

4.1. Technical modifications of the velocity field and pressure
To apply Lemma 4.1, we modify the velocity field and pressure such that the modified terms
belong to X( and the time derivative of the modified initial velocity field vanishes. For this

purpose, we extend the construction of the approximated solution in [4, Section 5].
For our problem, we need to choose ¢ such that

770) =t =¢0), (@5")(0) = (3:)(0),
for all n > 0. Note that, if # = 0, the first equation in (3.5) reads
(8,9)(0) — Q*Atio+ J 'V§(0) =VGoJGo,  in .
Therefore, ¢ must satisfy
(0:$)(0) = Q*Alg — J VG (0) + VGoJ Go,  $(0) = o,
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and a reasonable choice is

¢ (1) =09 +1(Q* ATy — J TVG(0) + VGoJ Go).

To specify Vq(0), we study the iterative system for the velocity and pressure in o =
P~1(Qp) through the inverse of the conformal mapping P.
More precisely, we define

v® @, P~Y®)) =" (s, ),
g™, P~ @) :=q" (1, @),
f0@, PY @) = f™(, @),
g, P7H(@) =3, @),
KD, P~Y @) :=h" (1, ®).

Then, system (4.1) becomes

du D — A D Ly rtD — g in (0, T) x Q,
divo®tD) = g, in (0, 7) x Qo,
[—g" VI + (Vo@D + (Vo D) Tylng =ha™, on (0, T) x 39,
v(0, w) = vo(w), in Q.

A straightforward calculation gives
38" =9, divo™D = Ag™ — AgTD 4 div £,

Setting t = 0, it follows that

{—Aq("“)(o) = (3" (0) — Ag™(0) — div f™(0), in Q, .10)

gD 0)no = (Vo + (Vo) Hng — hno, on 9.
Hence, from Go = Hp, div Hy =0, (4.2), (4.3) and (4.4), we conclude that

F™(0) =VGoGo,

g™ (0) =0,

h™(0) = —GoG{ no,

div f™(0) = Tr(VGoVGo).

Observe from (3.3) that 8,7 ™ = —£ MV, XM ™ This, together with (4.3), implies that
(8:8™)(0) = Tr(VioJ VigJ).
As a result, we obtain
(3g")(0) =Tr(Vvg Vo).
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and we conclude that q("H) (0) solves

—Ag"D(0) = Tr(VueVug) — Tr(VGoVGy),  in Qq,
gtV (0)ng = (Vv + V] + GoG{)no, on 9,

and is independent of n.
Back to the domain €2, for all n, we have

—Q2AG™D(0) = Tr(VigJ Vi) — Tr(VGoJVGoJ), in Qo,
G0y I g = (Vi + (Vio) T +GoG)J g,  on 8.

Therefore,
¢ =10 + 1 := o + 1 (Q*Aly — J Vg + VGoJ Go),
and gy solving

—Q0%Agy =Te(VigJ VigJ) — Te(VGoJVGoJ),  in Q,
G J ~Viig = (ViigJ + (Vo))" + GoGg)J ~liig,  on 3,

are well-defined.

Once we obtain ¢ and g4, we define the modified velocity field ™ and the modified pressure

s by

oM =5 — o,
G =" = .

In terms of W™ and c}l(v") , system (4.1) can be rewritten as
9, +D — Q2 AHTHD JTVC]z(Ile)

= f™ — 8,0+ Q*Ap — T Vi, in (0, T) x L0,
Te(Vo ™D )y =g —Tr(VeJ), in (0, 7) x Qo,
(=G0 T + (Ve D7) + (VD )T g

=h" + GgJ g — (V¢J) + (Vo) )T Vg, on (0, T) x 3,
w0, ) =0, in Qo,

where
]Z(n) _ QZA(II}(”) L)+ JTV@I(Un) +34g) + QZ()?("))V(V(IT}(") +¢)E(n))g(n)
— _](X'(ﬂ))TZ-(H)TV(égl) +Gp) + VG(")E(")J(X(M)G("),
g =Tr (V@™ +¢)J) = Te(V@™ + ) T (X™)),

W = =@y +39)7 " Ao + @y +G9) (T (X)) T VAX Mg
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+ (V@™ 4+ ¢) ) + (V@™ +¢)J) "I g
— (V@™ + M IEXD) + (V@™ +¢)c T XM)T)IEX M) T VAX Mg
_ G(”)G(")TJ()?("))_IVA)?(")ﬁo.

Furthermore, we have

t
G("H)(I,J)):Go+/V(1D(")(t,d))+¢(r,(I)))E(”)(d))J(f((")(r,J)))G(")(r,&))dt, (4.12)
0

and

t
XDt )=+ / J(X™ (2, @) (@™ (1, ®) + ¢ (1, ®))dT (4.13)
0

for the magnetic field and flux, respectively.
4.2. Estimates to prove the local existence

The following estimates of the flux and magnetic field require being verified to prove the local
existence theorem.
Without loss of generality, we assume 7 < 1 throughout the paper.

Lemmad.2.Let2<s <3, 1<y <s—land X —&— [y JV¢dr € ATV H Let §, > 0 be
sufficiently small. Then, for T > 0 small enough, we have

t

X — @ oo gss1 <71 X—@—fjw)dr + C(Do, Go)T,
0 As+1Ly+1
t
~ ~ ~ 3
IX = @l ooy < X—cb—/JV¢dr + C (D, Go)T*,
4 0 As+Ly+1
t
1% =l s = CT* | X = [ 4v9ur +C (o, Go)T,
0 As+Ly+1
t
I1X =& s <CT? X—@—/Jvd)dz +C (B, Go)T?,
H. .2 H2tn
© 0 As+l,y+l
t
I1X =&l s 1 <CT? f(—cb—/]Vqur +C (o, Go)TF,
H2 4H2+M
© 0 As+1‘y+1
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IX — X|| gs1ps1 < | X — 0 — / JVpdr
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+C(50,(~;0)T%,

0 As+Ly+1
t
X || oo s+ <71 X—@—fjwdr + C (Do, Go).
0 As+ly+1
Proof. From the definition of the functional spaces, we have
t t
X — &l poogrsst < || X — & — / JVpdr + /JV¢dr
0 Loo s+l 0 Lo Hs+1
t t
<73 f(—cb—/]qudr + /J(Vﬁo+rv$)dr
0 LOIOHerl 0 Lo Hs+1
i
'
<Ti X—@—/Nqsdr + C(i0, Go)T,
0 As+Ly+1
and
t t
||5(_5)||L010HS+15 X—@—/]V(f)dt + /JVd)dr
i
0 LOlOHs+1 0 LOIOHH—I
4 1
t t
< X—d)—/JVqﬁdt + /J(Vﬁo+tV<73)dr
0 L010H5+1 0 LOIOHHI
7 I
t
< X—@—/dez + C (B0, Go)TH.
0 Ax+l,y+l

For some § > 0 small enough and % < n < 1, from Lemmas A.6 and A.10, we know that

I X _CU”H(lo)H}/H
t
X—&— / JVodr

0

t

+ fJqudr

0

IA

1 +1
H(O)HV

t T

/af(f(—c?)—/JV(pdS)dr

0 0

IA

14+n—6 +1
H(()) HY
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C. Hao and S. Yang

Journal of Differential Equations 379 (2024) 26-103

t
<cT? X—J)—/der + C(#, Go)T?
0 H(lo‘;'”Herl
t
<cr? x—@—/fwdr + C(i, Go)T 2,
0 As+Ly+1
and
t t
I1X =& s < X—@—/Jw;dr + wa;df
H(0)2 H2+u s—1 s—1
0 H(O)Z H2+n1 0 H(O)Z H2+n1
t T
< / (X —&— / JV$dE)dt
s=lig
0 0 H(0)2 +8 5H2+“
+C@rll w1 +C @, Goll*ll e
Hoy Hoy
t
<CT? f(—d)—/Jngdr +C (o, Go)T?
s=lis
0 H(0)2 H2+n
t
<cr | X —a— [ Jvedr + C(i, Go)T2.
0 As+Ly+1
Similarly,
t
X =&l ;5 1 <cT? X—cb—/JVq&dr + C (o, Go) T,
H2 4H2+“
© 0 As+lLy+l1
t t
IX — X || gssrysr < | X — 0 — f JVdr + /sz?df
0 As+Ly+1 0 As+ly+1
t
< f(—d)—/JV¢dr + C(i, Go)T 2,
0 As+Ly+1
1 Xl oot < IX = Bllpsopgss + 18]l oo
t
<7 f(—cb—/Jw)dr + C(%, Go). O
0 A.&+I,y+1
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Lemma4.3.Let2<s<3, 1<y <s—1and G—Go— [y VoJGodr € AV . Let §, u > 0 be

sufficiently small. Then, for T > 0 small enough, we have

t

G — Gollpoops < T G—Go—/vwéodr

0
t
IG = ol = |G = Go— [ V9sGode
b
0

t
IG = Goll gy, v < CT*

G — Gy —/V¢>Jéodr

+ C (¥, Go)T,
Ay

+C (0, Go)T3,
A,r,y

+C(50,(~;0)T%,

0 Asy
t
1G=Goll x  <CT? |G- Go [VosGadr| -+ Cl. GorT?,
©) 0 Aoy
t
IG = Goll 4 LS cTé |G - Go— / VoJIGodr|  +C(io, Go)TS,
© 0 sy
t
IG = Gl = |G = Go~ [ VosGodr|  +CGn. G,
0 Aswy
t
Glimm =74 |6~ Go~ [ VosGodr|  +Cain. Go
0 Asy
Proof. From the definition of the functional spaces, it follows that
t t
IG — Gollzeons = |G — Go — / V¢ JGodt + /Vq&]f}odt
0 L®HS 0 L®HS

t t

<71 G—Go—/quJGodt + fvwéodr
0 LYH? 0 L>®HS
1
t
<TG =Go— / VoJGodz|| 4 C(ig, Go)T.
0 As.y

Similarly,
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t
IG = Goliprw =G = Go— [ VosGoar|  +CG@.Gorl,
* 0 As.y

For some § > 0 small enough and % < n < 1, from Lemmas A.6 and A.10, we have

t t
IG — GouH(lO)Hy = ||G - Gy —/V¢>Jéodr + /vwéodr

0 H(IO)HV 0 H<10)HJ/
t

/af(é—éo—

0

Vo JGode)dr

IA

Oﬁ\.xﬂ

H(‘(;”"‘HV
C (D0, Go) (||t t2

+C@o. Go)Ultll g, + 1171, )

t

<cT? G—Go—/V¢JGOdt +C (i, Go)T?

0 Hl+nHy

(]
1

<CT’ G—Go—/quJGodt + C(39. Go)T?,

0 Asy
and
t t
IG — Goll 5=t = é—éo—/VqSJéodr + /qu]éodr
Hgy HI*H sl st
0 H(O)2 Hl+n 0 H(O)z Hl+n
t T
< /Bt(é—éo—/Vq&Jéodé)dr
=L 458
0 0 H(O)Z Hl+n
C (9o, Go)(||t 12
+C@o, Go)litl gy + 117l gy )
t
<c1 |G -Gy —/Vqﬁ]éodt + C(#, Go)T?
0 H((;)%+6H1+H
t
<CT?|G -Gy —/quJGodt + C(i, Go)T?.
0 Asv
Similarly,
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t

I1G = Goll 5 1 <cr’ G—Go—/VqSJGodt + C(#, Go) T3,
H6> 4 gltu
( 0 As.y
t t
IG — Gllasy < ||G — Go —/VquGodr + /rvéjéodr

0 As.y 0 Asy
t

G—Go—/V¢Jéodr + C(B. Go)T?.
0 Ax.y
IG — Gollons + 1Goll Lo ns

IA

A

I1G Lo ms
t
é—éo—/V(ﬁJéod‘L’ —I—C(f)o,éo). O
0 Assy

B

<T

In the above, we assume that

t t
X—a-— / JVedr e AT and G — Gy — / Vo JGodt € A7 .
0 0

We conclude that X — X and G — G belong to the functional spaces A**!7*+1 and A%, respec-
tively, since

t

é=70+1p, ando /Jrvésdr lio = 0.
0

However, X — & does not belong to ASTLy+1 gince the initial value of its time derivative does
not vanish. Similarly, G — G does not belong to A% either.

As a result, for the flux and magnetic field, we must adopt these technical modifications to
ensure that the modified quantities belong to suitable spaces. In this manner, we are able to obtain
the desired estimates and establish the local existence.

4.3. The local existence theorem
The main result of this section is the following theorem:

Theorem 4.4.Let 2 < 5 < § and 1 <y <s — 1. Let v(0) =19 € H*(Q0) and G(0) =
Go € Hk(Qo) for k large enough There exists a sufficiently small T > 0 and a solution

(X =X, W, Gu, G —G) e ASTLyHL ICEJ)I X K;r(o) x A5 in (0, T] x Q0 such that
t
)?—@—/der <N,
0 A.&+I,y+1
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1@, Guw) — L' (ff + foo. 85 hqb"'hGo’O)”ic&“xlCY =N,

pr(0)

t

G-Go— / V¢ JGodt <N,

0 Aswy
where
1 1
N := /rJVqsdr + /rVqAﬁjéodr
0 ALy ([0,11:Q0) 10 A7 ([0,11;:920)
+ ”L l(f¢ + fGO’ h¢ + hGO)”’CAJrl [0,1]; QO)X’Csr(O)([O 10 QO) (414)

Remark 4.5. Recall that we have assumed that 7 is less than 1 since we only need to prove the
existence of solutions for 7' > 0 small enough. Therefore, we take the integral from O to 1 in the
above definition for simplicity.

Recall X = & + tJvg and G= Go + tViyJ Go. It follows that
X—Xeatbrtl  G_GeA,

since the initial Values of the time derivative vanish. Also, we have introduced the terms
fGO, hGO, f¢ ( n, gL 84 and hL which will be defined later (cf. (4.15)) for technical modifica-
tions.

To prove Theorem 4.4, we need to verify the following propositions:

Proposition 4.6. Let 2 < s < % and1 <y <s—1.Let (@@, %), X, GOy = ((0,0), X, G)
and N be defined as in Theorem 4.4. For T > 0 small enough depending on N, vy and Go, it
follows that

X0 — X eattr @™ g0y e Kif! x K3, G™ — G e A,
t
XM _p— / JVpdr <N,
0 As+Ly+1

||(u~)("),(§(") (fq) + fGo’ h¢ +hGo)”ICS“><IC’ <N,

pr(0)

t
G™ —Gy— / V¢ JGodt <N,
0 Ay

where n > 0.
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Moreover, we have

1 ~ ~(n+1 ~ o (n+1 v
§ D =B et + 185 = 3l ) + 1KY = X O gy

UG = G wr
< CWN. 0, Go) T (™ = 0"V lcasr +135 =35l )

+ C(N, vy, éo)T‘s2 ”)}(n) — XD Il gs+1y+1

+ C(N, 59, G)T#|G™ — GV g5,

where §; > 0fori=1,2,3andn > 1. Inparticulfzr, ((ti)(f), t},(;)), X — )A(, G — G) is Cauchy
for T > 0 small enough and the limit (W, gy ), X — X, G — G) satisfies

X—Xe AT+ (@, Gy € IC(O) X K0y G—GeA,
t
X—@—/der <N,
0 A.Y+l,y+l
G, Gu) = LNy + foo 8- hg + 6ol =N
t
G—Go— / VoJGodr <N.
0 AsY

Therefore, we have solved system (3.5).

We will show that if the initial iterative sequence meets the conditions in the first part of the
following lemmas and propositions, all subsequent quantities belong to the predetermined balls
uniformly for 7 > 0 small enough. Additionally, the iterative sequence is Cauchy and its limit
solves system (3.5).

To start with, we write system (4.11) as follows:

L@, GO0y = (7O — 0,0+ 02A¢ — T Vi, 3 — Te(VpJ),
R 4 Gy d ™o — (V) + (Vo) )T Vi)

=(f" = f60.8" . 0" — hgo) + (ff + foo. 85y + hay).

where

51



C. Hao and S. Yang Journal of Differential Equations 379 (2024) 26-103

fc, :=VGoJGo,
hg, = —GoGq J o,

[y =-00+Q°Ap — T Vi,
g =g £ Tr(Vplsdy) — Tr(VoJ),

25 =—Te(ViyJy).

hf = GgJ 'iio — (VoI + (V) )T Vg,

(4.15)

and

Eot, ) =T +1 (95", im0 =T =1V ),
2
p)ij 1) = Jig () 41 (3T RO @ o) = Jij + 1D @i TaTh).
k=1

In this fashion, we easily check that

(f = fGq. 8™ A" = h,)(0,) =0,
(f + fGo: 85 1y +1Gp) (0, ) =0,
(3g")(0.) =0,

(3:24)0,) =0,

(38" — Tr(V$J)))(0,) =0.

These technical modifications are necessary as
(f™ = f60. 8" h"™ = hgy).  (ff + foo. 851+ hey)

belong to Yp. As a result, we are able to apply Lemma 4.1 to obtain some time-independent
estimates.
To prove Proposition 4.6, we define the following notations:

t

B(X):={X:X—XeAtbrtl f(—cb—/JVd)dr <N},
0 As+Ly+1
Bw.q) = {(@. ) €K' x K}, :
G, Gu) = LNy + Foo 85 g + 6l s, = N

t
GG Gedr, G—Go—/wsjéodr vl
0 Asy

B(G):

where N is given in Theorem 4.4.
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We study (4.11)-(4.13) separately. From [4, Proposition 5.3], we have the following lemma
for system (4.13):

Lemma 4.7. Let 2 <5 < %, 1<y <s—1. For T >0 small enough depending on N and vy, it
follows that

(1) Forn >0, if X e B(X) and @™, G{") € B(w, q), we have X"V € B(X).
(2) For n = 1, if X®=D X0 X0+D ¢ B(X) and (0", G5 ~"), @™, Gy"), @Y,
c}l(vnﬂ)) € B(w, q), the following estimate holds:

[ XD — X0 yeiry01 < C(Do, NT (0™ — =D i + X — XD gernyi1)
for some § > 0.
4.4. Estimates for the magnetic field
In this subsection, for the estimates of the magnetic field, we prove the following proposition:

Proposition 4.8. Let2 < s < %, 1 <y <s—1.ForT > 0 small enough depending on N, vy and
Go, we have

(1) For n = 0, if X € B(X), @™, §5") € B(w,q) and G € B(G), we have G"*V €
B(G).

(2) Fornz1,if XD X™ X0 € BX), @D, g~ ") @™, g, "D, gy ) €
B(w, q) and Gr=h g Goth ¢ B(G), the following estimate holds:

IG"HD — G| gsr < C(N, o, GO)T(IG™ — G V| g
+ o™ — gD ||,%+)1 F X — XD gos1p41) (4.16)

for some & > 0.

Proof. Part 1. To show GtV € B(G).
We have

t 1
Gt _ Go—/quJGodr < /Vﬁ,m)g(n)”g(n))@n)df

0 Asy 0 Asy
t

+ /Vﬁo(2<">J(X(">)G<”> — JGo)dt

0 Asv
1

+ /rvé(EW)J(X("))é(") — JGo)dt
0 As.y

=1l asy + 120l asy + 11505y -
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Recalling A% ([0, T]; Q) = L°°([0 T]; HS ()N HO)([O T1; HY (2)), we start with the esti-
mates || 7; || Loo gs fori=1,2,3. In order to apply Lemmas 4.2, 4.3 together with the estimates in

Appendix A, these terms require being properly separated.
To control the first term, we use Minkowski’s, Cauchy’s inequalities and the definition of

LS H® to obtain
by

17 ||L°°HY < sup 1~ / HVIZ}(”)E(")J(X("))G(")
i 1€[0,T]

dt

HS

< sup t_%t% ”VIZ)(H)E(H)J(X(”))G(H) ||L2([0’t];HS)
1€[0,T]

=THIVDMED JXDYG™ — Gol s + THIVEDE™ T (X ) Gol 26
=N+

We will only focus on the estimate of /1 | since G is the initial data. From the hypotheses

X®MeBx), @",q"M)eBw,q), G™eB(G),

and applying Lemmas 4.3, A.1 and A.3, we have

l - ~ ~ ~ ~
Iy < THIVED ) 2y 18D oo ps 1T (X | oo s |G — Goll oo s

< T“C(vo)llw(")ll;c 116G = Goll Lo
C(N, 39, Go).

Similarly, I » < T3 C(N, 9, Go). Therefore, we have Y2, I ; < T3 C(N, i, Go).
For the second term, we have

2]l jooggs < sup t -3 Vﬁo(f(")./(f(("))é(”)—]éo) dt
L H p
tel0,T] 5 H?

< sup 17112 [ Vi IR G — I Go)ll 2oy
t€[0,T] T
Tivs (70 7o my A0 A
ST#|Vy ("I (XY)G —JGO)”LZ([(),T];HS)
= T4V ™ (J(X®) = NG® oy + THIVEC™ =TI G [ 2
F TV (G™ — Go)l 12 pgs

=h1+hy+ 13
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We only concentrate on the estimate of I 1 since those of 5 » and I 3 are similar to that of 15 ;
by applying Lemmas 4.2, 4.3, together with

1E — Tl oo s = 1EV (@ — X (1, &) | Lo ps
<1 oo s 1@ — X (t, @) || oo s
<THC(N, by, Go).

From Lemmas 4.3, A.1 and A.3, we have

l - ~ ~ ~
Ly < T3Vl 2 I8P poo s | T (X)) — Tl oo s |G || oo prs
3 - ~ ~ ~
< T#|Vigllzoons 1E ™ oo s 1 (X ™) = Tl oo pas |G ™ || oo ps
<TiC(N, by, Go).
We conclude that Z?:l I; < Ti C(N, 99, Go).

The estimate of I3 can be achieved from a similar argument by replacing Vg with rVqS. In
fact, from

N ~ A 3 o~ A
1TVl L2ps < lITl2C (v, Go) = T2C(vo, Go),

. 7 ~
we obtain ||I3||LoloHs <T3C(N, vy, Go).
i
Combining the above calculations, we have that
! 3

G —Go— / V¢ Godr <> WMillens <TICN,50,Go). (417)

i 3
0 rens =
1

Next, we estimate || /; || H2, 1Y fori = 1,2 and 3. To control the first term, we apply Lemma A.6
to get

112 gy < IVDDETEX DG 1

In order to apply Lemmas 4.2, 4.3, together with the estimates in Appendix A, the above expres-
sion should be expanded into 8 terms as follows:

v ® j(XM)GW = v (™ — 1) + T (X™) — T) + JIG™ — Go) + Gol.
We concentrate on the most difficult term Vﬁ)(”)@ ™ —T)y(J (XM = J)(G™ — Gp) and the

others are similar or easier owing to the initial data Gy.
From the hypotheses

X" eBX), @",4)€Bw.q), G eBG),
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combined with Lemmas 4.2, 4.3, A.1, A.3 and A.9 with y > 1, it follows that
IV ™ E® =D (X?) = DG™ = Golll gy v
< IVl g 18" =Tl I XY = Tl 5 1G® = Goll gy,
= CW. B0 GOl X™ =Bl 4 T°
<T¥C(N. . Go)
for some § > 0 small enough. We conclude that

11l g2 1y < T2 C(N, ty, Go)

for some §; > 0.
For the second term, we have

152l g2, gy < V80T XD = TG0l gy, py-
A slightly different way to write Vﬁo(f(”)J()N(("))é(”) —JGy) is

Vig(Z ™I (XM)G™ — JGo)
=Vio[(Z™ = T) + TN (X™) = J) + JI(G™ — Go) + Go] — VigJ Go

where we split into 7 terms since VugJ Go has been eliminated. From a similar argument we
conclude that

12052 v = T2C(N, vy, Go)

for some &2 > 0 small enough.
Similarly,

153152, 1 < ITVHE D TXG® = TGOl v
and we rewrite it as

TVHE® J(XMYGM — JGo)
=tVHIC™ — D)+ T (X™) = I) + JI(G™ — Go) + Gol — tVHJ Go.

We point out that qAb depends only on the initial data and || 7 || HY, < CT%, it follows that
151l g2, v < TC (N, o, Go)

for some 63 > 0 small enough.
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Combining the above calculations, we conclude that

! 3
Gt~ Go— [VosGudz| =YWkl = TOCWN. 0. G
2

0 2 !
Hg, HY

where § = min{§, &>, 83} > 0.
This, together with (4.17), we complete the proof of Part 1.

Part 2. To prove the validity of (4.16).
We consider the difference

t
Geth _ g — /.[Vﬁ(n)g(n)J(X(n))é(Vl) _ Vﬁ(nfl)E("*I)J(X(nfl))é("*l)]dt‘
0

To control the estimate in LS° HS, from Minkowski’s and Cauchy’s inequalities, we have
q

[ A
1

t
— /[Vﬁ(")g‘(").](f((n))é(") _ Vf)(n—l)g-(n—l)J(f((n—l))é(n—l)]dr

O LOIOH.Y
i

t
1 ~ ~ ~ ~ ~ ~
< sup ,—z/Hv;)(n);(n)J(X(n))G<n)_W(n—1>§<n—1)J(X(n—n)G(n—l)” dt
1€[0,T] o He

< THIVEWE J(XW)G® — vin=DFE=D j(ZO=D)GO=D Y 50
= T 2
We write J; as
T = (Va® — v5@=D) ;0 j ()G 4 yst=D G _ Fe=Dy 5 gm) G

+ Vﬁ(n—l)g(n—l)(J(}”((n)) _ J(f((n—l)))é(n)
+ Vf)(nfl)E(”*U](X("*U)(G(”) _ G("*]))

4
= Z‘]l’i‘
i=1

For J1.1, from X™ e B(X), @"~D, g%y, @™, 5"y € Bw, ) and G™ € B(G), together
with Lemmas 4.3, A.1 and A.3, we have
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10102 ps < V™ = V8" DY oy 18D N oo prs 1T (X ) [ oo s |G || oo s
< C(N, g, Go)[0™ — &~V ;2541

< C(N. 9. Go)[[&™ — "Vl cssr.
(]

Recalling 7™ = %™ + 3y + ¢ and applying Lemmas 4.3, A.1 and A.4, we estimate J; » as
follows:

11202 < IVE" ™D 2o 12 = £ oo s | T (X || oo s 1G | oo s
< (|0 p2ggs1 + Dol 2 g5+t + 15PN 2 5g5+1)

X = XD Lo e C(N, B, Go)

~ 1 ~ ~
< C(N, G0, GO)THIX™ — X7V oo yor
b3

<T3C(N, 0, Go) | X™ — XD gesr .

The estimate of J; 3 can be achieved from a similar argument thanks to Lemmas 4.3, A.2 and
A.3. Thus, we have

1 . AT = (n—
113l 2ps < TAC(N, B0, Go) | X — XV geysr.

For the last term, from Lemmas 4.3, A.1 and A.3, the following estimate holds:

I allp2ps < IVE DU 2 IZO™ D oo prs [T (XD | oo s |G — GOV || oo s
<UD 25 + 100l 25 + 11D L2 ) IIGT — GOV oo s C (N, g, Go)
1 ~ ~ ~
<T3iC(N, iy, Go)|G™ — G V|| poopgs

<T3CN, 7o, Go)|G™ — GOV g

Next, we estimate ||G"TD — G®)|| H HY - From Lemma A.6, we have

”G(nJr]) —Gm ”H(zo)HV < ||V1~)(")E(")J(X(”))G(n) _ Vﬁ(ﬂfl)z(flfl)J(X'(nfl))é(nfl)”H(IO)HV

< [VBWE®™ J(XM)G™ Vw(n—l)gm—l)J()}(n—l))é(n—l)”H(IO)HV

+1IVL DI X MG = Vil DI XOTNG T gy

+llepe @ IEX DG — 1§ "V IEXOTNG VN gy
=:|J J: J: .
/2,1 ”H(IO)H}/ + 1l 2,2||H<I0)Hy + | 2,3||H(10)Hy

We expand J> 1 as follows:

58



C. Hao and S. Yang Journal of Differential Equations 379 (2024) 26-103

D =VaPIE® =) + LG XD) = J(XOT) + 1 X OTDGW

— V= DE@e=D j(gr=DyGn-D

= va®[E™ - "I ET) =N+ " =T
+EW =D E™) - IEX"TD))
+ (X)) = J (X7 + 207D (X T)IG™
— Vﬁ)(n—l)g(n—l)J(j((n—l))é(n—l)

=V (™ — "I E"D) = DG = Go) + Gol
+Va "™ — D IG™ ~ Go) + Gol
+ Vo™ — D) (X)) - JEX"TINIGE™ ~ Go) + Gol
+ V(I (X)) = JXTTINIG™ ~ Go) + Gol
L Vp®Ee=D y(xt=DyGm
— v DFe=D j(gm=D)Gn-1)

=V " "I EX"Y) = (G - Go)
+ V@™ — "I &) = )G
+ V™™ =" I(G™ — Go)
L V™ E®W =Dy 560
+ Vo™ — D X)) = JEX"TNG™ ~ Go)
+ V"™ - D) (X") = J(X")Go
+ V(I XD) = JXTDNEGY - Go)
+ Vo (I(EX™) = J(XOTD)Gy
+ (V™ — v "D DI (XD) = )G = Go)
+ (V™ — v D — 1) s (G"D — Gy)
+ (Vo™ — v (X" = )GV - Go)
+ (Vo™ — v~ (G — Gy)
+(Va" = v "V — D (X“7D) — 1)Go
+ (VB — Vo) @MY — 1) Gy
+ (Vo™ — v =T (X" - NGy
+ (Vo™ — v =T G,
L V™ EED Z 7y (X®D) — 1y (G™ — Gy
L Va®WE-D _ 1y (G™ — G
+VHPWIZIX"D) - (G - G"D)
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+ v (G™ - G"D)

20
= Z'b’l’i'

i=1
We explain the procedure of separating the magnetic field in this process. To begin with, we avoid
multiplying (™ —z®=D) and (J(X™) — J(X®~D)). Then, in each product, we leave just one
item as the difference between the iterative steps n — 1 and n. To estimate the other terms, we

subtract their initial values.
We will focus on the most complicated term J> 1,1. From the hypotheses, Lemmas 4.2, 4.3,
A.1, A4 and A.9, we obtain

J

1 2,1.1 ”H(IO)HV

= IV E® =" X") = NG? = Golll gy py

< V™ F) _ =1 J(Xn=Dy _ g cm _ G

< ”1-1(10)[-[)/ IIs ¢ ”H(]O)HV IJ( ) ”H(lo)]-]y I 0”[-1('0)]1)/
= T'CIN, B0, G IX™ = XVl it IX"7D =l s

<TPC(N, b0, GO)IIX™ = X"V goria1,

for some § > 0 small enough. The remaining estimates can be achieved from similar arguments.
We conclude that

8
D I anillgy gy < T CN. B0, Go) | X = X7V gy,
i=2
16
D hillyy gy = T12CWN, B0, Go)lld™ = 0"~V e,
i=9
20
2 2illgy gy < T2 CWN . G0, GOlIG™ = GOV 4oy
i=17
for some 67,1,; > 0.
For J, > and J; 3, the idea of their expansion is very similar to that explained before. These,
combining with the fact that vy and ¢ depend only on the initial data, we conclude that

1 2ill gty rv < TP C(N, B0, Go)(IX® = X7V gosryir +1G® = GOV asr)

fori =2,3 and some §,; > 0.
To complete the proof, we combine the estimates in L3°H* and H(ZO)H ¥ to obtain
I

1GD =GPl asr < CN, B0, GOT (1G™ = GVl gsr + 0" = "D cre

+ ”)N((n) — )N((nil)HAerl,yH)
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for & Zmin{}_p % 82,1,1,02,1,2,62,1,3,022,823}>0. O
4.5. Estimates for the velocity field and pressure
In this subsection, for the velocity and pressure, the following estimates hold:

Proposition 4.9. Let2 < s < %, 1 <y <s—1.For T > 0 small enough depending on N, vg and
Go, we have

(1) For n > 0, if X™ e B(X), @™,5") € B(w,q) and G™ € B(G), we have (w®+D,
~ 1
g™ e Bw, ).

(2) Forn>1,if X"=D, X 0D e px), @V, gy ~"), @™, g4, @™, g0 e
B(w, q) and Gr=D G Guth ¢ B(G), the following estimate holds:

(n+1) _ ~(n) (n+1) _ (n) ;
i B st 1850 =0 e,

= C(ilo, GOT* (16" = GVl gsr + 10 = D" Vlljerer + 175" = a1 llics,

X = XOTV o)
for some § > 0.

Proof. Part 1.
To begin with, from Lemma 4.1, we have

1@, oDy = L7V + foor 85 hig + hao)lxo
=1L = f60. 8" ™ = hay)lx,

= CUS® = foollssr + 18 ks, + 10" =gyl , ). (4.18)
(W)

It is sufficient to estimate || ™ — fGO”ICfO’)I’ ||§(n)||;€»(vo) and [|h™ — ﬁGo” s—4
©
Estimate for /).
We write f™ as
FO =—Q*A@®™ +¢) +1TVG™) + QHX V(@™ +$)f )™
i J(X(n))TE(ﬂ)TV(q("))
=[-Q*A0" + Q* (X ") V(Va ™)™
—0%A¢ + QXX ")V(VHL ™) ™)
+1TVG" — XY TEWTvg™)
[VG(")E(VL)J()N((”))G(")]
(n) f(n) f(n) + f(”). 4.19)
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Note that the terms ~U(J"), fqgn) and :,(n) have already been studied in [4, Proposition 5.4]. How-
ever, our definition of ¢ differs from [4] since we have introduced the initial magnetic field
Go. It turns out that this distinction has no significant effect on the estimates of f dg") in [4],

but the constant will depend on Go. As a result, it suffices to estimate || f((;") — fGO lz2gs—1 and

x(n) ~

||fG _fG()” s—1
HZ L2
©0)

To control the first term, we expand fé") — fGO into
i foy = VGMED J(XM)G™ — v GoJ Gy
=[(VG™ —VGp) + VGolZ ™ J(X™)[(G™ — Go) + Gol — VGoJ G
=(VG" = VGo)t ™I (X")(G™ - Go)
+ (VG —VGo)Z ™I (X™)Go + VGl ™ J(X™)(G™ — Go)
+ VGt ™ (J(XM) = NG+ VG ™ —T)J Gy

5
=: Zdif.
i=1

We only focus on the estimate of d lf and d { and the others are similar.
For ||dlf||Lsz71, from the hypotheses X € B(X), G™ € B(G) and applying Lemmas 4.3,

A.l and A.3, we have
] 25521 = [(VG™ = VG )™ T(X™Y(G™ — Go)ll 25—
< IVG™ —VGoll 25112 | oo st 1T (X )| oo 511G — Goll oo g

< TBCN, T, Go)
for some & > 0 small enough. For ||d4f 7251, we apply Lemmas A.1 and A.3 to obtain

Id] 121 < IVGoZ ™ (T (X™) = 1)Goll 2 o
< IVGoll2gs—t 1™ oo st 1T (X ™) — Tl oo grs—1 |Gl oo pgs—

ST%C(N,ﬁo,Go).

Next, we estimate || f((;") — fG,ll 1. Adifferent way to write fé") — fG, is:
H,2 L2

)
~é’1) - fGO
=vGW® j(XMG™ —vGoJGy
=[(VG™ —VGo) + VGoll¢™ —T) + ZI(J(X™) — J) + JI(G™ — Go) + Go]
— VG()JG()
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15
_yal,
i=1

where we expand VG(”)Z‘(")J (X™)G™ into 16 terms and VGJ Gy has been eliminated. We
only focus on

df = (V6" — VGG DI (X®) = NG ~ Go),

and the other terms are si~milar or easieg.
From the hypotheses X € B(X), G e B(G) and applying Lemmas 4.2, 4.3, A.1, A.3, A.7
and A.10, we obtain

S f
ldi | s=1
H;

<I(VG® = VG " = DI X™) = NG™ = Go)ll w1
o)

o L Hop H'*Y
<IVG™ =VGoll w1 1C" =DUE™) =Dl w1 NG" =Goll w1
Hyy L Hgy HTT Hgy HT
SN =I) XD =T IG = Goll?
Hgy HUT Hgy HIT Hgy H'*7

<IXW —a) o
Hy

<T¥C(N, 9o, Go) (I X = X|| gss1501 + T)
< C(N, ¥, Go)T*

C(N, %, Go)(IX™ = X|| s, +T)T?
H,>  Hln

24
H= ©

for some &, n > 0 small enough.
We conclude that || | w1 < CN, o, Go)T% for 8 > 0,i=1,---,15.
H.2 L2

Combined with the above calculations, it follows that
£(n) F(n) F(n) Fn)y 7 8 ~ =
I f II,%—)I + 11/ ||1c§031 + 11 /g ”’CfoGI +1lfg fcoll;qo—)l <T°C(N, v, Go) (4.20)
for some § > 0.
Estimate for z.

As in [4], we rewrite g"("):

g(") = Tr(V(zI)(n) +¢)J) — Tr(V(ﬂ)(") +¢)E(ﬂ)](}~((ﬂ)) +T1‘(V¢E¢J¢) _Tr(VeT))
= TI'(V{[)(")(] — J()?(n)))) + TI'(VII)(n)(I _ E(n))J(X(n)))
+Tr(Veply (Jp — J (X)) + Tr(V Gy = E")I (X)),

We refer to [4] for the details and the final estimate depends on both vy and Go, ie.,
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18" s, = T*C(N. T, Go) @.21)

for some 0 > 0. ~
I:lstimate for h™,
h™ can be expanded as follows:
RO = — g™ y=1i0 4 g™ g (X™) 1y, XM,
+ (V@™ +¢)J) + (V@™ +¢) )T g
— (V@™ + )™ J(X™y)
+ (V@™ 4+ ¢)c ™I (XM T I (X M)TIv X D7y
_ (;(n)(";(n)TJ(f((n))—lVA)}(n)ﬁO
— Vlb(")ﬁ() _ VIZ)(”)E(”)VAi(n)ﬁO
+ (Vo™ TI g — (v J(XM)TIX ™) TV X D7
+ Voitg — Vo™ MV, X Mg
+ (Vo) T T Vg — (VoI (X)) T J(XM)Iv, X Wig
+ (=" g+ G T (X)X i)
+(=GMGMT J(X M)V, X Wiig)
T 7 (n) rm) | 7)1 7 (n)
= h0) + 1)) + by +h,? +h + R (4.22)

The estimates of 7", fzi’? ﬁg’) , ﬁfbnT) and l;g") in the above are the same as in [4]. Therefore, we

only focus on the estimate of fzgl) — hg, and write hg, — ﬁg) in a different way

hGo —hY = GWEMT J(XM)TIVAX Wiy — GoG Y T g
— (G~ Go)G™ — Go) IR VAR iy
+Go(G™ —Go) T (XM TIVAX i
+(G™ —G)Gg J(X )~V X Wiy
+ GoGo(J(X™) ™! — T VA X Miig
+GoGy J I VAX Mg

5
= Zdlh
i=1

We only concentrate on the most difficult term d {’ It is worth noting that these products involve
the inverse matrix of J, i.e.,

-1 (2x!' —2x?
J(X) _< S5 oxl ) (4.23)
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This, together with the hypotheses X € B(X), G™ € B(G) and applying Lemmas 4.2, 4.3 and
Theorem A.11, we obtain

h
-

— ||(G(n) _ GO)(G(n) _ GO)TJ(}}(n))—IVAf((n)ﬁO”LZHkl

2

<IG™ =Goll , .. 1 1G" = Go) "l

s=7

JEM) VAX®iigl
et WO VARl

1
s—75 7

1~ ~ I _ ot ~
<CT2|G™ — GO“iooHr% 17X ™) 1||LOCH ”VAX(")nO"LooHS—l

1~ ~ ~
<CTIG™ — Goll3 oo s I1X ™11 s
<C(N, iy, Go)T.

Similarly,

2

5

h ~ 5 3
22 lld; ”LszJ <C(N, v, Go)T 3.
1=

For ||sz0 — fz(Gm I 51, weuse the following expansion:
H2 L2
©

hGy—h® =GWEMT J (XM=, X Wiy — GG T T i
=[(G™ — Go) + Goll(G™ — Go) + Gol "[(J(X™)™ -y~ + 71
(VAX™ —T) + Tliig — GoGL T I~ it

15
=3
i=1

We focus on the most difficult term cf{l. From the hypotheses X™ e B(X),G™ € B(G), (4.23)
and applying Lemmas 4.2, 4.3, A.7, A.8 and Theorem A.11, we obtain

1
412

h
Iyl s
Hp,

= (G = Go)(G™ = Go) ' (J(X)™! = J™H(VAX™ = Dyito]| 4
H, L?
<IG™ = Go)(G™ = Go)T|

-}
2
o L

)
NI ED)TE— g (VX ™ =Dl 5oy

274 ggytn
o H2

Fy—1 _ g—1I
o W EDT Iy

)

(S}

<IG™ =Goll 5y 4 IG" =Gl

1
1
H, ©) H

=1~

H
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VAR 7|
IVa |-t gt

<16 =Goll 5y WG =Go)'ll s XTI =TT
© HT Hgy “H™T Hgy “H™
NVAX® T s
Hg, *HI*
< C(N, #i, Go) T X" — &)
H2 4H2+'7
)
< C(N, g, Go)T*
for n, § > 0 small enough. Similarly,
h ~ S
ldill sy < C(N, 3o, Go)T
L2
0)
for some §; >0,i =2,3,---, 15, and we conclude that
L e L R 1 P s s L
K(O) (0) (0) (0) (0)
IR —hGO||’C | SCN, o, Go)T? (4.24)

(]

for some 8 > 0.
Combining the estimates (4.20), (4.21) and (4.24), we complete the proof of Part 1.
Part 2.
Recalling

L@HD — g Gomh _ gy — (F _ F=D) g0 _ g0i=D j _ =D

and applying Lemma 4.1, we have

@D — 5™, g5+ — g x,
— ”L*](f(n) f(n 1) (n) g(ﬂfl)’ h(”) _ ];(nfl))”XO

= CUT™ = 7" Pllercr +18" = 8" Pllge, + 1AW ="Vl 1)
(©)

Therefore, it is sufficient to estimate || f® — f("_l)H}Qa)l, g™ — g<”—1>||,q0) and ||h™ —
Al [

)
Estimate for [ — f=1,

In (4.19), we expand f® into four terms, ie., f® = fi” + f(") Fam 4 f(") The study
for f® — F@=D inyolves estimates of i — fir—V f(") f(” D and f(") q("_l) which
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can be found in [4, Proposition 5.4]. Therefore, we only concentrate on the estimates || f; fm

16 s and 17" = J VN s
2
. . (O) L
For the first term, we write it as follows:

F_ f=h g Gz j(xm)G® — v GrmDz =D p(x (=) Go=D

=VGME™ =) + LTI X ™) = X OTD) + T (X)IG

= VG =" M) + VX)) — I (X))
+ 7D j(x=DyGM — vGr D= g (x=DyG=D

=vGM (@™ — =Dy j(XHGW 4 vGMW =D (g (x™y — J(X®Dy)
G™ £ vGWEm=D j(x(=DyGm _ yGu-Dza=1) j(gO-1)Gn-1)

=[(VG" = VGo) + VGol¢™ = £ (XM)(G™ — Go) + Gol
+I(VG™ = VGo) + VGolc " " (J(X™) = J (X" DNIG™ — Go) + Gol
+ (VG —VGo) + VGolg "V (X" D)(G™ — G
+ (VG = vGrTIHTD X TTHGTTY — Go) + Gol

de+2df+2df+2df

i=11

In this process, we first avoid multiplying (™ — z®=1) and (J(X®) — J(X"~D)). Next, for
the difference G™ — G~ 1| we leave just one term as the difference between the iterative steps
n — 1 and n in each product. Finally, to apply the estimates, we subtract their initial values.

We only focus on dj 7/ and dgf and the others are similar. For d] 7/, from X® X0=D ¢
B(X),G™ € B(G) and applymg Lemmas 4.3, A.1 and A .4, we obtain

1] 11 2 prs-1
=[(VG™ —VGo)@™ = ;"N IXMNG™ — Go)ll 251
<IVG™ = VGoll oo =1 115 = £Vl oo st 1T (X )| oo =1 16 = Goll g2 g5
<T2G™ = Goll} oo 2™ = TV oo pgs 1 1T (X oo e
< C(N, 7o, GOT|X™ = X~V Lo s

< C(N. 50, GOTH|X™ — XD ey
4
< C(N, 50, G T X™ — X"V gyryr.
Similarly, applying Lemmas 4.3, A.1 and A.3, it follows that

7
”dg ||L2H.v71

= (VG D —VGp)r " VIX"D)G™ — G V)| L2 pge
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<IIVG™ = VGoll oo grs—1 12"l Lo o=t 1T (XY | oo rsm1 1G™ = GOV 2 gy
<T2G™ — Goll o 1"V Lo st 1T RO oo st 16 = GOV o gy
< C(N, 50, GOTHIG™ = G V|| g

< C(N, 7, Go)TIX™ — X7V 4.

Similarly,

8
D Nd pzpsr = CON B0, GOTHIX®™ = X7V oy,
i=2

12
Y1 2 = CN G0, GO T2 G = G
i=10

for some 61, 5, > 0.
s—1 ~ ~
It remains to show the estimates in H(OZ; L?. We expand f((;") - fg’fl) as follows:

P Fh g G@Em J(R0) G0 g Gu-DE=D j(g0=D)Ge-D
— (VG™ — vGr=DyFm (X m)Gm
L VG (E _ F=Dy j (g G
FVEIDFE=D (XM Z J(X=Dy) G
F VGV p(xr=Dy G _ Go=D)

4
= Z Ii.
i=1
We only concentrate on the estimates of /1 and I3. We write I as follows:

I = (Vé(n) _ Vé(”*”)&(")](f{("))é(ﬂ)
=(VG" = VG " - 1)+ T (X™) = 1)+ JIG™ — Go) + Gol

8
=: Zd{i.
i=1

To control df | = (VG™ — VG@=D)E™ — 1)(J (X™) — J)(G™ — Go), we recall the hy-
potheses XD X ¢ B(X), G"D G™ e B(G) and apply Lemmas 4.2, 4.3, A.1, A.3 and
A.10 to obtain

ld{ |1 o=
Ll sl
H
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=[(VG" = VG " = DI E™) = NG™ =Gyl s

< (VG = VG "D DI E™) = DI 1 16 = Goll s
H

2
H(O) L

o k Hgy H'*7
<IVG™ =G V| r "V =D E") = DI
H(O) L2 H(()) H+n
G™ = Goll
H(O) Hltn
<IGW =GV oy eV Ty XD =)
H(O) H! H(O) H+n H(O) H+n
IG® = Goll s
Hy? H'n

©0)

<TG - GO e,

for 8, n > 0 small enough. For d1f8 = (VG™ —VG"1)JGy, applying Lemmas A.6 and A.10,

we have

ld{gll 1 =1(VE™ VG )Gl o
H(O)2 12 H(O)2 L

<IVG™ =vG" D) w1 [JGoll s

1+
H(O) L H(O) Htn

<CG)IG™ =G V)
Hoy H'

t

< C(N, 99, Go) a,[é“’) — G Dyr

s—1
5=+ -6
0 2 1791 44
H(O) H

< C(N, g, Go)T®|G™ — GV

s—1

5 +6
7 1

H(())

< C(N, 79, Go)T*' |G™ — G| g5,

H!

for 81, n > 0 small enough.
Next, we write I3 as follows:

L= Vé("_l)f(”_l)(J(f((”)) _ J()}(n—l)))é(n)
=[(VG" D —VGo) + VGoll(c" P —T) + 1]
(I XM — JX"DNG™ — Go) + Gol

8
= :Zd{i.
i=1
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For d{l = (VG D —VG) (™D —T)(J(X™) — J(X"=D)(G™ — Gyp), we apply Lem-
mas 4.2,4.3, A.2, A.3 and A.10 to obtain

=[(VG" ™V = VGV = DI X™) = JX"TINGE™ = Go)ll w1
Hy)
<IVG™D =VG)E "™V = DU E™) = JX"TI

H(O) L
NG = Goll s
H(O) H1+n
<IVG"V —VGoll s 1C" D —DIEXD) -~ T XN
2 12 H. .2 Hl+n
©) )
G = Goll s .
H(O) H'Tn
<IG"™V = Goll s NETV TN X)) T XD
H(O) H H«)) H'™n H(()) H'™n
G™ = Goll s
H(O) H]+77

<T3¥X™ — XOD) 4os1p11,

for 8,17 > 0 small enough. To control dé’ig = VGo(J(X™) — J(X®=D))Gy, we apply Lem-
mas A.2, A.6 and A.10 that

ld]gll w1 =[VGo(J(X™) = JX"DNGoll w1
CUH 2 L2 7

© Hey L
<IVGo( (X™) =T X" 1 NGoll w1
H(O) L H(O) Hl+n
<IVGoll s IJXD) I X" 1 Goll s
Hey L Hy Hgy HUT
<CGYIJXM) = I X" D)
H.2 Hl+n
0)
t
< C(N, 99, Go) a,/ff(") — XDy
0 et 1+
H(()) H'tn
<C(N, i, GOT* | X™ =X~V oy,
2 Tl gy

(]
< C(N, 7o, G)T* [ X™ = X"V gosrp1,

for 81, n > 0 small enough.
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Similarly, I and I4 can be expanded as follows:

L= VG-V EM _ F0=Dy y(gm)Gm
=[(VG"™D = VGo) + VGl — ")
AU XM = 1)+ DING™ = Go) + Gol,
I = VGE—DFe=D j(gn=DyGm _ G-y
=[(VG"D —VGo) + VGollE "V —~T) + 7]
AUEY =D+ DG = GUTD),

and we conclude that

Il i < CWN. o, GOTIG™ = GVl gy,
Hgy L

121 st | = CN B0, GoT™ X = X0V g,
()

I3 w1 < CN.To, GOTH X — KOV g,
Hoy L

14l st | = CN. B0, GoTHI G = GVl g,

0)

for some §; > 0.
Estimate for " — g=1,
From [4, Proposition 5.4], we have

18 = 8"Vl = CIN, B0, GOT (IX® = X"V gosryr + 0@ = BV ).

Estimate for 7™ — fzs’l_l). y ~ _ . . - .
In (4.22), we expand 7™ into six terms 7™ = 7% + hf:% + h((,,n) + h((;T) + g + h((’;)' We

~ ~(y_ s_ 1
only focus on the estimates of hg) — hg’ Din L2H*~7 and H(%)) *L? and the other estimates

can be found in [4, Proposition 5.4].
Fn=1) _ 7(n) .
We expand ||h  —hg ||L2H _y as follows:

s

r(n—=1)  17(n)

hG _hG

= GMGMT J(XM)=ly, W5, — GA-DGO-DT y(xn-Dy=ly, xr=Dz,

— G(")G(")T(J(X("))_l _ J(X(ﬂ—l))—l)VAX(n);lo
+ G(ﬂ)G(")T](X(nfl))*lvAX(n)ﬁo
_ é(nfl)é(nfl)'l'](f((nfl))flVAX(nfl)ﬁO

=[(G™ — Go) + Goll(G™ — Go) + Gol " (J(X™)~! — 7 (X D)"hyv, X7
+GOGMTIXTD)TH(VAX®Y = VA XDy
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+[GWGMT _ Gr=DGn=-DTyjxn=-Dy-ly, x-Ds,

=[(G™ — Go) + Goll(G™ — Go) + Gol T (J(X™) ™! = J (X"~ D)"Hva X Wiig
+[(G™ = Go) + Goll(G™ = Go) + Gol " J (X)) T [(VaX™ = VA X"~ D)]iig
+I(G™ = Go)+ Gol(GMT =G VT (X" D) vy X Vi
+(G" = GGV = Go) + Gol (X" TIVAX Vi

= Zdh+2dh+2dh+2dh

i=11

To obtain the above expression, we first deal with (J (X™)~! and (J(X®D))~L. Then, we

expand G™ — G~ in each product and subtract the initial values.

We only focus on the estimates of J{‘ and Jé’ and the others can be deduced similarly. For d {’,
from X®~D X™ ¢ B(X),G™ e B(G), (4.23) and applying Lemmas 4.2 and 4.3, it follows

that
<h
o

=I(G" = Go)(G™ = Go) (X)) = J X" THVAX Wi,

Y_,

~(n) (n) T v(n)y—1 (n—1)\—1
<IG™ =Goll .y IG" =G "Il oy ITEX)T =g X
\V/ X(ﬂ)~
IVAX 0l o-d
1 ~ ~ ~ ~
<CT2I1G™ = Goll? xm _ x©r=1) x ™
<CT?|| ol |t XU
1~ ~ ~ ~ ~
<CT2IG™ = Gollfoo s IX™ — X"V oo s |1 XD poo gy
< C(N, ti, G)T | X™ — X"Vl oo s
< C(N. 50, GOT X — XD oo
4
< C(N, 50, G TH|X™ = X"V gosry.
To control d%, applyin (4.23), Lemmas 4.2 and 4.3, we have
9> Applying
1511, oy =1G™ =Gy (G =GO XDV X " Vi)l
(n) _ ~(n) _ Am=DNT (n—1)y—
<IG™ =Goll .y IG" =G T I EODT
AVAX
L*XH" 2
<CT3G™ —Gol 1 IG™ =G Dy x@
LXH"2 L®H Lo gtz

l ~ -~ P ~ _ ~
<CT2(|G™ = GolleomsIIG™ — GVl oo prs | X || oo g
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< C(N, i, GOTF[G™ — GV oo s
< C(N, 70, GO)TIIG™ = G" V|l pops

i

< C(N, 70, GO)TIG™ = G" V| gsr.
Similarly,

8
DU, oy < CWN B0, GOT IG™ = GV e,
i=2

12
DNd oy < CWN. G0, GOTZIX® = X7V goinpin,
i=10

for some 61, 5, > 0.
It remains to estimate ||h(Gn_1) — h((’;) Il 51 In each product, we leave only one term as the
H2 412

difference of the iterative steps n — 1 and n. Then, for the remaining terms, we subtract the initial
values. Finally, we expand ];((;;1—1) — fzgl) as follows:

= GMWEMT J(XMy=1y, XM 5, — Gr-DGu-DT y(x=Dy=ly, gr=Dz,
=[(G™ — Gr=DYIGMT J(XM)~1y, XMy + GO-DEOT (X My~1y, X ™5,
_ é(n—l)é(n—l)TJ()}(n—l))—lVAX(n—l)ﬁo
=[G —G" MNGCMT —G)+ G NI X™)™ = H+771
[(VaX™ —T) + Tliig
+ G(n—l)(é(n)Tj(j((n))—lVAX(n)ﬁO _ G(n—l)TJ(X(n—l))—lVAX(n—l)ﬁo)
=[G™ =G NGWT =G+ G NI X))y —ahH+ 771
(VAX™ —T) + T
+I(G"D = Go)+ Gol(GW =G )T X)) = hH+ 771
(VAX™ — Ty + Tlitg
+ LGV = Go) + Goll(G"™V — Go) + Gol T (J(X™)~! — (XD~
[(VAX™ —T) + Titg
+ LGP = Go) + Goll(G"™V = Go) + Gol "[(F (X"t —y~hy+u71]
(VAX® — VX Dyigg

8 16 24 32
=y dl+y dl+ Y dl+ ) dl
i=1 i=9

i=17 i=25
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by applying

G(n)TJ(X(n))—lvA)}(n) _ é(n_l)TJ(X("_l))_IVAf((n_l)

_ (G(n)'l' _ é(n—l)T)J(f((n))—lvAX(n) + G(n—l)TJ(f((n))—lvAf((n)
_ Gn=DT jx=Dy=ly, xe=1

=G = G"IDIIEM T =) +ITNEVAXY - D) + 1]
+ G(nfl)T(J(X(H))flvAX(n) _ .,(X<n71))71VAX(”71))

= (G = GUTIDHIIEM) T —ITH + ITIIVAX® ~ D) + 1]
+ G(”_I)T(J()?(”))_l _ J(f((n—l))—l)vA)}(n)
4 G(n—l)TJ(}}(n—l))—l(VAX(n) _ VA)?(n_l)).

To control d{’, from X™ ¢ B(X), Gr=D G ¢ B(G), (4.23) and applying Lemmas 4.2, 4.3,
A.6, A.8, A.10 and Theorem A.11, we obtain

7h

||d1 || s_1
2%
H(()) L2

=IG" =G NGMT = G X)) —ITHEVAX® = Diiioll 5
(©)

1
412

<IG™ = G""NGWT =GOl 4.
H@,

NI =T HVAX" -D
H
(

370 g hn
0) H?2

<IG" -GV

H

AT =g

0)

1[_]7#

IN
|
T
=

L, IGWT =G s
H(2

S

Iy IVAX® =T) o0,
274 gt 274 gyt
H(O) H2 H(O) H2
<IGW -GV o NG =Goll gy JIEMT =TT,
Hg *H'™# Hg, *H'*# Hg “HT
IVAX® —TI| 4y
H(O) H!l+n
<CIGW =G" V| 1 NG —Goll 4oy XM -a)?,
Hg “HI* Hg *H!*® Hgy *H

<C(N, o, Go)T?|G™ -GV, 4
H((z)) dHI-n

< C(N, T, GOTPT?G™ = GV
H

l—p
o H

< C(N, 50, GO TG = G V|| s
for 8, n and p > 0 small enough.
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||d{’7 I s ! L can be estimated from a similar argument by applying the same lemmas and we

) ©
obtain

yh
||d17|| s_1
274

H(()) L?

=GV — Gp) (G — Go) T (J (XM~ — g(XmDyTh
S(VAX™ — Dol s

Hg

<GV =G G" DT —GHI 5

1
472

Hi *1?
AT EM)T - g (XY THVAXD —D)) 0,
H2 4H2+'7
)
<|IG® D —Goll « 1 G —Goll . .
< O”Hg;zH%—u I O”H(g;m%w

WET=IETTH gy VAR =TIy

5+
) o tH2T
=CIG"V =Goll s NGV =Goll gy IXW=XOTV
H(O) H'~t H(O) H'Tr H(O) H'Tn
AVAX® —T)
H(O) H1tn
<C(N, %, G)T®|X™ —&|| , 1 JX® XDy,
H2 4H2+r] HZ 4H1+”

0) )
< C(N, i, G) TP X™ — XD,
HZ 4Hl+n
)
< C(N, 50, G)T? X — XP= D goryan

for 8, n and o > 0 small enough.
Similarly,

16
DA sy < CN, T, GOT G — GV g,
= H(Z 4L2

0)

32
Doldll sy < CWN B0, GOT®IX™ — XD gornpan
=g Ho "L

for some 61, 5, > 0.
Combining the estimates together, we complete the proof of Part 2. O

With Propositions 4.8 and 4.9, let us now explain how to prove Proposition 4.6 and Theo-
rem 4.4.

First, the initial iterative sequence meets the hypotheses of Part 1 in Lemma 4.7, Proposi-
tions 4.8 and 4.9. For T > 0 small enough, we conclude that all the iterative sequences belong to
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the corresponding spaces and especially, the predetermined balls. Next, the hypotheses of Part 2
in these lemmas hold for any n > 1 automatically. As a result, we obtain the estimates as desired.
It is clear that for 7 > 0 small enough, the iterative sequence is Cauchy and the same estimates
hold when n tends to infinity. In particular, the limit of the iterative sequence solves system (3.5).
5. Stability estimates

In this section, we prove the stability of system (3.5).

Recall Qo = P(Qp) and let (w, gy, X, G) be a solution in Qo with initial data vy and Go as
in Theorem 4.4. To prove the stability, we choose a family of initial data v ve,O’ el ¢.0 and define

Q:(0) = Qo + &b,
where |b| =1 is a constant vector such that p-! (Qg(O)) is not a self-intersecting domain as in
Fig. 3 and Fig 6.
Let (W, g qw e X ! G’ ) be a solution in Q ¢(0) with initial data ¥’ .0 and G/ £.0 38 in Theorem 4.4.

Let N, be the constant defined in (4.14). Clearly, to apply Theorem 4.4, we should define a new
¢, as follows:

QL =1, 0+ 1¢, =1, 0 +1(Q* AT, o — T Vi, + VG, I G, ).

where G . solves

—Q?AG) , =Tr(Vi, o Vi, oJ) = Te(VG I VG, OJ) in fze~(0),
Gl oJ o= (Vi oJ + (VO )T + G, (Gl I g, on 9Q(0).

To compare the solutions, we first shift the solutions from 525(0) to fzo and define
(We, Gu.e Xe, Go)(t, @) 1= (W}, Gy », X1, GL)(t, & + D), & € Q.
Similarly, we define ¢, v, and g.. Meanwhile, we choose initial data 5;’0, CN?;,O such that
(@, 0, Gb.0)(@ + £b) = (U0, Go) (@), @ € Q.
Therefore, we have
(e, G)(0, ) = (7, 6)(0, @).

From Theorem 4.4, letting n tend to infinity in (4.11), (4.12) and (4.13), the solution
(W, gu, X, G) solves

oy — Q2AW +J Vg, = f+ fL

Tr(ViJ) =g + 25,

[—GuwZ + (VW J) + (Vo) J Vg =h + hE,
w(0,) =0,
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where
f=—0*A+¢)+J V(G +3ds) + Q*X)V(V(@ + ¢)0)E
—J(X) TV (Gw +Gy) + VGLI(X)G,
i = — ¢+ Q°A¢p — J Vi,
g§=Tr(V(@ +¢)J) — Tr(V( + ¢) J (X)),
gy = —Tr(VoJ),
h=—(Gw+dp)J o+ (Guw + Ge)(J (X)) ' VaXiig
+ (V@ +¢) ) + (Vb +¢)J) )T g
— (V@ + )T T (X)) + (Vi + $)EJ (X)) I (X) ' VA Xiig
—GGTI(X)" VA Xiy,
h =g~ iio = (Vo + (VoI) ) I~ no.
t
G, &) =Gy +/V(1Z)(r,c?)) + (1, d) (@) (X (r,®)G (1, d)dT,
0
and

t
X(t, &)=+ / J(X(1,®)(W(t, &) + ¢ (1, ))dr.
0

Similarly, the shifted solution (W, Gy ¢) solves

dbe — QFAWe + I Vue = fe + fi o

Te(Vibe Je) = Ze + 85

(=G e T + (VideJe) + (Ve Je) DI o = he + b .,
e (0, ) =0,

in fzo, where

fe= = Q2AMWe + @) + I V(Guw.e +Gp.e) + QF (X)V(V(We + ¢pe)e) e
— Je(X) '8V Gu.e + dp.e) + VGele Je(Xe)Ge,
fhe=—0e+ QAP — [ Vi c.
8o = Tr(V (e + ¢e) Je) — Te(V (i, + ¢e)Ce Je (Xe)),
2he=—Te(Vee o),
he = — Gu.e +dp.) 7 0+ Gu.e + Gp.e) (Je (X)) ™' Vo Xeiig
+ (Ve + @) o) + (Ve + ) Je) ) I g
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— (VW + ¢e)Ce Je(Xe)) + (Vg + he)Ce Je(Xe)) ) Je(Xe) ' Va Xeiig
— GG, J:(Xe)"'VaXeito,
h o =Gp.eJ7 0 — (Ve Je + (Ve Je) ) I o,
Je(@) = J(@+ ¢eb),
Q@) = Q*(@+ ¢b),

and
e 1= U0 + e 1= D0 + 1 (Q2 AT — J, Vg + VGoJ:Go),

where Gy ¢ solves

—Q2AGy.e =Tr(VigJ.VigJe) — Tr(VGoJ.VGoJe),
Go.e J g = (Vg Je + (VigJ) T + GoGy)J; o,

in fZ(),
on afzo.

Next, we consider the difference (W — We, G — Guw.e, X — X, G — Ge).
(W — We, Gw — Guw,) solves
(W — i) — QP AW — W) + J TV (Gw — Gu.e) = Fe,

Tr(V (@ — W) J) = Ko,
[—(Guw — Gu.e)Z + (V@ — W) ) + (Vi — D)) )T Vg = He,

(w —we)(0,-) =0,

in Qo, where

Fe=f = fet [ = fi e +(Q% = QD ADe + (I = T )Viue,
— 8+ 8f — 8o+ Te(Vibe(Je — ),
Hy=h—he +hl — Y .+ Guw..(J7" = I Diig
(Ve Je) I g — (Ve J) T T iy,

For the flux and magnetic field, we have

d - - = o -
EXS(LCU):J(Xe(t,a)))vs(tsw)a
X.(0,®)=d+¢b, inQy,

and
3 Ge(t, @) = Vie(t, @)L (@)J (X (t, )G (t, ),

G:(0,) = Go(®), in Q.

It follows that
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t
G =Go+ / V(e + $6)8J (Xe)Gd,
0

t
X, =cb+sb+/1(5(g)(lbs + ¢e)dr,
0

and we conclude that ()~( -X P G- Gg) solves

t
G-G:= / [V + ) T (X)G — V(e + ¢e) e I (Xe) G ld,
0

t
X—X.=—cehb+ /[J(X)(w +¢) — J(Xe)(We + ¢e)]d7.
0

We state the main result in the following stability theorem:
Theorem 5.1. Let 2 < 5 < %, l<y<s—1If0<T < C*%forsome 8 > 0, then
IX — Xell oo ot < Ce
where the constant C depends on the initial data. In particular, we have
dist(92(7), 32 (1)) < Ce (5.1
fort > 0 small enough.

Thanks to Theorem 4.4, the solution belongs to the predetermined balls whose radii depend
on the initial data. As a result, Theorem 5.1 is a consequence of the following results:

Lemma5.2. Let2 <5 < %, 1<y <s—1and?é >0, it follows that

(1) |J = Jelur < Ce and | Q* — Q|| ur < Cé for r = 0.
(2) ¢ — Pellpooystt < Ce and ||¢p — ¢5”H('O)H’ < Ce for smooth initial data vy, Go and r <

s+ 1.
(3) 1g¢ — Gp.ellgr+1 < Ce forr = 0.
4)

IX — Xe 4 &b —t(J — Je)Toll_gs+1.p+1
<Ce+ CT(|X — Xe +6b — (J — J)Tol| go+15+1 + [0 — el (5:2)

for some constant C depending on the initial data.
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Proof. The idea of the proof is very similar to the one in [4, Lemma 6.1]. It is sufficient to make
minor changes to the definitions of ¢ and ¢, which now rely on both v9p and Go. O

5.1. Estimates for the magnetic field
In this subsection, we estimate the magnetic field G -G, and prove the following proposition:
Proposition 5.3. Let 2 < s < %, 1<y <s—1and?dy >0, we have
IG — Ge = 1VT0(J — Je)Goll asr
<CT(|w — el et + IX — Xo+8b—t(J — J)Toll go+1.0+1
+IG — Gy —tVig(J — Jo)Gollasr) + Ce, (5.3)
where the constant C depends on the initial data.

Proof. First, we estimate |G — G, — tVig(J — Jg)GoHLc;oHs as follows:
i

IG = Ge —1Vio(J — Je)Goll L s
4

t

= sup ¢4 / V(@ +¢)CJ(X)G — V(i + ¢e) e J (Xe)Ge — Vip(J — J)Godr
te[0,7T]
HS

1 - ~ o~ o~ - ~ ~  ~ - ~
sup 4V +$)E (G = Ve + 9% (Xe)Ge = Vo = I Goll o
tel0,T]

<THIV@ +$)E I (K)G — V(e + ¢ d (Xe)Ge — Vo — J)Goll 20,110

IA

We expand V(@ + $) 7 J (X)G — V(e + ¢e)ZeJ (X:)Ge — Vig(J — J5)Go into 25 terms:
V(@ + ) J(X)G — V(e + ¢e)Ee J (X)Ge — Vig(J — Je)Go
= [V J(X)G — Vel d (X)Gel + [t VHL I (X)G — 1V Lo T (X) G
+[Vige J(X)G — VipLe J (X)Ge — Vip(J — J)Gol

More precisely, we leave just one term as the difference of the iterative step n — 1 and n in each
product. Then, we subtract the initial values as before, i.e.,

Vi J(X)G — Vil J (Xe)Ge
=VZ[(J(X) = J(Xe) =T+ Jo) + (J = Je) + J(X)IG — Vb Lo J (Xe) G
=V [(J(X) = J(Xe) =T +Jo) + (J = I)G + VB — &) + 1T (X)) G
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— Vi, J(X,)G,
= Vi [(J(X) = J(X) — T + G + VB — Jo)G + VB[ — )1 (X)G
+ VI — ) 4+ WelZe J (Xe)G — VibeZe J (X)) G
= Vi [(J(X) — J(Xe) — T + J)IG — Go) + Gol
+ VHZ (] — TG — Go) + Gol
+ Vi — ) J (Xo)[(G — Go) + Gol
+ V(@ — W) Ze S (X)I(G — Go) + Gol
+ Vibele J (Xe)(G = Go)

2 4 6 8
=Y L+Y L+ Y L+ L+,
i=1 i=3 =5 i=7

VLI (X)G — tVeie ] (X,) G
=tVor[(J(X) = J(Xe) — T+ Je) + (J = Jo) + T (X)IG — 1V L: T (X) G
=tVor[(J(X) — J(Xe) — T+ Jo) + (J = J)IG + 1V — &) + L 1T (X)G
— VLo ] (X)Ge
=tVGL[(J(X) = J(Xe) = J + NG + 1V (J — J)G +1VH(E — &) I (X:)G
+ VUG — be) + ¢ 18T (Xe)G — VLo T (Xe) G
=tVI[(J(X) — J(Xe) — J + J)I(G = Go) + Gol
+1V$L(J — TG — Go) + Gol
+1VH(E = £) T (X)I(G — Go) + Gol
+1V(p — $) 86 T (Xe) (G — Go) + Gol
+ 1Vl J (Xe)(G — Go)
11 13 15 17
=221i+21i+21i+21i+118,
i=10 i=12 i=14 i=16

and

Ve J(X)G — Viole J (X)Ge — Vio(J — Jo)Go

= Vil [(J(X) = J(Xo) = T + o) + (J = Jo) + T (X)1G
— Vil J (Xe)Ge — Vig(J — Je)Go

= Vol [(J(X) = J(Xe) = T+ Jo) + (J = J)IG + Vil (€ — &) + &:1J (Xo)G
— ViiZe J (Xe)Ge — Viig(J — Je)Go

= Vot [(J(X) = J(Xe) — J + ING + Vil (J — J)G + Vi — ) (Xe)G
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+ ViZe J (Xe)G — Vit J (Xo)Ge — Vio(J — Jo)Go
= Vil [(J(X) = J(Xe) = J + J)I(G — Go) + Gol

+ Vo (J = J)I(G — Go) + Gol — Vio(J — J:)Go

+ V(¢ — )J (Xe) (G — Go) + Gol

+ ViZe J (X)(G — Ge)
= Vil [(J(X) = J(Xe) = J + J)I(G — Go) + Gol

+ Vigs (J — Jo)(G — Go)

+ Vio(¢ — £)J (Xe)(G — Go) + Gol

+ ViiZe J (X)(G — Ge)

+ Vi = I)(J = J)Go

20 23
=: Zli+121+ Zli+124+125~
i=19 i=22

We only focus on the estimates of /1, I7 and I13. The others are similar since v, <£ and (]35
only depend on the initial data.

To control T% 111l 72 s applying Theorem 4.4, Lemmas 4.3, 5.2, A.2 and A.3, we obtain

THI L g
= THIVBIJ(X) = T (Xe) = T+ JONG — Go)ll 2gs
< T4Vl g 1 oo s 1 (X) = T (Xe) = I + Jelloe s |G — Gollpooms
< C(N, Ne, B0, GO T3 1T (X) = J(Xe) = J + Jellpons
< C(N, N, 0, Go)T?

(I (X +eb) — J(Xe) |l Loms + 17 (X) = J(X +&b) + Jo — T || Lo ns)
< C(N, N, T, Go)T?

(IX + &b — XcllLons + 1 (X) = J(X +eb)l|Lons + 1Je = Tl oo s)
< C(N, Ne, B0, GO T3 (IX — Xe + &bl o s + Ce)
< C(N, Ne. 0. GOTE(IX = Ko+ b —t(J — J)ioll Lo + C(H0)e)

< C(N. Ne. 90, Go)T 2| X — K¢ + &b — t(J — Je)Toll_gs+10+1 + C(N. Ne. 0, Go)T 2&.
For T4 | 171l ;2 s » applying Theorem 4.4, Lemmas 4.3, A.1 and A.3, it follows that
1 1 - -~ ~ ~ ~
TH| Ll p2gs = THIV(W — we)Ee S (Xe)(G — Go)ll 2
l - - ~ ~ ~ ~
=TH|w —wellp2gs+1 el ms [V (Xe) Lo ms (G — Go)llL=ms
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~ 5 L. ~
S C(N7 N87 Vo, GO)T2 ||w - w€||K5+l .
0)

Ti 118l 72 s can be estimated by using Theorem 4.4, Lemmas 5.2, A.1 and A.3

1 1 ~ ~ ~ ~ ~ - ~
TallLsllp2gs = TH1tVell 25 1 oo s 1 (X oo s (G — Ge) — tVT0(J = Jo)Goll Lo ps
+ 1t Vio(J — Jo)Goll oo rrs)
- = 7 0= = ~ =
< C(N, N, 0, GO)T+(I(G — G¢) — V(] — J)Goll asr + &)

< C(N. N, 90, Go)T7([(G — G) — tVio(J — Jo)Goll s -

Next, we control |G — G, — tVip(J — JE)éOHH(ZO)HV' Applying Lemma A.6, we obtain

IG — Ge —tVip(J — Jg)(;on%m
t
= f V@@ +¢)CJ(X)G — V(i + ¢6) i J (Xe)Ge — Vig(J — Jp)Godt

0 H2

oH”

< IV@ + )T (X)G = V(i +¢e)ed (Xe)Ge = Vio = J)Goll ), -

Then, in a different way, we write V (w +¢)EJ()~()G —V(w, +¢5)ESJ(XS)G(9 —Voo(J — JE)GO
as follows:
V@ +$)CJ(X)G — V(e + ¢)Ce I (Xe)Ge — Vio(J — Je)Go
= (VB J(X)G — Vi, Lo J (X)Ge) + (tVPT T (X)G — 1Vl J (X)Go)
+ Vit J(X)G — VigZe J (Xe) G, — V(] — J6)Go).
We only focus on VIDEJ()?)G — VIZ)EZSJ(XE)GE and the others are similar since vy, <]3 and <13€
depend on the initial data.~ s _ o
In fact, we expand Vw(¢ J (X)G — V& J (X)G, into 24 terms as follows:
Vi J(X)G — VibeZ, J (X)G,
=V [(J(X) = J(Xe) = J + JDIG — Go) + Gol + Vil (J — J)[(G — Go) + Go]
+ VL = Z)1J (X)(G — Go) + Gol + V(W — ) J (X)I(G — Go) + Gol
+ Vibe £ J (X:)(G — Go)
= VD[ — 1) + I (X) — J (X)) — ] 4+ J)II(G — Go) + Gol
+ Vil — 1)+ Z1(J — J)(G — Go) + Gol
+ V(& — LT (Xe) — Jo) + TG — Go) + Gol
+ V@ — Be)[(Ge — ) + I (Xe) — Je) + J:1I(G — Go) + Gol
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+ Ve[ (& — ) + ZI[(J (Xe) — Jo) + Je 1(G — Ge)
4 8 12 20 24
SN DN TSN EDIW T
i=1 i=5 i=9 i=13 i=21
We concentrate on the estimates of ||H1||H(1O)Hy and ||H24||H(10)Hy.For |1 ||H<1O)Hy, applying Lem-
mas 4.2,4.3,5.2, A2, A3, A.10, and Theorem 4.4, we have
/i
g3, v
= IVl g1, o 1T =Tl iy 1K) = I (Xe) =T + ell gy, 5y 1G = Goll gy, o
< C(N, Ne, B0, GOT? 11(X) = J(Xe) =T + Jell gt v
< C(N, N, %, Go))T?
S (X +b) = T Xo)ll gy, py + 1 (X) = T (X +b) + Je = Tl gy, )
< C(N, N, %, Go))T?
X +eb=Xellgy r + 170 = I X 4Dy + 16 = Ty, pv)
< C(N, Ne, B0, GOT* (I1X + &b — X —1(J = Jo)o +1(J = Jo)Toll gy, prv)
+ C(N, Ng, 99, Go)T* ¢
< C(N, Ng, vg, GO)TZS(”}? +eb— f(e —t(J — Je)i}O”H(lo)Hy +lt(J = Jé‘)ﬁ()“[-[(lo)[—]}/)
+ C(Nv N67 ‘605 GO)TZSS
< C(N, Ne, B0, GO T? | X + &b — Xe — t(J = Je)oll gy, v + C(N, e, To, Go) T’
< C(N, N, v, Go)T® | X + &b — X — t(J — J) ol gs+1.p+1

+ C(N7 N€7 ‘605 GO)T2889

for § > 0 small enough. || f24]| HY, HY can be estimated by using Theorem 4.4, Lemmas 5.2, A.1
and A.10

124l gy, 1y = IV LI (G = Gell gy,
< IV, ”H(]O)H}/ I Je ”H('O)HV IG -G ”H(IO)HV
< C(N, Ne, B, Go) |G = Ge = 1Vio(J = J)Goll gy,
+C(N, Ne, o, Go)llt Viio(J = Jo)Goll yp v
t

< C(N, N,, %, Go) /ar(é — G, — tVig(J — J.)Go)dr

0 14+n—6
H(O) HY
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+ C(N, Ng, i, Go)e
< C(N, N, 90, Go)T? |G — G — 1V o(J — Je)Goll asr + C (N, Ne, B9, Go)e.

We can control the other terms similarly.
Combining the above calculations, we complete the proof. O

5.2. Estimates for the velocity field and pressure

In this subsection, we estimate the velocity and pressure (W — We, §uw — Gw.e) and prove the
following proposition:

Proposition 54. Let 2 < s < % 1<y <s—1and?d3 >0, we have

~ ~ ~ ~ S ~ ~ ~ ~
1w = Well gt + 19w = Gu.ellicy, ) = Ce+CT *(|lw — We ll ezt + 1w = qu.ellic;,. 0)

pr
+ 11X — Xe 4+ b —1(J — Je)Toll_gs+1.p+1
+1IG = Ge — tVio(J — J)Goll asr), (5.4)

where the constant C depends on the initial data.
Proof. Due to

(lZ} - 11185 Qw - ‘jw,s) = L_l(ﬁs, Igsy I—L, 0),
from Lemma 4.1, it follows that

| — uvgn,%l +1qw — qu.ellics

pr

< C F s — IZ = I:I .
© = CU Bl + 1Kellgy, +IBeNy)
©)
Therefore, it is sufficient to estimate |IF5||Ks—1, ||1€g||,€5 and || H; | L.
©) ©) o>
Estimate for 1:"5.
Recall that

Fo=f—fot+ f§ = fie+(Q% = QD) AD + (J] = T )V,

and we analyze (0% — QE)AIZ)E + (JET — JT)chw"€ first.
Applying Lemma 5.2, we have

2 2 ~ 2 2 ~
1(Q° = Q) AWl 2gys—1 = 107 = Q¢ ll oo gs—1 | We ll 2 gs+1 < Ce,

1T = IDVawelzgs— <17 = I oo gromt 1Guw.ell 25 < Ce.

Then, for ||(Q? — Qg)Ai;g | s=1 and||(JT — JET)qu el s=1 ,weapply Lemmas A.5, A.7
Hgy L? Hgy L2
and Theorem 4.4 to obtain
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2 2\ A~ 2 2 ~
Q7 = O Aw |l so1 =107 — Q:llgrenll Awell s
H(O)2 L2 H(O)2 L2

<Ce,

< Cellwell 51
2 H2

H;

T Tyw = T T ~
I = I IVaquell s.i < —Jg lgallVquwell =1 =< Ce.
H(O)2 L2 H<0)2 L2

Next, we pay attention to the estimate of f — fg + qu‘ — f:;‘ o+ First, we rewrite fé‘ - f¢L e as
follows:

Ff = Ffe=00e — 00+ (Q*Ad — QIAPe) + (J, Vig.e — T Vi)
= Q?Adg + VGoJ.Go — Q*Atig — VGoJ Go + (Q* Ad — Q? Ade)
=VGoJ:Go— VGoJGo+1(Q*Ad — Q> Ade)
=VGo(Je — NGo+1(0> — QD) AP + 101 (Ad — Ade).
Then, we expand f - fs + f¢L — fdf‘e into 4 terms
f_f:?‘i‘f;{‘_fdyL,g=f~w_fw,s‘|‘f¢>_f¢,8+fq_fq,s+fG_fG,s+fg‘_quL,g
= (fu— fwe+ fo = fo.e + fg = fo.e) + (fo — fo.e + VGo(Je — J)Go)
+1(0% — 0 AP +102(Ad — Agy)

4
ZZZL’.
i=1

We point out that /1 has already been studied in [4, Lemma 6.2]. For I3 and 14, all the terms
depend on the initial data and we have a ¢ in front of these terms. Thus, for 7' > 0 small enough,
from Lemma 5.2, it follows that

1530z + Hallcs1 < CN, Ne, B, Gode.
To control || I2|| ;2 gs—1, from (4.19), we have
L =VGiJ(X)G = VGl (Xe)Ge + VGo(J: — N)Go
and we expand I, as follows:

L=VGiJ(X)G — VGl J(X)Ge + VGo(Je — J)Go
=VGI[(J(X) = T(Xe) =T+ Jo) + (] = Jo) + T (Xe)IG
— VGl J(X)Ge +VGo(Je — )Gy
=VGI(J(X)—J(Xe) = J +J)G + VG — J)G
+ VG (X)G = VGl d (Xe)Ge + VGo(Je — J)Go
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=VGL(J(X) = J(Xs) = J + )G +VGL(J = J)G + VG I(X)(G — Ge)
+VGLJ(Xe)Ge — VGl (Xe)Ge +VGo(Js — J)Go
=VGI(J(X)—J(Xe) =T+ J)G+VGL(J —J)G —VGo(J — J.)Go
+VGLI(X)(G = Ge) + VG —)J (Xe)Ge + V(G — Ge)Ee T (Xe) G,
= V(G — Go) + GolZ (J(X) — J(X¢) — J + J)I(G — Go) + Gol
+ V(G — Go) + Golg (J — J)I(G = Go) + Gol — VG0t (J — Je)Go
+VGo(& —I)(J — J)Go
+ VI(G = Go) + Gol¢ T (X)(G = G,)
+ VI(G = Go) + Gol(€ — ) J (Xe)[(Ge — Go) + Gol
+ V(G = Ge)ee J (X, — Go) + Gol

4 7 10 14 16
=: le,i + le,i +Dhs+ le,i + Z L+ Z ;.
i=1 i=5 i=9

i=l11 i=15

To obtain the above expression, we leave just one term as the difference of the iterative steps in
each product and we subtract the initial values.
For || I2,1]| ;2 gs-1. applying Lemmas 4.3, 5.2, A.2 and A.3, we have

112,11 2 s
<IV(G = Go)ll oo s—1 I oo prs—1 1T (X) — T (X&) = T + Jell oo gro—1 |G = Goll 251
<TG = Goll oo s 1Z oo gt 1V (X) = T (Xe) = J + Jell oo o1 1G = Goll oo oy
< C(N, Ny, 00, GOTIIJ(X) — J (Xe) — J + el poo gy
< C(N, N, 00, GOTIIJ (X +b) — J (Xe)l| o o1
+1J(X) = I (Xe + 8b) — T + Jell oo prs-1]
< C(N, Ns, 90, Go)TIIX + b — Xl pooggsmt + 17 (X) = J || oo gy
1 (Xe + eb) — Jell poo o]
< C(N, Ng, 9, Go)T||X + &b — X¢|| o gys—1 + C(N, Ne, o, Go)Te
< C(N, Ne, 90, GOTIIIX + &b — Xo — t(J — J)Toll pos grs—1 + [16(J = Je)Toll oo pys—1]
+ C(N, Ng, 99, Go)Te
< C(N, Ne, 00, GO TIIX +eb— Xe —t(J — J)Voll oo ys—1 + C(N, N, 5, Go)Te

~ 5 o~ ~ B " ~
<C(N, Ng, 09, Go)T* || X +eb — Xe —t(J — Jg)Voll gs+1.v+41 + C(N, Ng, Vo, Go)T s.
For || 12,15 ;2 gs—1, we apply Lemmas 4.3, 5.2, A.1 and A.3 to obtain
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112,151 72 ggs—1
<NIV(G = Go)ll oo grs—1 18e Nl oo prs—1 1T (Xl oo 51 11Ge — Goll 2 g1

1 ~ ~ ~ ~ ~ ~
=THG = Gellrens1gell poc gs—1 1 (Xe) | poo -1 1G e — Goll oo gs—1
O HE O - ~ - ~
= C(N, Ng, 00, GO)T2[||G — G¢ —tVo(J — J)GollLens + [tV (J — Jo)GollL=ns]

< C(N. Ne. 7. GO)TH G — G — 1950(J — J)Goll ar + C(N. Ne. Ty, Go) T 2.
The other terms are estimated similarly.
To control || I>]| 1, we write I as follows:
2

H;

L=VGIJ(X)G — VGl J(X)Ge + VGo(Je — J)Go
=VGLJ(X)(G —Ge) +VG(E —)J(X)Ge + V(G — G)e: I (X)Ge
+[VG:L(J(X) — T (X)) Ge — VGo(J — J)Gol

4
. } : ’
. 12’1-.
i=1

These terms need to be estimated separately and we show the main idea. We expand /; | into 8
terms:

L, =VGiJ(X)(G - Ge)
= V(G — Go) + GollC —T) + ZII(J(X) — ) + J1(G — Go)

8
= Z 12/,1,1'
i=1
For Ii] 1» we apply Lemmas 4.2, 4.3, 5.2, A.1, A.3, A.7, A.8 and A.10 to obtain

/
||12,1,1|| % )
H)

= V(G =G ~DIX) = NG =Gl e

H L?
<IVG =G =D w1 1K) = NG =GColl s
Hyg? L2 H? Ht1
(©) (V]
<IVG =Gl ssr  NE=TI o
Hgoy H7H Hy HTR
X =TI NG =Gell s
H s Hl+n H s Hl+n
<IG=Goll s W =TI 1
H; H1+(—w) H, Hl+n
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A& = I NG = Gell e
H

1+ 2 gl+
o H™ Hey HT

< C(N, N¢, 1o, éo)T”[nG — G —1VT(J — J)Gol

s—1
2 gl+
Hgy H'*n

+ 1t Vig(J — J)Goll 51
Hqy H'

< C(N, N, 90, GO)T® |G — G — tVio(J — Je)Goll as.r + C(N, Ne, B0, Go)T? ¢

and we control the other terms similarly.
We expand 15’2, 12/’3 and 15’4 as follows:
I, =VG( — )T (X)Ge
=[(VG = VGo) + VGl — &)I(J(X) — J) + JI(G: — Go) + Gol

8
. U
=: Z 15
i=1

I3 =V(G— G J(X)G,
=V(G — G — D)+ TN (X) — J) + JI(G: — Go) + Gol

8
—. /
= Z I3
i=1

L, =VG.l(J(X) — J(X)Ge — VGo(J — Je)Go
=VI(Ge — Go) + GollGe — D+ I (X) — J(Xe) = T + Je) + (J — Jo)]
[(Ge = Go) + Gol
—VGo(J — J)Go

15

— /

- 2 : 12,4,1"
i=1

Combining the above calculations, we conclude that

DMLl 1 < CN,Ne, o, GOT? X = Xe — 1V0(J — Je)Goll gr+1.+1
— YR 2 L2
i,j ©)
+ C(N, Ne, 9, GO) TG — G — tVig(J — Jo)Goll asr
+ C(N, N, B, Go)e
for 81,6, > 0. ~
Estimate for K,.

It can be foundNin [4, Lemma 6.2] and we omit the details.
Estimate for H,.
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We rewrite H, as

H;

I
=

—he + Rl =Y, + Gue (T = T D0+ (Ve o) T I o — (Ve ) T T Vg
i

=

e+ hy —hj .+ H,.
To begin with, we write H, as follows:

He = Gu.e (" = J7 it + (Ve Je) T I g — (Vi J) T J Vi
= Gu.e (U7 = I Vit + (Ve Je) T I = (Ve )T I g
+ (V)T I7 = (Ve )T i
=Gu.e(J ' = I Dito + (Ve (Je — ) I o + (Ve ) T (I = T Didg

Applying Lemma 5.2, we have

1l oy + 1020 g 1550y < CN. Ne. o, Goe.

s—5 s
(0) 0) 0)

To control & — hy + fzé — ]’Ié’s, from the definition of G4 and gy ., we have
h—he+hy—hj,
=hw+hy,m+he+hgr+hg+he— (hwe+hyt  +hge+hyr,+hge+hce
+Gpd o — (VoI + (Vo) T JI g
— eI o — (Ve Je + (Ve Je) 1) I i)
=hw—hwe+h,m—hyt +he—hget+hyr —hyr , +hg—hye
+Gpd "o — (VoI + (Vo) )T g
— g I o — (Ve Je + (Ve o) ) I ko)
+hg — flG,g
=hw —hwe+hyt —hyt o +hy —hge+hyr —hygr o +hg—hge
+ (Viod + (Viod) T + GoGg)J Vig — (VoI + (Vo) I i
— (VioJe + (Vi Je) " + GGy )i o — (Ve Je + (Ve Je) 1) I o)
+hg —hg.e
=hy—hwe+h,m—hy,t +hy—hget+hsr —hyr  +hg—hge
+GoGg J g —t(VoJ + (Vo)) iy
—(GoGy J; Vo — 1 (Ve Je + (Ve Je) ) I Vi)
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—l—ﬁG - ﬁG,e
=hw—hwe+h,m—hy,T +he—heet+hyr —hyr  +hg—hye
+1V(¢e — P)itg
+1[(Voe J) I — (Vo) T T Mg
+GoGy (I =T D — GGTI(X)TIVaXitg + GG J(Xe) ™'V Xeitg

4 ~
= ZI,'.
i=1

For I}, the estimates of /1, — hy ¢, b,y T — ﬁwrﬁg, E(f) - fzzp,g, fz¢r - /’Nl(p'r,a and ﬁq - ﬁq,g have
already been studied in [4, Lemma 6.2]. For I and I3, we apply Lemma 5.2 to obtain

IR0y + 150y < C(N, Ne. Bo. Goe.

—1 =
©0) IC(O)

[N

Finally, we expand I, as follows:

Ih=GoGg(J ' = J Vg — GG TI(X) ' VaXig+ GGl T (X)) "' VaXeiio

=GoGy (V' = I Do+ GG (T (X)) — T (X)"HVa Xitg

+ GG I(X)7'VpXiig— GG TJ(X)"'VaXiig

+ GGl I(X)T'VpXeiig — GG T(X.) ™1V Xitg
=GoGy (I~ = D+ GGl (J(Xe)™' = J(X)THVaXig

+ GGl I(X) TN (VaX. — VaX)ig+ GG J(X)7'VaXiig

— GGl IX)T'WVpXig+ GG I(X)" 'V Xiig— GG T J(X)"'VaXitg
=GoGy (I = Do+ GG (T (X)) — T (X)"HVa Xitg

+ GGl J(X) N (VaX: — VaX)itg

+(G: —G)GlI(X)~'VaXitg

+G(G] —GTIX) "'V Xig

4
=Y Iy (5.5)
i=1

1 . The others are similar or easier. We expand

We only focus on ||I. and || 1.
y Matll ;- Masll ;-1

252
14,1 as follows:

GGl (J(X)™ = J(Xe)"HVaXiig — GoGy (7 — 7 Ditg
=G.G] (JX)' = J(Xe) YVaXitg— GoGJ (I — I VA Xiig
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+GoGy (I —ITHYVaXiig — GoGY (I — T Hig

=[(Ge — Go) + Goll(Ge — Go) + Gol T (X) ™' = T(X)™H) = (7" =7 h
+ (V= ITYVA X — GoGy (T — I Va Xiip
+GoGy (I = ITH(VAX — Diitg

7
=: 214,1,1' + 1418
i=1

For ||I4 Ll 28 L from Theorem A.11, Lemmas 4.2, 4.3, 5.2 and A.2, it follows that
(781 Py
=1Ge = Go)(Ge — GOl ()™ =T (Xe) ™) = (™ = J7HIVaXioll , oy
1 1 - -1
<G — Goll L2t IG: — Goll . X —JX)™H - )IILOCH 1
||VAX”0|| e}

< T3|Ge = Gollzwns 1Ge — Gollpwoms (T ™ = J(X)™) = (I = I Y lpoms
N VaXiiol| Lo s
<TC(N, Ne, %0, Go)ll(J(X) ™" = T(X)™) = (T = I Dlloons
<TC(N, Ne. %0, Gl (X +¢eb)™" — J(Xo) M oms
+TC(N, Ng, o, Go) (I (X) ™" = J(X +eb) Moo + 117" = I oo prs)
<TC(N, N, %0, Go)lIX + &b — X¢llLoops + TC(N, Ne, To. Go)e

< TIC(N, Ne. G0, GO)IIX + b — Xe — 1(J — Jo)Toll gss1v+1 + TC(N, N, T, Gode.
We expand I~4,3 as follows:

Li3z=(G:— G)G] J(X)"'VxXiig
=(G: — G)(Ge — Go) " J(X) "'V Xiig + (G: — G)Gy J(X)~'VaXiig
= i4,3,1 + i4,3,2-

From Lemmas 4.2, 4.3, 5.2, A.1 and Theorem A.11, we obtain

=||<GE—G><GS Go) " J(X) "'V Xrioll

I2H s—1

<1Ge =Gl WGe =G I,y ITCOT 1 IVAX]

LoH )
l ~ ~ ~ ~ _ ~
<T2Ge = Gllirens (Ge — Go) " lzooms |1 7)™ Lo s VA X || oo s
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s 3o ~
< C(N,Ng, 09, Go)T?*||Ge — GllLons
a3 . ~ . .
< C(N, Ng, 09, G))T* (|G — G, — tVig(J — J)Goll Lo s + 1tV (J — Je)GollLons)

< C(N. Ne. 30, GOTIG — G — 190(J — J)Goll asr + C(N, N, 5, Go)T e

I~4,1,,‘ and I~4,3, j can be controlled similarly. Likewise, the estimates of I~4,2 and I~4,4 can be

achieved in the same way.
1

For the estimates in H(%; “ L%, we apply (5.5). We only concentrate on ||I~4,2|| s-1 and
HZ 412
()

||I~4,4|| s_1 . Weexpand I~4,2 as follows:
Hg *L?

e —Go) + Goll(Ge — Go) + Gol "[(J(Xe) ™! — I~ + T (VA X — VaX)itg

Qe

I =1(

I
ngls
:bl

0o

i=1

For ||I~4,2,1 I s_1 ,applying Lemmas4.3,5.2, A.1, A.7, A.8 and A.10, we have
L2

H)
a1l s 1
Hg *L?
=1(Ge — Go)(Gs — Go) (J(Xe) ™' = I N(VAX, — VAX)iigll 5 1
Hg *L?
<1(Ge = GG =Gl 5.y .,
0)
NI X)) =T VAKX = VaX)iioll 5 1
Hg *L?
A A A AT v \—1_ g-1
<|G¢ GO”H(%_‘]_‘H%””(GS Go) ”H((%))_%H%*'””J(XS) J ”H(%)_JTH%-HL

N(VaXe =VaXioll 41
Hg “H2™

5 A % AT
<NGe—=Goll s 1 I(Ge=Go)'ll s 1
Hg, *H' Hg *H!

274 i+
0) HiTH

1J(Xe) ™ = a7
+n H(

N(VaXe = VaX)ioll s 1
Hg, *

< C(N, N, 9, Go)T¥ || X, — X|
H,

Hi-n

s_1
274 gl4(l—p)
o

<C(N, N, 59, Go)T¥* || Xe — X —eb —t(Je — J)o|
H,

1
: 4 gl+(—p)

s
2
0

+ C(N9 N87 601 GO)T388
< C(N, N, B0, Go)T* || Xe — X — &b —t(Je — J)Tol| gs+1.p+1
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+C(N, Ne, B0, Go) T

for some positive numbers 7, § and p small enough.
Then, we expand the other term into 8 terms:

I14=[(G = Go) + Gol(G] —GNHIIX) ™' = I H+ I N(VAX — D) + Tliio

8
= Zi4’4’i'
i=1

For the first term, applying Lemmas 4.3, 5.2, A.1, A.7, A.8 and A.10, we obtain

112,411l s-1
H(O) L

=G = GG —GHUX) ™ =T NVaX = Dyiioll 5,
Hg *L?
s_1

<HG=Go)(Ge =GN 1 NUE) T = I )VAX = Dol 5
HO H2TN 2

)

442
H(O) L
<IG=Goll 5.1 1 1Ge—=Gll 5.1 W& =JN 1 |
- 274 gaytn 274 gotn 274 gotu
H(O) H?2 H(O) H?2 H(O) H?2
I(VAX = Dol s 1
H(O) H?2
A A A A -1 -1
IG=Goll sy NGe=Gll o1  WCOT I 1
1 1] L
Ao “H™ Ho “H™ Ho "H™
(VaX —Dnoll 51
Hg “H'™#

s_1
274 i
0) Hin

< C(N, Ng, 59, Go)T¥ |G — G|
H
(

s _ 1
274 i+
o HT

< C(N, N, 0, Go)) T |G — G — tVip(J — J)Goll
H
(
+ C(N9 N€9 607 GO)T388
< C(N, N, 90, Go)T¥ |G — G — tVio(J — Je)Goll as.r + C(N, Ne, B0, Go) T e

for some 7, § and p > 0 small enough. The other terms I~4,27,- and I~474, ;j can be controlled simi-
larly. Analogously, the estimates of I~4,1 and I~4,3 can be achieved in the same manner.

Combining the estimates ||I:"5||,CH, ||128||,€s and ||I-Ie|| .1, we complete the proof of
©) )

0)
Proposition 5.4. O

Finally, we prove Theorem 5.1.

94



C. Hao and S. Yang Journal of Differential Equations 379 (2024) 26-103

Proof of Theorem 5.1. From (5.2), (5.3) and (5.4), we conclude that

IX — Xe +eb—t(J — J)boll gor1p+1 + 10 — we||]c»(?0+)1 + 19w — Gu.eli;, ©
+11G = Ge — 1Vio(J — Jo)Goll asv

<Ce+CT°(|X — Xe + b —1t(J — J) Vol gss1v+1 + |0 — a)8||,%+)1
+ 1w = Gu.clicy, 0 + 16 = Ge = 1VT0(J = Je)Gollasr).

where § = min{§1, §2, 63} and C depends only on the initial data.
Ifo<T< (%)_%, it follows that

pr

IX = Xe +eb—1(J = Jo)boll sty + 1 — el et + 16w = Guelicy, 0
+IG — Gy —tVig(J — J)Gollasr <2Ce.
In particular, we obtain
|X — Xell oot < Ce,
and therefore, we complete the proof of Theorem 5.1. O
6. Existence of splash singularity

In this section, we prove the existence of the splash singularity.

It is crucial to choose some appropriate initial data. Accordingly, we are looking for some
initial data such that the compatibility conditions (1.2) hold and the inner product of the velocity
and the outer normal is positive as in Fig. 4. Following that, the evolution of the splash curve is
demonstrated in Fig. 5.

For our case, we extend the analysis for the initial velocity choice already performed in [4,
Section 7]. We recall the arguments in [4] for the reader’s convenience.

In the following discussion, the typical domain is denoted by €2 for simplicity and the bound-
ary 92 is parametrized as follows:

z(r)=(z1(r), 22(r)), |z =1 (6.1)
Let U be a sufficiently small neighborhood of 9$2 and we define the coordinates

x(r,A) i=z(r) + A2() ™,
(x1(r, &), x2(r, 1)) := (21(r) — Az2(r), 22(r) + Az1(r)).

Then, the stream function ¥ (xy, x») is defined as follows:

- 1
W, &) = Yo (r) + Y (nA+ szmﬂ,
Y (x(r, A) =Y (r, A), (6.2)
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and we extend ¥ to €2 smoothly.
We define uo(x1, x2) := V1 (x1, x2) and notice that ug is divergence-free, i.c.,

divug =01(—02y) + 2(01¢) =0, inQ
Recalling the compatibility conditions (1.2), the initial velocity field uy must satisfy
nt((Vuo + Vug) + Ho ® Ho)n =0, on dQ
where nt = (=n?2,n!) and n = (n!,n2)7 are the tangential and normal vectors, respectively.

We denote by T and N the extension of n' and n to the neighborhood U, respectively. Then, it
follows that

(T (Vug + Vug )N)lag = —(T Ho ® HoN) lag- (6.3)
From (6.1), we know that
Zo22 + %121 =0,
and we define
T(r,A) = 0,x(r, 1) = 2(r) + A5 (r) = (1 — Ak ()2 (r),
N(r, 1) == 0px(r, ) = 25(r),

where k (r) := Z(r) - 21 (r). Also, we notice that (%2, —%1) = (21, 22).
From (6.1) and (6.2), we have

1 - -
(V) (x(r, 1)) = marlﬁ(n W) + H (r, N ().

K(
Let ug(r, A) :==uo(x(r, A)). Clearly,

1 - _
iio(r, 1) = (V)= (x(r, 1) = marw, NZEE) + B (r, M),

K(

Then, it follows that

0,10 (r, \) = T (r, N @yud) (x (r, 1)),
(@it (r, 1) = N (r, 1) (D) (x (r, 1).

With this observation, the left-hand side of (6.3) becomes

T (r, W) Vuo(x(r, WIN (r, 1) = T (r, 1) @ud) (x (r, DINY (7, 1) = (8,80 (r, N (1, 1),
T (r, M)Vug (c(r, IN(r, &) = T' (r, W) @;ul) (x (r, W))N (r, 1) = (Bt (r, M T (1, 1),

1.e.,
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TVuo(x(r,\))N =0, (o - N) — g - 9, N,
TVug (x(r, \))N = 0, (iio - T) — itg - ;T

Note that

’ZO -N = ﬁar‘ﬁ,
io- T =—(1—xrc)oV,
9N =71 =—«z,

”T =7t =—«z,
and it follows that

3-(iio - N)|p=0 = 32 (r, 0),

3. (itg - T)|a=0 = k03 (r, 0) — 33 (r, 0),
(ito - 3y N)lsmo = kW (1, 0),

(ito - 3,T)|3=0 = k3,1 (r, 0).

Therefore, the left-hand side of (6.3) becomes
(TVuo(x(r, )N + TVug (x(r, 2))N)|r=0 = 829 (r, 0) — k8,9 (r, 0) — 339 (r, 0),

ie.,

0P (r, 0) — k3,9 (r, 0) — 339 (r, 0) = —(T Ho ® HoN)|3=0.

We conclude that

2Yo(r) — Kk (r) — Ya(r) = —(T Ho ® HoN)|s=o. (6.4)

Therefore, for any v and Hy such that ug - n|yq = 9, %o > 0 and div Hy = 0, there exist ¥; and
Y2, satisfying (6.4). In particular, the initial data satisfy the compatibility condition (6.3). For
simplicity, we may choose {1 =0 and ¥ = 831#0 + (T Hop ® HoN)|sq.

With the above discussion, we state the following proposition:

Proposition 6.1. Let v € C2(U), such that 3,y > 0. Let Hy € C'(U) be the initial magnetic
field and suppose div Hy = 0. Then, there exists a stream function as in (6.2) with ¥ =0
and Yy = 831//0 4+ (THy ® HoN)|yq such that the initial velocity defined by ug(x1,x2) =
Vll//(xl , X2) is divergence-free and the compatibility conditions (1.2) hold. Moreover, we have
ug-n > 0ondQ.

Thanks to Proposition 6.1 and recalling (local existence) Theorem 4.4, the choice of the initial
velocity ¥y allows us to obtain domain () with 0 < ¢ < T for T small enough. Then, from
T - fig > 0 on 982, we can choose 7 € (0, T) small enough such that P 0Q(0)) is a self-
intersecting domain. Following that, for ¢ small enough, (5.1) in (stability) Theorem 5.1 ensures
that P’l(afzs(f)) is also self-intersecting as in Fig. 7. Note that P’I(BQE(O)) is regular as
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r
P(D)
P
P—l
p [55 (t)] O] Q.
r
P()
P
p-1
p [Eig (t)) @ Q.

P()

P71

3

(3, 00) @ Q.

Fig. 9. Possibilities at time ¢ > 0.

in Fig. 6 and end up in a self-intersecting domain later on. Finally, the continuity argument
guarantees the existence of a splash singularity in finite time.
More precisely, we fix ¢ > 0 and define

¥ :=inf{t € [0,7]: P71 (82 (r)) and 3K (¢) are as in Fig. 9 (2) or (3)}.

It follows that 0 < 7} < ¢ and P10, (t})) is as in Fig. 9 (2). Moreover, for 0 <t <
1, P71 (0 (1)) is as in Fig. 9 (1). Therefore, (Q.(7), W., ., X., G~) solves the viscous MHD
equation for t € [O, t} ) Furthermore, when ¢ = ¢, the interface 9€2(¢}) self-intersects in at least
one point which creates a splash singularity.

Finally, our result is stated in the following theorem:

Theorem 6.2. There exists a bounded domain Q2 = P_1(8§~28 (0)) with a sufficiently smooth
boundary, as in the above discussion, such that for any divergence-free Hy € H*(Q0) with the
integer k large enough, we can construct a suitable initial velocity ug € H*(Q), and there exists
a solution (u, p, H) to viscous MHD equations (1.1) in [O, te*)for t¥ >0, such that (W, Gy, G—
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0)
remains regular but self-intersects in at least one point which creates a splash singularity.

G) e K5 x K;r(O) X ASY for2 < s < % and 1 <y <s — 1. Moreover, the interface dQ2(t})
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Appendix A. Further estimates and key lemmas

Lemma A.1 ([4, Lemmas 3.10 and 3.11], [10, Lemma A.1]). Let 2 < s < %, l<y<s—1and
X —Xe vt Lets, u > 0 be sufficiently small. Then, for T > 0 small enough, we have

1T (X oo st < C(M, g, | X = X || gs1941),
IJ(X) = Tl psopgsst < C(M, T, |1 X = Xl gsr1y40) (1X = Xl oo o1 + 11 Dol oo rs1),
19 CX) = Ty, prsr < CM. B0, I1X = Kl gosrrs) | X =Bl gy e

IJX) = JIl w1 <CM, b0, |1X = Xl g1y DUX = XI| so1,,  +T),
H(())z Hl+nr H(())z Hl+n

where

1

M = .
. ~ ~ & o
infg 0] = CWO)T = T*[|X — X|| gs+1.7+1

Lemma A.2 ([4, Lemma 3.12]). Let 2 < 5 < %, l<y<s—1land X — X, Y — X e Astlvtl,
Let §, u > 0 be sufficiently small. Then, for T > 0 small enough, we have

1 (X) = T (D)l oo st < C(M, T, [|X = X | o1y 1Y = Xl gssrpe) 1 X = V| oo g
170 = I Dl prer < CM o, 1X = Rl gy, 1Y = Xl gssrze) IX = Fll gy, e

where

1
inf || — CH0)T — TH[|X — X || gostvet

M=max{

1 !
inf|@| — C(0)T — TH|¥ — X|| gosrpst )
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Lemma A.3 ([4, Lemma 3.13], [10, Lemma A4]).Let 2 <s <3, 1 <y <s—1,X —X €
AT+ and £ = (VX) ™). Let 8, u > 0 be sufficiently small. Then for T > 0 small enough, we
have

2
1Ellooms + Y 188 llLons < CML X = X gs151),

i=1
1E = Tllzoons < CML X = Xl gsrrs) I X = @l oo oo

=T s SCOLNR = Rl g IR =0l
(

9
24
0) Hey H

1€ = Zllgy, < COML X = Xl gssrre)IX = Bllgy, gyt
where

1
M= - — S :
1= C@)T — CTH#|X — Xl gs+rvt1 = CT2X = X pi1pm

Lemma A4 ([4, Lemma 3.15], [10, Lemma A.5]). Let 2 <s < 3,1 <y <s — 1,X™ —
X, XD _ X e AstLy+l £ = (VXY gpd =D = (VX)L Ler 8, 0 > 0 be suffi-
ciently small. Then, for T > 0 small enough, we have

e ="V iy < CMLT)IX® =XV
o

e 7
H ) H H (0)

z Z(n—1 YD, 7 (n—1
1E =20 Vg gy < CMLT)IX™ = XVl g1

b
H2+u

where

1
M = max .
- 1~ A ~ N
m=n=Ln 1 _ C(3g)T — CT#|| X — X|| gs+1p+1 — CT% [| X (m) — X||34s+l,y+l

Lemma A.5 ([2, Lemma 2.3]). Suppose 0 <r < 4.
(1) The Identity extends to a bounded operator
K7((0.T): @) — HP (0, T)H'?(Q)
for p < 3.

(2) Ifr is not an odd integer, the restriction of this operator to the subspace with B,kv(O) =0,0<
k< % is bounded independently on T, indeed

v 2y <C|lv .
1llzp -2 < Cllvlliy,

Lemma A.6 ([/0, Lemma 3.3]). Let T > 0 be arbitrary, B a Hilbert space and choose T <T.
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(1) Forve L*((0,T); B), we define Ve H'((0,T); B) by

t

V)= / v(t)dr.

0

ForO0<s < % and 0 < e < s, then the map v — V is a bounded operator from H*((0, T); B)
to HSt1=¢((0, T); B), and

IVl gs+1-¢0,7):8) < CoT“ IVl 5 (0.7): B

where Cq is independent of T for0 <T <T.
(2) For % < s < 1, we impose v(0) =0 and 0 < e <s. Then v — V is a bounded operator from

Hjy (0, T); B) to H(SOJ)’I_‘“:((O, T); B) and

&
I V”H(SO';I_E((O,T);B) <CoT ”v”HgO)((O,T);B)a
where Cy is independent of T for0 <T <T.

Lemma A.7. Suppose Q € R",r > % andr>s5s>0.Ifve H (Q) and w € H*(R2), then vw €
HS () and

lvwllgs@) < Cllvllar @ llwll zs()-
1 1
Lemma A.8 ([4, Lemma 3.6]). Ifve H9 and w € H? with % + ; =1and1 < p < oo then

lowllz2 = CllvllHé IIWIIH%-

Lemma A.9 (/2, Lemma 2.6]). Suppose B,Y, Z are Hilbert spaces, and M : B x Y — Z is a
bounded, bilinear operator. Suppose w € H*((0,T); B) and v e H, ((0,T);Y), where s > %
If vw is defined by M (v, w), then vw € H*((0, T'); Z) and the following hold:

(1) lvwllaso.1y:2) < Cllvllas0.1):7) 1wl B3 (0. 7): B)-
(2) In addition, if s <2 and 8,"1}(0) = 8,]‘w(0) =0,0<k<s— % and s — % is not an integer,
then the constant C in (1) can be chosen independently on T. Indeed,

lvwliag, 0.7):2) = Clvlieg, 0.1y 1wl g, (0.7):B)-

Lemma A.10 (/4, Lemma 3.8], [10, Lemma 3.7]). Let 2 < 5 < %, &,8 > 0 small enough and
v e AV | the following estimates hold:

(D) ol s
HO

@ Wl s, = Ol

- Clivll gs+1.v,
€
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5 Wl sz, < ol
A Wl sty = Clolor,
(9 Wl g g < Cllollasny,
(O 10 5fue 1,y = CMVlteror

(7) Wl ot = Clol s,

(&) vl 1,  =Clvll gs+1.r-
Hg, =~ H*

Lemma A.11 (/2, Lemma 2.1]). Let Q2 be a bounded set with a sufficiently smooth boundary,
then the following trace theorems hold:

(1) Suppose % < s <5. The mapping v — 8,{1) extends to a bounded operator K*([0, T]; Q) —
ICS_j_%([O, T1; 0S2), where j is an integer 0 < j < s — % The mapping v — 8,"11(04,0)
extends to a bounded operator K°([0, T]; Q) — H“‘zk—l(Q), if k is an integer 0 < k <
s —1D.

(2) Suppose % <s<S5,s#3ands — % not an integer. Let

w= [] 7 qrrex [ # > @,

0<j<s—}% 0<k<i3L

and let W the subspace consisting of {aj, wi}, which are the traces described in the pre-

vious point, so that Bfaj (0,0) = 3w (), x € 3K, for j +2k <5 — % Then the traces in
the previous point form a bounded operator K* ([0, T]; Q) — Wy and this operator has a
bounded right inverse.
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