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ABSTRACT

This paper focuses on the global well-posedness of the Oberbeck-Boussinesq approximation for the unsteady motion of a drop in another
bounded fluid separated by a closed interface with surface tension. We assume that the initial state of the drop is close to a ball Br with
the same volume as the drop, and that the boundary of the drop is a small perturbation of the boundary of Br. To begin, we introduce the
Hanzawa transformation with an added barycenter point to obtain the linearized Oberbeck-Boussinesq approximation in a fixed domain.
From there, we establish time-weighted estimates of solutions for the shifted equation using maximal L?-L? regularities for the two-phase
fluid motion of the linearized system, as obtained by Hao and Zhang []. Differ. Equations 322, 101-134 (2022)]. Using time decay estimates
of the semigroup, we then obtain decay time-weighted estimates of solutions for the linearized problem. Additionally, we prove that these
estimates are less than the sum of the initial value and its own square and cube by estimating the corresponding non-linear terms. Finally,
the existence and uniqueness of solutions in the finite time interval (0, T') was proven by Hao and Zhang [Commun. Pure Appl. Anal. 22(7),
2099-2131 (2023)]. After that, we demonstrate that the solutions can be extended beyond T by analyzing the properties of the roots of algebraic
equations.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0220764

I. INTRODUCTION

When studying natural or mixed convection flows, the most commonly used theoretical approach is the Oberbeck-Boussinesq
approximation. This approximation provides an approximate description of the thermo-mechanical behavior of linear viscous fluids,
such as Navier-Stokes fluids or Newtonian fluids. It was first proposed by Oberbeck'! and later developed by Boussinesq.! This approx-
imation is applicable to a wide range of problems in astrophysics, geophysics, and oceanography (see, for example, Ref. 9). There
have been numerous thorough and comprehensive analyses on the derivation of this approximation from the general formulation of
the fluid’s local balance equations for mass, momentum, and energy, including works by Feireisl-Novotny," Rajagopal et al.'° and
Roubicek.!”

In the present paper, we consider the unsteady two-phase fluid motion of a drop of one incompressible viscous fluid inside another one
in the Oberbeck-Boussinesq approximation with surface tension:
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p(Oa +u-vu) - Div(uD(u) - pI) = f(x,t) —ag®  inQy,
00 + div(u® —-vvO) = 0 in O,
divu=0 inQy,
[(uD(u) - pDn¢]| = oH(T:), [u] =0 onTy, (L)
[vwWo -nJ =0, [©]=0 onTy,
T onl}y,
u=0, VO_--n_+p0_=>b(xt) onT,
uli=o=uy, ©|,_,=0 inQ),

where u = (u1(x,£),...,un(xt) ), p =p(x,t) and O(x,t) denote the velocity field, the pressure and the deviation from the average temper-
ature, respectively. f is a given vector function of mass forces, and g = g(0,...,0,1)" is a constant vector with the gravity constant g. Let Q
be a bounded domain in the N-dimensional Euclidean space R (N > 2) with a rigid boundary T being a compact hypersurface of class C*.
Let Sk be the sphere of radius R centered at the origin and assume dist(T, Sr) = inf{|x — y| : x € T, y € Sg } > 3d for some constant d > 0. The
domain Q. occupied by the drop is close to the ball Bx whose volume equals the volume of the drop, where By denotes the ball in RY of
radius R centered at the origin. Denote Q_ := Q\Q.. Let Q. be the evolution of Q. and T be the boundary of Q;., both of which depend
on the time ¢ > 0. Set (;— := Q\(Qr UT;) with Qoy = Qy, Qo— = Q- and Iy being a normal perturbation of Sg. Let n; be the normal to Iy
oriented from Q¢ into Q—, n = y/R for y € Sg and n_ be the unit outward normal to I'. Denote Q= Qe U Q- and Q == Qp. The piece-wise
positive constants p, g, @ and v correspond to the mass density, the kinematic viscosity, the temperature expansion coefficient and the ther-
mal conductivity, respectively. Here, both the above functions u, p, ®,f and the constants p, g, a, v are piece-wisely defined, for instance, u
=WiYo, +U-Yo_, P = p+Xa, + P-Xa_, etc., where yq, are the characteristic function of Q.. D(u) is the doubled deformation tensor with the
(i,/)™ component ;u; + dju;, and Lis the N x N identity matrix. b(x, t) is a given function on the fixed boundary T, and 8 > 0 is a constant.
Q, ug and @y are the prescribed initial data for (, u and @, respectively. V,, is the evolution velocity of T'; along n;. o is a positive constant
describing the coefficient of the surface tension and H(I;) is (N — 1) times the mean curvature of I';. Moreover, for any function f(x,t)
= fi(x,t) for x € Oy and t > 0, we denote the jump of f across I'; by

LD = lim £+(x) = lim £ (x)

x€Qy xeQ);_

for every point xo € I';.

This paper focuses on the free boundary problem of two-phase incompressible viscous fluids. For the two-phase Navier-Stokes flow,
Tanaka” obtained a global solution near an equilibrium state for small initial data and proved its unique solvability by assuming certain
regularity for the coefficients and the free boundary with general initial data;’® Takahashi’* also established a global weak solution. For the
two-phase Stokes flow, Giga and Takahashi® constructed a global weak solution under periodic boundary conditions.

Assuming that the initial liquid velocities were small and the initial configuration of the inner fluid was close to a ball, Denisova and
Solonnikov’ proved the global solvability for two incompressible fluids. Shibata proved the existence of unique solutions to the generalized
resolvent problems for the Stokes operator in Ref. 20. Shibata et al. have made significant contributions to the resolvent problems, such as
in Refs. and 10 21 —10 23, with the aid of the % -bounded operator theory. Priiss and Simonett'”'” contributed to the L? approach for two-
phase problems, particularly for the case of surface tension. More recently, for the linearized electromagnetic field equations, Frolova and
Shibata developed maximal L”~L9 regularity in Ref. 5. Additionally, in the framework of maximal L”-? regularity, Saito, Shibata, and Zhang'’
established the local and global existence for the two-phase Navier-Stokes equations without surface tension. Taking into account surface
tension and gravity, Saito and Shibata'® proved the global well-posedness of the free boundary Navier-Stokes equations in an unbounded
domain.

The rest of this paper is structured as follows. Before stating the main theorem, we first need to establish some assumptions about the
initial region Q. in Sec. II. Specifically, Q; must satisfy (2.2). Once these assumptions are in place, we can use the Hanzawa transformation
to reduce the problem in a time-dependent domain Q(t) to a problem in a fixed domain Q. In Sec. 111, we establish time-weighted estimates
for solutions of the shifted Eq. (3.2). Moving on to Sec. IV, we then study the decay properties of the analytic semigroup associated with
Eq. (3.1), where Fg = 0, F; =0, and b = 0 in (3.1). This allows us to obtain decay estimates for solutions of the linearized problem (3.1). In
Sec. V, we focus on estimating the nonlinear terms, resulting in (5.39). Finally, in Sec. VI, we analyze solutions of the algebraic equations
x* +x* + .# — C'x = 0 to obtain the inequality

&r(v,0,h) < xo(#) forany T € (0, To).

By repeating this argument, we can extend the solutions of v, 6, and 4 to the time interval (0, co).
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Il. HANZAWA TRANSFORM AND THE MAIN THEOREM

In this section, we will use the Hanzawa transform to convert (1.1) into a problem on a fixed domain. We will then provide a statement
on the global well-posedness of Eq. (1.1) when Q is a bounded domain. Unlike the transformation used in the proof of local well-posedness,
we will consider Q. with the following assumptions:

10| = B, fnxdx:o, To = {x=&+ho(E)n | £ Se). 1)

where hy(£) is a given small function defined on Sg. Notice that n = R™'¢ (£ € Sg) is the unit outer normal to Sg. Let T'; be given by

Te={x=E+h(EORTEH(t) [ E€ Sk} (22)
with an unknown function h(&,t) with h(&,0) = ho(&) and {(t) is the barycenter point of the domain Q. defined by

1

¢(t) = anl Ja

xdx. (2.3)

By the assumptions mentioned above, it is clear that {(0) = 0. In view of (2.1) and
d
7 / pxidx = f puidx,
o) o)

p 1
{(t) = @fﬂH u(x, t)dx.

we have

Let @}, be a suitable extension of h(&, t) such that @, (&,t) = h(&, t) for (&,t) € Sk x (0, T) and possesses the estimate

CLlC Oy < 10D sy < CallhC Do,

(2.4)
C1|0eh(-, t)HW,f’I/"(SR) < [[0s @ (-, t)”Hf(O) < G| Oih(-, t)”W;*‘/fi(sRy

for k = 1,2,3 and £ = 1,2. The definitions of Wj(Sx) and H; () can be found in Appendix. Let W, (&,t) = (&) (@4 (&, t)R™E + {(t)), where
x(&) is a € (RY) function which equals 1 for |£] < R+ d and 0 for |£| > R + 2d. Then, we can use the following Hanzawa transform defined
by

x=&+ P81 for £eQ, (2.5)

which was originally introduced by Hanzawa in Ref. 1 to treat classical solutions of the Stefan problem. In the following, we assume that

sup [ (-, t)HH}w(Q) <8 (2.6)
te(0,T)

where ¢ is a small positive number. In fact, we can choose ¢ € (0, 1), and then the Hanzawa transform defined above is an injective map. Let
Qr={x=¢+¥,(51) | EcQ},
the Hanzawa transform maps Q) into Q; injectively. By (2.3) and the definition of y(&), we can get x = & + @}, (£, t)R™'E + {(t) for £ € Sp and
x=E&for&eTl. Let %‘ be the Jacobean matrix of the transformation, that is, g—’g =1+ VY, (& t), where ¥,,(&,t) = (1(&,1),..., ¥n(E1))T,
A %—? and
VY, = V(x(E) (& ORT'E) + vx(O)L(t),  inQ,
VY = V(x(OrEHRTE), on Sg, @.7)
Yy, = x(§) (0D (E)RTTEHE (1)) inQ.

Since ¢ is a small positive number, by (2.4) and (2.6) and the chain rule, we have

a a -1 oo
a5 - S (P60 =T Vo(T¥), 28)
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where Vo(k) is an N x N matrix of analytic functions defined on {k | [k| < &} such that Vo(0) = 0. Here and in the following, we will use the
notation k = (k;;) with kjj to represent the variables corresponding to 9;'¥;. Then we have

Vem I+ Vo(W)ve 2 =0

N
0
=—+ Voeij(K) =, 2.9
8xe afl j=1 OZJ( )8£] ( )

.
where V; = ( 321 e %) for z = x or &. Vg is the (£, /)™ component of the N x N matrix Vo. Let u, p and ® be solutions of (1.1), and we
set

V(f, t) :u(£+\yh(£> t)>t)> q(f, t) :p(£+\yh(§) t)’t)’ G(E)t) :®(£+\Ijh(f) t))t)'

Noting that x = £ near I' and {(0) = 0, we have

v=0, VO_--n_+p0_-=b(,t) onTx(0,7),

o (2.10)
Vloo=vo, 0,,=00 inQ; @_,=h0 onSr
Since {(t) is also an unknown function, by (2.5), we get dx = dy + J(k)d& with
(5D 0¥(ED)
o0& 0y
J(k) = det : : .
(B O¥m(ED)
o0& 0&n
In view of (2.3) and (2.5), we can obtain {’(t) = {’(t) where {’(t) is defined by
2/ 1 1
(0= oo [ vEnder o [ vENI04E @)
|BR| B |BR| Br

Since {(0) = 0, we can define {(t) by setting

- t., 1 t 1 t
((t):fo ¢ (T)d‘r:@fo fBRv(s,T)dedH@fo fBRv(f,T)J(k)dde. 2.12)

In the following sections, although {(¢) is an unknown function, we can change its estimate into the estimate of {(¢). And then, by using
the Hanzawa transform, we transform Eq. (1.1) to the following nonlinear equations:

pOrv — Div(uD(v) — gI) = N1 (W, £, 0,%),) + f(x(&,t),t) —aghd  inQx (0,T),

divv =N, (v, ¥,) = divN3 (v, ¥),) in Q) x (0, T),

0,0 — vAO = Ny(v,0,¥,) inQ x (0,T),

Oth—n-Pv=Ns5(v,¥),) onSg x (0, T),

[uD(¥)n]l = [Ne(v, W) ], [v] =0 onSg x (0, T), (2.13)
[(uD(¥)n,n) - q]) - s, + NR‘Z - )] onSe x (0,T),

[vVO-n] = Ns(6,%,),[[6]] =0 onSg x (0, T),

v=0, VO--n_+p0-=0b(¢1) onT x (0,T),

V]t=0 = vo in Q, 0], = Boin Q, h,_y = ho on Sg,

wheren = Rilf(f €Sr),Pv=v-— IBilR\fBR vd¢, and Ag, is the Laplace-Beltrami operator on Sg. Moreover, N1 (v, £,6,¥};), N2(v, ), N3 (v, ¥},),
N4(v,6,¥),) and Ng(v, ¥),) are the same as in Ref. 8, but the other nonlinear terms on boundary are slightly different from those in Ref. 8.

Thus, we need to reformulate the boundary conditions on Sg. Let w € S; be represented by = w(p,, ..., py_;) under alocal coordinate
(py>--->Pyn_1)» and then for x = (R+ h)w + {(t) € T, we have

Ox Oh
— =(R+h)1j + —w, (2.14)
Op; R+ )y op;
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where 7j = 2%

» is a basis of the tangent space of S;. From (2.7) and (2.14), we see that {(¢) does not work in reformulation of boundary
J

conditions.
Next, we give a representation formula of n;. We set

N-1
n; = a(w + Z biT;‘),

i=1
where a and b;’s are unknown functions. Using the same method as in Ref. 8, we can obtain
n; = (0+V1(vq)h)vq)h, (215)

where V = (I, V), V1(V®},) is an N x N matrix of analytic functions defined on {|V®| < ¢} such that V;(0) = 0. By (2.15), we can find that
Ns5(v,¥;,), N7(v,¥),) and Ns(6, ¥),) only have some different C* coefficient functions for the corresponding nonlinear terms in Ref. 8. Since
C*° functions do not affect our estimation, we still use N5 (v, ¥;,), N7(v, ¥}, ) and Ng (0, ¥},) to represent the nonlinear terms in (2.13), and the
formulas are the same as those in Ref. 8.

The main theorem about global well-posedness for (2.13) is stated as follows.

Theorem 2.1. Let2 < p < 0o,N < q < coand2/p+ N/q < 1. Assume that Q is a bounded domain, (2.1) holds and T is a compact hypersur-
face of class C*. Let 0 < k < 1 be a constant, e f(x(&,t),t) € IP((0,00),L1(Q)) and eb(&,t) € IP((0,00), Hy(Q-)) n H;/Z((O, 00),L1(Q-)).
Let (g, 6p) € B;,(pl_l/p) (Q) and hy € B;;,l/p_l/q(SR) be the initial data for (2.13) and satisfy the smallness condition:

Kt . Kt Kt
[€ €l ((000y.02¢c)) + €7 Bllir((0.00).11 0000y + e b||Hp1/z((0,w))Lq(Q_))

(2.16)
+ HVO ”Bzy(‘)l—l/p)(o‘) + H@o ||B‘z1;171/p)(0) + HhOHBZ;l/p—I/q(SR) <e
for some small number € > 0. Assume that the compatibility conditions hold:
vo — N3 (vo, ‘I’h|t=0) € 2(Q), divvy = Nz(vo, ‘I’h|t=0) inQ,
[(uD(vo)n), T = [(Ns(vo, ¥il,p)). T, [vo] =0 on Sg,
[[VVQO . Il]] = Ng(eo, \Ph|t:0)» [[60]] =0 on SR,
vo=0, VOo_-n_+p6-=b|_, onT,
where 9 (Q) can be found in the Appendix. Then, problem (2.13) with T = oo admits a unique solution which possesses the estimate
Kt Kt Kt Kt
”(e v, e G)HLP((O,oo),H;(Q)) + H(e Orv, e afe)HLP((O)oo),Lq(Q))
Kt Kt
+e 8fh||y((0,oo),w;*1/q(n)) 1€ Rl o (0,00y, w2 (50 (2.17)
Kt
+ e ath“L“’((O,oo),W;_l/q(O)) S &
where the symbol “S” denotes “<C” for some constant C > 0 independent of € and k.
lll. ESTIMATES OF SOLUTIONS FOR THE SHIFTED EQUATIONS
In order to prove Theorem 2.1, we first consider the following linearized equations:
pOiv — Div(uD(v) - qI) = F; inQ x (0,T),
divv=F, =divF; inQ x (0,T),
0,0 —vAO = F, in Q) x (0,T),
Oth—-n-Pv=F; onSg x (0,T),
N-1 (3.1)
[(uD(v) - gD)n] - 0| As, + = hn=[Fs], [v]=0 onSkx(0,T),
[vWwO-n]]=F;, [6]=0 onSg x (0, T),
v=0, VO--n_+p0_=>b(1) onT x (0,T),
V|i=o =vo in Q, 0l,.o =6 in Q, hl,p = ho on Sg,
J. Math. Phys. 65, 081509 (2024); doi: 10.1063/5.0220764 65, 081509-5
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where Fi, ..., F; are given functions. Here and in the following, we denote g*(t) = ¢’ g(t) for a function g, and it is clear that g*|,=o = g(t)
and g"|i=o = g(0). Let

Er(v,0,h) := | (v, QK)HLP((O,T),H;(Q)) + (0w, eK’(‘?tG)HLP((O’T)’Lq(Q))

+ [0 + K|

hHLP((o,D,w;‘””(n)) (0,1),W; 7 (5))?

and
K Pp—
Er(vo,60,h0,F1,...,F7,b) := | (Vo,eo)\\szg’l—l/p>(0) + HhoHBg;l/p—l/q(sR)

IS ED N omyancany * 1B D oy wivsgsny

+ 1€ 0Fs |y 1oy, + IS B F ;)HL*’(R,H;@) " Hb”“L"(R,H;(m»

+ H(FQ‘F? F;c)"H;/Z(R,Lq(Q)) + ”hKHH;/Z(R,Lq(Q,))'

In order to get the decay estimates of solutions for the linearized Eq. (3.1), we need to consider the following shifted equations with
/\1 > 0:

pOrvi + vy — Div(pD(vi) - qil) = F4 in Q) x (0,7),
divv; = F, = divF; inQ x (0, T),
0101 + 110, — vAO, = F, inQ x (0,T),
Oth1 +Athi —n-Pvy = F;s onSe x (0,T),
N-1 (3.2)
[(uD(vi) = q:D)n] - U(ASR + ?)hln =[[Fs], [vi]l=0 onSrx(0,T),
[vwé:-n]=F; [6:i]=0 onSg x (0, T),
vi=0, VOi—-n_+p6i-=0b(1) onl'x (0,T),
V1‘t:0 =Vo in Q, 61|t:0 = 90 in Q, hl‘t:O = ho on SR.

Then, we devote to presenting the maximal regularity for the shifted Eq. (3.2). In fact, we will prove the following results.

Theorem 3.1. Let 1 < p,q < oo and T > 0. Assume that 2/p + 1/q + 1,2. Then, there exists a positive constant A, > 0 such that if M > A,

then the following assertion holds: Let vo, 0y € 32;171/1:) (Q) and hy € B;;,I/Pfl/q(SR) be initial data for equations (3.2), and let Fy, . . ., b be given

functions on the right side of equations (3.2) satisfying for 0 < k < kg := A1 — A, that
FLFf e P((0,7), L)), FS e 1°((0,T), Wy~ 9(sw)),
F; ¢ Hy(R,L(QY)), 3, F&, Fs € Hy(R,Hy(Q)) n Hy* (R, LY(Q2)),
b e /(R Hy(Q-)) n Hy*(R,11(Q-)).
Assume that the compatibility conditions hold:
divvo = F|,_, in Q, vo-Fs,_,€2(Q),
and for2[p+1/q<1
[(uD(vo)n), ]| = [(Fe),Dl|,_» [¥V6o-n]l=Fil_, onSw,
V0o -n_+B6-=b|,_, onl;

for2/p+1/g<2
[voll =0, [[6o]]=0 onSg, vo=0 onl.

Then, problem (3.2) admits a unique solution possessing the estimate

E7(v1,01, ) S ET(vo, 00, ho, F1, ..., F7, b). (3.3)

Proof. Let’s first consider the corresponding resolvent problem of (3.2). Since the argument is the same as for the system with 6; = 0, we
only discuss the temperature equation with interface conditions, then the related results for v; and h; can be obtained by a similar method. Let

J. Math. Phys. 65, 081509 (2024); doi: 10.1063/5.0220764 65, 081509-6
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

F4 be the zero extension of F4 outside (0, T), that is, F4(t) = F4(t) for t € (0, T) and F4(t) = 0 for t ¢ (0, T). Notice that F4(t), F7(t) and b(t)
are defined on the whole line R, we can apply the Laplace transform to temperature equation with interface conditions. Let &/(1) (A = y + iT)
be operators given in Ref. 7, and then, /(A + A1) is % -bounded solution operators for the generalized resolvent problem corresponding to
the following equations:

/\é] + )Llél - vAél = l%'4 in Q,
[[vVél . Il]] = F7, [Ié]]] =0 on Sy, (3.4)
VO -n_+pb_ = b onT,
provided that
Fi e IP((0,T), L(Q)), F7 € Hy(R, Hy () n Hy* (R, LU(Q)), 35)
be (R Hy(Q-)) nHy?(R,L(Q-)).
In view of Ref. 7, Theorem 3.1, we have for 7 = Im A and some positive constant r that
gg(%(mﬂ;_km))({(raf)e((a AP ) Ak h e, ) <r (3.6)

is valid for £ = 0,1 and k = 0, 1, 2. Here,

| (Ao, Ars -5 Ad) [ 27 1) = (Ao, Ar)

oy + 1420y + 143 laca y + Al a ),

where A;’s correspond to Ey, A+1) l/2F7, Fr,(A+ M )l/zb and b, respectively. Asin Ref. 7, for 7 € R, the solution of Eq. (3.4) has the following
expression:

6, =" 7' [((A+ Al))eﬂ[e_th(t)](T)]
with G(t) = (Es, A7, Fr, )b, b) and
A= 7 M) P AL f]] = 7 [0 M) P[]
where 77" and Z;' can be found in the Appendix. In view of the properties of the Laplace transform, we have

901 = " 7, At (A + M) F[e "' G(1)] (7))

Obviously, we can rewrite it as
861 = & F [(A+ M)A+ M) Z[e'G(1)](1)]

(3.7)
WAk [7(A+M)Z[e7'G(H)](7)]:

According to the maximal L”-L? regularity in Ref. 7 for the system of heat equations with interface conditions, by (3.6) and (3.7), we obtain

le 8., HL"(]R,L"(Q)) + 6 HLP(]R,H;(Q))

Sle™ Fallp gancany * HEV%HL"(RH;(m) +[ea e (R LI(4)) (38)
+ ”e_wbHLP(]R,H;(Q,)) + He_Yt ;’/2 LP(R)L'{(Qi))'

Since ‘()L +/11)1/2(1 + 12)71/4| <1 +/\i/2 + 12, we get
—pt A 1/2 —ytAl/2
He YA, P(RI(O)) H Ay P(RLI(Q)) (3.9)
s(1+0+ yl/z)(He‘VfF7HH;/Z(R)L,,(Q)) + He_ythH;/Z([R,L‘I(Q,)))'
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Dueto|(y+A1)(A+ A1) 7 < 1, by (3.7)-(3.9), we have

H87W01 HL"(]R,L”(O))

S(y+a) " (e 06| e

P (RLI(QY)) P (RHX(Q)) )

_ _ _ _ (3.10)
S(y+M) I{Hg th4||LP((0,T),L”1(Q)) + e VfF7HLp(RH;(O)) + e ytb”Lp(R)H’;(Q_))

+ (1 +/11/2 + yl/z)(He_th7HH;/Z(R,L{I(Q)) + He_yth”H;/z(R,Lq(Q,)))}'

Thus, letting A; — oo, we can get |6, ||Lp((_°o)0),Lq(Q)) < He_yt91 HLP(]R,Lq(Q)) =0, which leads to 6, = 0 a.e. for t < 0.

In Ref. 7, Theorem 2.1, y > 0 is large enough to ensure 6; = 0 a.e. for ¢ < 0, but by (3.10), we can choose y = 0 and A; > A,, where A, is
sufficiently large position number, to lead to 8, = 0 a.e. for ¢ < 0. Thus, by (3.8)-(3.10) and choosing y = 0, we have

E$(0,6;,0) < E3(0,60,0,0,. .., F7,b).

Analogously, let F, and F;5 be the zero extension of F; and Fs outside (0, T), respectively, by the maximal regularity in Ref. 23 and choosing y
= 0 we have

E}(vi,01,11) S EV(¥o,60,ho, Fi, ..., F7,b). (3.11)

Then for any « > 0, v}, 6] and hf are solutions of the following shifted equations:

pOvi + (M — x)v] — Div(uD(v})) — q11) = F{ inQ x (0, T),
divvi = F; = divF} inQ x (0,T),
007 + (M — )6} — vAb} = Fy inQ x (0, T),
Ok + (M — k)h{ —n-Pv} = F} on Sk x (0,T),
K K N-1 K K (312)
[(uD(+1) - giDn] - of As, + ~* iin =[] onSex (0.7),
[vill =0, [vWo6i-n] =F;, [6{]] =0 onSg x (0,T),
vi=0, VO_-n_+p0_=0b" onl'x (0,T),
Vil=o=vo inQ, 9’1(|:=o =6, inQ, hﬂz:o =hy onSg
We can choose 0 < k < kg = A1 — A2, by (3.11) and H}I(Q) c Lq(Q), then we have
Ef (1,61, 1)  ET (v, 61, h7) S E7(vo, 60, ho, Fu, . .., F7,b).
Therefore, we complete the Proof of Theorem 3.1. ]

IV. DECAY ESTIMATES OF SOLUTIONS FOR THE LINEARIZED EQUATIONS

In this section, we study the resolvent problem corresponding to (3.1) in which we assume F, = 0 (i.e.,, divv=0), Fs =0, F; =0 and b
= 0. Since the pressure g in Eq. (3.1) has no evolution, we will eliminate g to formulate the problem in the semigroup setting. In view of Ref.
23, in fact, we shall reduce the corresponding resolvent equations to the following equivalent equations:

pOv — Div(uD(v) - K(v,h)I) = F; inQ x (0, 00),
00 —vAO = F, in Q x (0, T),
[vwO-n]]=0, [6] =0 onSg x (0,T),
Oh—-n-Pv=Fs, [v]=0 on Sg x (0, 00), @)
[(uD(v) = K(v,h)I)n] - O‘(AsRh + NR_z 1h)n =0 onSgx(0,00),
v=0, VO--n_+p0-=0 onT x (0, 00),
(V, 6,]’1)|1:0 = (Vo, eo,ho) onQ X SR.
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Here, let K(v,h) € Hy () + Hy(Q) be a unique solution of the weak Dirichlet problem
(VK(v,h),V¢)q = (Div(uD(v)) - Vdivv, Vo),
forany ¢ € H';, (Q), subject to
[Kw 1] = [(1D)nn)] - 6(A3Rh . %h) —[divv] onSk

Let
L(v,6,h) = (Div(uD(v) = K(v,h)I),vAf, (n - Pv)|s, ).

For (v,h) € Z;and 0 ¢ o when F; =0, F4 = 0 and Fs = 0, we see that (4.1) is formulated by
0i(v,6,h) =L(v,0,h) fort>0, (v,6,h),_, = (Vo,60,ho). (4.2)

According to Ref. 23, Theorem 3.2.4 and Ref. 7, Theorem 3.1, we can obtain that L generates an analytic semigroup S(¢) on (v,0,h) € 7
with the norm

[ 0.0) 1 = ¥ lay + 180aay + Bl ygavm s,

then, we have the following theorem.

Theorem 4.1. Let 1 < g < oo. Then, {S(t) }i»0 is exponentially stable, that is,

IS0 6.1y < G (%, 0) g

forany t>0and (v,0,h) € 7 with some positive constants C and .

According to the standard semigroup theory in Ref. 12, we consider the following resolvent equations:

(M -L)(v,6,h) = U, (4.3)

for U = (Uy, U, Us) € ;. In fact, our task is to prove the following theorem.

Theorem 4.2. Let 1 <g< oo and A={A € C|Red>0}. Then, for any A€ A and U € 55, (4.3) admits a unique solution (v,6,h) €
Hq () with (v,h) € 2,(Q) and 6 € 7,(Q) possessing the estimate

I 0.0) [z, + (1)l 2, + 18] 7 < ClU]z

where |(v.) |, = V1) + Vil gy and 161 g = 16 -

Proof. Let Ay, ={A e C|Red >0, [A| <o}, where A isa positive number in Theorem A.4. And then, we only consider the resolvent
heat equation with the interface condition

A0 —vAB=U;, for 6¢ /q. (4.4)

Since A € Ay, we can set L = Ag € %, we see that (Ao — vA) ™" is a bounded linear operator by Theorem A.4, where I is the identity
operator. Then for A € A, we have

M = vA = (A= 20)I +AoI = vA = (I+ (X = Xo) (Aol — vA) ") (Aol — vA).
Therefore, if (I +(A=20)(AI —vA)~! )71 exists as a bounded linear operator, we have
-1 —1\—1
0= (Aol —vA) " (I+ (A=) (hoI=vA)"") Us.

Since ) is a bounded domain, ¢ , is compactly embedded into L1 by the compactness theorem, then by Theorem A.4, (Aol — vA)™"
is a compact operator from .7 into itself. Thus, by the Riesz-Schauder theorem, it suffices to prove the triviality of the ker-
nel of I+ (1—2Xo)(AoI—vA)™" in order to prove the existence of the inverse operator (I+ (A—2Ao)(Aol —vA)™')™'. Notice that f
=—(A=20) (Aol =vA)7'f € 7, Moreover,

M=vA)f = =vA+ (A=) f ==(A=Xo)f + (A=) f =0.
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Our task is to prove f = 0. Namely, f € 7, satisfies the homogeneous equations
Af —vAf =0 inQ,
[vwf-n]]=0, [fI1=0 onSg (4.5)
Vio-n_+pf =0 onT,

then we devote to proving f = 0. )
Firstly, we consider the case that 2 < g < co. Since f € 7, and ) is a bounded domain, by the divergence theorem and (4.5), we have

0=(Af =vAf, fla
=M flz2ay + VIV 132y = (VWS 0l s, = (09 f= e f)r

Thus, noticing the interface conditions in (4.5), we obtain
0= "L”fuzﬂ Q v Cf”zl Q k If- ||2L (4.6)
( ) 2( ) vV z(r)' ’

Therefore, combined with Re A > 0, taking the real part of the (4.6) leads to Vf = 0 in Q.Since [ [f] ] =0onSgand f; = f- = 0 on T, we have
f =0in Q. Namely, problem (4.4) admits a unique solution 6 € _#, possessing the estimate

I8l + 101 7 0y < ClUsl1sary (47)

with some constant C > 0,2 < g <ooand A € Ay,.
Next, we consider the case that 1 < g <2 and forany w € L. Letg € 7, ;/ be a solution of the following equations:

g —vAg=w inQ,
[vWg-n]]=0, [[¢g]=0 onSg, (4.8)
Vg--n_+fg =0 onT.

Since L, € Ay, and 2 < ¢’ < oo, by the fact proved above we know the unique existence of g € 7. /- By (45) and (4.8) and the divergence
theorem, we have

0=(Af-vAf.8)a
=Mf.8)a + (VS V)~ ([VSf-nl.g)s. — (Vf--n-g-)r,
(f:0)a = (f:A9)a + v(Vf,Vg)a ~ ([Vg nll. s, - (Vg- 0 f)r.
By the boundary condition on I, we obtain
(frw)qg=0 foranywe LqI(Q),

which yields f = 0. Thus, problem (4.4) admits a unique solution 0 € /q(ﬂ) possessing the estimate (4.7) when 1 <g<2and 1 € A,.
Finally, we consider A € {A e C|ReA >0, |A|>Ao}. Itis evident that the result in Theorem A.4 can be obtained. The estimation of v

and h is similar to the treatment of temperature 6, and one can refer to Ref. 23, therefore, we omit the proof details. In summary, we have

completed the Proof of Theorem 4.2. O

Now, we can get the following decay estimates for linearized Eq. (3.1).

Theorem 4.3. Let 1 < p,q < oo and T > 0. Assume that 2/p + 1/q # 1,2. Assume that T is a nonempty compact hypersurface of class C*.
Let0<x<1,ug,6 € B;Sfl/p) (Q) and hy € B;,;l/pfl/q(SR) be initial data for (3.1), and let Fy, . . ., b be given functions on the right side of (3.1)
satisfying:

(FLLF) « P((0,7),1°()), F5 e 1°((0,T), Wy (sw)),
F; e H,(R,LY(Q))),

F5,F&, FS e Hy(R,Hy(Q)) n Hy* (R, L(Q2))

b e I/ (R, Hy(Q-)) n Hy(R,19(Q-)).
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Assume that the compatibility conditions hold:
diVV() = F2|t=0 in Q, Vo — F3|t=0 € @(Q),

where 2 (1) can be found in the Appendix, and for 2[p +1/q < 1

[(uD(vo)n), ] = [(Fo) 1., [vVOo-n]=Fl_, onSe,
VB -n_ + [5’90_ = blt:O onT;

for2/p+1/g<2
[vo] =0, [[6o]]=0 onSk, vo=0 onT.

Then, problem (3.1) admits a unique solution possessing the estimate
]E’;*(V, 9, h) S E’;‘(V(), 00, h(), Fl, ey F7, b)

Proof. We consider the solutions v, 6, g and & of Eq. (3.1) of the form: v = v + v, 0 = 01 + 02, ¢ = q, + g, and h = hy + hy, where vy, 01,
q, and h; are solutions of the shifted Eq. (3.2), and then vy, 8, q, and h; satisty the equations:

pOivy = Div(pD(v2) — q2I) = Mivi,  divva =0 inQ x (0, 7),

08¢0, — vAB, = 116, inQ x (0,T),

Ohy —n-Pvy = M1y onSg x (0,T),

[(uD(v2) — g2I)n] - O'(Askhz + %hz)n =0, [vo] =0 onSzx(0,T), (4.9)
[vWwo,-n]]=0, [6:.]=0 onSg x (0,T),

v,=0, Vb0 n_+p6,-=0 onlx (0,T),

(2, 02, h2) =0 = (0,0,0) on Q x Sg.

In fact, the estimations of (4.9) can be reduced to the study of (4.1). Then, we can replace Fi, Fy, F5 with A1v1, 110, and A1 hy, respectively.
Thus, in view of (4.2), L generates an analytic semigroup S(t) on (v2,02,h,) € ;. Then by the Duhamel principle, it yields

(Vz,ez,hz)(',‘[) = ATS(T*S)(/\lvl(',S),/\]@l(',S),Alhl(ys))ds.

Owing to Theorem 4.1, we have
T
28 h) D)y 5 [ €TI0, 01 8) I (45)) | o

T 1/p’ T 1/p
< (f e”“(H)ds) (f 9| (vl(~,s),61(-,5),h1(-,5))HP%;d5) )
0 0 “q

Thus, by the above inequality we obtain

t © P
fo (1257, 825 7), B (1)) | g ) e
t T
s (fo e*("1*PK><T*S>(e“H((vl(.,s),91(.,5),hl(.,s)))n%)l’ds)dr
-1 T KS P
$Ga=p) " [ (109008 (1)) g ) s
Choosing 0 < « < 1 such that 0 < kp < 1, and combining with (3.3), for any ¢ € (0, T'), we have

€ (2,02, 12) 5 0.1, 72) S ET (¥, 60, o, Fas ., i, ). (4.10)
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By (4.9), (v2, 02, hy) are solutions of the shifted equations:

POz + Mvy — Div(puD(v2) — g2I) = Livi + vz inQ x (0,7),
8162 +/\192 - VAQZ = A101 + /\162 inQ X (0, T),
8,h2 +/11hz —n'PV2 :/\1]”11 +/\1h2 onSR X (0, T),
N-1
[(uD(v2) — g2I)n] - O'(Askhz + ?hz)n =0, [[val=0 onSrx(0,T), (4.11)
[vWo,-n]]=0, [6:.]=0 onSg x (0,T),
v;=0, V0O -n_+ /392_ =0 onT x (0, T),
(Vz,@z,hz)h:o = (0,0,0) onQ X SR.

Using Theorem 3.1, (3.3) and (4.10), we have
E7(v2,02,h2) SET(0,0,0,A1v1 + A1v2,A101 + A162, A1 + A1h,0...,0)
< e (v, 91>h1)HL”((o,T),jﬁ) + Hem(vz,Bz,hz)”Lp((g,r),jﬁ) (4.12)
S E7(vo, 60, ho, Fi, . .., F7,b).
Thus, v =v) + vy, 0 =0, + 6, and h = h; + h; are the required solutions of Eq. (3.1). And by (3.3) and (4.12), we obtain
(v, 0,h) SET(vi,01,h1) + EL(v2, 02, h2) S E7(vo, 00, o, Fi, . .., F7, ), (4.13)

which completes the Proof of Theorem 4.3. O

V. ESTIMATES OF NONLINEAR TERMS

Let Ty > 1 be a given positive number such that T € (0, Ty ], then assume that the initial data are so small enough that for some x > 0 and
small number &,

S = ||fc\\LP((o,oo),Lﬂ(o)) +] bKHLP((o,oo),H;(Q_)) +] bK”H;/z((O,oo),Lq(Qf))

(5.1)
+ HVOHB;;Z/I’(Q) + ||90 ||B;;2/p(0) + HhOHW;V;I/p—l/q(SR) <e
Denote
&1(v,0,h) = E1(v, 6,h) + " Oth]| (O (50))
In what follows, we shall use the following inequalities
sup |[(V* (- 1), 0., t))HBZ(l—l/p)(O) S I+ &4 (v, 0,h),
t€(0,T) o (5.2)
sup ||hK(',t)”Bisfl/pfl/q(sR) S .7+ &r(v,0,h), ’
te(0,T) i
which will be proved later. Since p > 2 and 1/p + 1/q < 1, combined with (2.4) and (5.2), they lead to
sup [0,y < 0B 106" 8 D gy 5.7 + 6.
te(0, te(0, &
K K K (53)
sup |A*(5 )], -v S sup |A*(5 )| v S S+ &1(v, 0, h).
te(0,T) o™ (S8) te(0,T) By (S0 !
In fact, we also need to assume
sup [¥a(>t) 1 (o) <& (5.4)
t€(0,Ty) *
by (2.7) and the definition of {(t), we have
1% Co @y < Co(1@n () ey + ECO1)s
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where Cy is a positive constant independent of T. From this point of view, instead of (5.4), we assume that

191D 1y < €1 KD < e, (55)

where ¢; is a small number such that 2Cpe; < e&. We need to guarantee the justification of the a priori assumption of (5.5). By (2.11) and
Sobolev’s inequality, we have

DS 104Dy O] < CIVCD iy (56)

provided that |®, ()¢ is small enough. Thus, by (2.12) and (5.6) and Hélder’s inequality, we get

- Ty
sup [{(0] < Cr [ V7)o

te(0,To)
T, 1/p’
0 —K‘rp' Kt (57)
& (-/0 ¢ dT) He VHLP((OvTo)lq(BR))

< (k') ]

P ((0,Ty),L7(Br))"

Then by (2.11), (5.3), and (5.7) and Sobolev’s inequality, we can get that
sup [ @u( )| (a) S 7 + 61, (V.0 h),
) o

te(0,Ty,
i i (5.8)
sup [{(t)] § .7 + &5, (v,0,h), sup €| (1) S .7 + &5 (v, 6, h).
1€(0,Ty) te(0,To)

Thus, when .7 and &7, (v, 0, h) are small enough, (5.5) is obviously reasonable, we complete the justification of (5.5).

Now, for the decay estimates of solutions for linearized Eq. (3.1), from (4.13), we need to estimate E7(vo, 6o, ho, F1,. .., F7,b). Thus,
each nonlinear term can be directly replaced with the corresponding term on the right side of (2.13). Firstly, we will replace F; in (3.1) with
N; + f - agf. By Theorem 4.3, we need to estimate | (f*,6%)|r((o,ry,1(2)) With a given function f. Then, in fact, we can get the following
estimate of 6 by Theorem 4.3 as follows:

o] + i

2 ((0,T),L1(€2)) <160 ”B;_(PH/P)(Q) + HN{{H

o]

I ((0,T),L4(€2)) P(RHI(Q))

vy TN e 10 le @@y

Thus, we only need to consider the nonlinear term N1 (v, f, 6, ¥}, ). From (2.4) and (2.7) and the formula of N1 (v, £, 6, ¥},) in Ref. 8, we get
IN1 (v, £0,%3) | 1202y
SVl = gy + 106@nl iy + 1 (OD V¥ a0y

. (5.9)
+ (1Pl oy +1CCOD O] 1y + HVZVHLq(Q) +[flacay + 16l19¢ay)
+ (IPnl iz + 1EEODTVV] = (1)
Therefore, in view of (5.3), (5.8), and (5.9), N < g and Sobolev’s inequality, we get
K
HNl (V, 6) f; \Ph) HLP((O,T),LH(Q))
K K Kt &/
5 (”V HL“((O,T),H;(Q)) +[0h HL“((O,T),W;”/‘?(SR)) + IES(?T)B IC (f)|)
Iv I oy ey + (h HL“((O,T),W;’V“I(SR)) + t:(l(l)%)K(t))
. . § (5.10)
(HV ”LP((O,T),H/%(Q)) +[ o HL"((O,T),L”(O)) +6 HLP((O,T),Lq(Q))
+ ”f'(”LP((O,T),Lq(O))) + (||h ”L"“((O,T),W;_l/"(sk)) + t:(‘;%)|((t)|)
x |v* “LP((o,T),H;(Q))
S (7 + &5 (v,6,h))’.
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Let N4(v,0,¥},) be a nonlinear term given in Ref. 8, by (2.7), we have

N4 (v, 0,%3) || 1)
SVl @y + 100 @il = ay + 18" (OD VO 1aer) (5.11)
+ ([ Pullg_ ey + |Z(t)|)‘|v26”y(g) + (IPal2 ) + KODIVO] = (cr)-

Employing a similar argument as that in proving (5.10), we have

|Ni (v, 6,%4) HLP((o,T),m(Q))

; ('VK“‘”((O’T%H;@)) O (o s * tfﬁ%yfl(t)')

160, o) * (, B (o ) * S )\f (t)l)l!e"!u(@,r),H;(o)) (5.12)
+ (“&hx||L°°((0,T),W,§"/”’(5k)) + :(1(1)%)|Z(t)|)|9K|LP((0>T)'H§(Q))

S (7 +61(v,6,h))ér (v, 0,h).
We next consider N5(v,¥},) given in Ref. 8. Since the detailed proof was given in Ref. 23, we omit the details. Then we have

N5 (v, ) HLm((O,T),Wr/q(SR)) $(7 + &5 (v, 0.1)) 5 (v, 60, ),
N5 (v, ¥,) HLP((M))W;_W(SR)) (7 + &1 (v, 0,h)) &7 (v, 6, h) (5.13)

+ (7 + (v, 6,h) ) (v, 6, h).

According to Theorem 4.3, we have to extend other nonlinear terms to the whole time interval R. Before turning to the extension of
these functions, we recall some definitions and estimations in Ref. 8. Let Tv(¢) be the given analytic semigroup defined in Ref. 8, we can set
Ty(t)vo = Tve (t)Vo|q, for x € Qu, then Ty(0)vo = Vo in Q. By the analytic semigroup theory and a standard real-interpolation method, we
directly have

He‘Tv(~)V0HD(Q) S Ivollpeer for D(Q)) € {HI,;(Q),BE;I—I/P)(Q)}’ -
5.14
HetTv(')VOHH;)((O,OO),Lq(Q)) + ”etTv(')VOHLP((o,oo),H;(o)) S [Ivo ”ng-‘/f’)(n)'

We can also define a similar operator for Ty(t)0o. Setting T} (t)ho to be the solution of the given shifted equations in Ref. 8, we have T3,(0)ho
= \Ijhg in Q, Th(o)h() = h() on SR and

HEtTh(.)ho||L°°((O,oo),BZ;l/p(Q)) + HetatTh(')ho||L°“((O,oo),H;(Q))

+ [l T () o, + [0 Ty (Yhol|

17((0,00),H3(2)) 1P ((0,00),H2($2)) (5.15)

S ” hO ” BZ;I/P*V/I (Sr)"

Then, given a function ¢(t) defined on (0, T), the extension Er[¢] of ¢ is defined by

0 fort <0,
o(t) forO<t<T,
Er[g](t) = (5.16)
(2T -t) forT<t<2T,
0 fort > 2T.
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Obviously, Er[¢](t) = ¢(t) for t € (0, T) and Er[¢](t) = 0 for ¢ ¢ (0,2T). Let y(t) be a function in C* (R) which equals 1 for t > -1 and 0
for t < —2. Under these preparations, we now define the extensions & [v*], &[0"] and &[¥} ] of v¥, ¥ and ¥}, respectively, to R by

& [VK] ET[VK — Tv(t)V()] + l//(t)Tv(M)Vo,
&[60°] = Ex[6° - To(t)60] + w(t) To(|t]) 6o, (5.17)
&[] = x(0) (R (Er[ @y, t) = Tu(t)ho] + w(t) Tu(t)ho)y + Ex[{1(1)).

Since £(0) = 0, we have
av]=v, &[01=0, &[¥,]=¥ inQx(0,T), (5.18)

and then, applying the Hanzawa transform x = £ + &[¥},] instead of x = & + ¥}, by (5.5), (5.15), and (5.17), choosing &; smaller if necessary,
we may assume that

sup H‘%[\YP]HH;(Q) S sup ||‘DhHH;(Q) + ||Th(‘)h0||L°°((o,oo),H2(Q)) + sup [¢(1)]
teR te(0,T) 1 t€(0,T)

(5.19)
<e
Now, in view of (2.9) and (2.15), N5(6, ¥},) is given by
Ns(6,%),) = [vW0- (n—n:)] - [WWo(k)VO-n] = Vs(k)k ® [vVO]. (5.20)

Here, k is the variable corresponding to V¥, = (¥}, V'¥};) and &; denotes the partial derivative with respect to variable k. Vs (k) = Vs(-,k) is
a set of matrices of functions consisting of products of elements of n = £/|R| and smooth functions defined for |k| < ¢, possessing the estimate

‘Slllp ||(V8(~,R),6,-(V8(-,K))HLN(O) <C. (5.21)
k|<e

We extend Ng (0, ¥},) to the whole time interval R. Let
Ng(@, \I"h) = Vg(vo%["}’h])v(%[\yh] ® [[VV(%[QK]]]. (5.22)

Obviously, we have
N5(6,%,) = N5 (6,¥),) inQ x (0,T).

Let % be an extension map acting on 6. € H;(().) satisfying the properties: 2%(6.) € H;(Q), Z-(6:) = 6-inQ_, 2. (6-) = 6, in Q,, we
have
(822:(0))(x0) = im£0.(x),  [086] = 82 (0]~ 9246, (5.23)

x€Qy

for xp € Sg, |a| < L and fori=0,1,2.

12202 c0) < Cia( 164 Ly *+ 16- iy ) = Cial Ol (5240

Thus, by (5.23), we obtain
N3(0.%4) = Va(V& ] V& W] © V& v- 2265 - v 2207, . (5.25)

Moreover, since
O(Vs(V&[YR])VE[Yh]) = Vs(VE[Yr]) 0V E [ Y]

o ) ) (5.26)
+Vs(VE[YR])AVE[YVE[ Y],

where V§ denotes the derivative of Vg (k) with respect to k, by (2.4), (5.5), (5.14), (5.15), (5.17), and (5.21) and the fact that y(£) = 1 on Sg, we
have the following estimates:

[Ve(VE[YRDVEYM] 1= 20 0)
5 HTh(|t|)h0HLN((_z,oo),Hg(Q)) + [ ||L°°((0,T),H;(o)) (5.27)

S Hh() H W;;‘/Pfl/q(sR) + Hh”Lw((O,T)’W;*I/'i(O)) ST+ g;(": 9) h)>
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10, (Va(TABD TN | i)
SN0kl = 0,1, Wi (sy + ||8tTh(|t|)h0HL'”((—Z,oo),H;(Q)) (5.28)

< S + (g}T(V, Q,h)
From Lemma A.2, (5.27) and (5.28), it follows

wsew) N

g ]RH‘(Q) (RLI(Q))
(5.29)
< (5 + 8 G,h))( | N 2 o P
Applying Lemma A.3, (5.14) and (5.17), we have
H V& [GK] HH;/Z(R)L;;(Q)) + H V& [GK] HLP(RH,;(Q)) 5 30)
54100 omyanan * HGKHLP«o,T),H;(O))'
Thus, combining with (5.29) and (5.30), we have
HNg(e"Yh)HLP(R,H;(Q)) + HNQ(B,\P;,)HH;/Z(R,L,,(Q)) S (7+ &4 (v,0,h)™ (5.31)

Moreover, we extend Nz (v, ¥};,), N3(v,¥;,), Ne(v, ¥},) and N7 (v, ¥};,) to the whole time interval R. In fact, {(¢) does not play a role in
Ns(v,¥},) and N7 (v, ¥},), we just need to estimate ®@,. By (5.17), (Refs. 8 and 23), let

Ny(v,¥3) = Va(VE[Y]) VE[ Y] © Va [V,
Ni(v,¥),) = V3(V&[Y]) Va Y] @ &[],
Ne (v, ¥),) = Vs(V&[D,]) VS [Ph] ® Va [VF], (5.32)
N7 (v, ¥) = V7 (V& [D,]) VE[@4] ® V& [V]
+0Vs(V&S[Y,]) V&S [Py @ V 53[(1)2],

where for i = 2,3,5,6,7, V;(k) are some matrix of C' functions consisting of products of elements of n = &/|R| defined on Q x {k | |k| < ¢}
possessing the estimate

|Sl.‘lp H(V,-(-,l_(),81—(Vi(~,l_<))||Hl @) <C. (5.33)
k|<e e

By the fact H; (R,Lq(ﬂ)) c H;/Z(]R, Lq(Q)), (2.4), (5.3), (5.15), and (5.17), we have

[v* vl Vsl e

(RLI() )
”53[\11}1] HHI ]RHZ(Q) H(% [\Yﬂ ”LP(]R,H}‘(Q))
st H‘DhHH;«o,T),H;(m) 10 oy
S 7+ &0(v, 0, h).

P (RH) (D))

N

(5.34)

N

Then, by (5.24), [N§]] and [N%]] can replace with N§ and N%, respectively, employing the same argument as in proving (5.31), we have

(N5 0, NG ), N5 (900 gy *+ N5 ¥00) [y

+ (N300 %), NG ¥, N5 ) [ ) (535)
> q
S (7+ & (v, 0,h))>.
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Finally, we consider the interface condition on I'. Noting that x = & near I x (0, T'), then, we consider the following equation for t € R

V&[05] no + B&[65] = b (&1)

with

0 fort < -2,
w(t)VTo_(|t])60 - n- + Py(t)Te_(|t])00  for —2<t< -1,
| VTo ([t - -+ BTo_(|t])60 for —1<t<0,
o e“b(&,t) for0<t<T,
eK(2T7t)b(«f,2T —t) forT <t<2T,
VTe (t)6o-n- + Ty ()6 fort > 2T.

Obviously, we have
V&[65] - n- + p&[05] = VoL -n_ + pO° = b (&, 1) onT x (0,T).

By Lemma A.2, (5.14) and (5.17) and |n_ ||, < C, we have

o K”LP(R,H;m_)) * HBK”H;”(R,L"(Q_»

< HTe,(|t|)90 ‘|LP((,2,OO))H;(97)) + ” TG,(M)HOHH;((fz,oo),L’i(Q,))

(5.36)
+ ”bKHLP((O,T),H;(Q,)) + HbKHH;/Z((o,T),Lq(Q,))
S 16olg-m (0 + HZ’K||LP<<0,T>,H;<0_>> * HZ’K||H,i“<<ww<n_)> 5
Applying Theorem 4.3 to Eq. (2.13) and using (5.10), (5.12), (5.13), (5.31), (5.35), and (5.36), we have
E5(v,0,h) < C(5 + (&£ (v, 0,h)) + (&£ (v, 6,h))?) (5.37)
for some positive constant C. Moreover, by the fourth equation in Eqs. (2.13) and (5.37), it yields
e Ol (o1 it sy S CCF + (10 01))" + (57(v.0,1))°). (5.38)
Combined with (5.37) and (5.38),
EF(v,0,h) < C(7 + (&5(v,6,h))* + (&5(v,6,h))?) (5.39)
holds for any T € (0, Ty ], and for some positive constants C independent of T and Tj.
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Finally, we should prove (5.2). We just consider v*, let & [v*] be the function given in (5.17), then by Lemma A.1, we have

V9= o.my.m0-10 @y < [ty ]HL*((o,oo),B;;H’”m))

of

which, combined with (5.14), leads to inequality (5.2).

+ H&@ﬁ [VK] H

AV (erimcan L"(<°>°°)’Lq(“>)}

VI. COMPLETION OF THE PROOF OF THEOREM 2.1

From Theorem A.5, when .# is small enough, problem (2.13) admits a unique solution in (0, Ty). Thus, we shall prove that v, g, 0 and h
can be prolonged beyond Ty keeping condition (5.5) provided that &; > 0 is small enough. From Sec. V, we know that

EE(v,0,h) < C(7 + (61(v,0,h))* + (6£(v.6,h))°)

holds for any T € (0, To) with some constant C > 0 independent of ¢, &1, T and Tj. In fact, we need to consider the properties of the roots
of an algebraic equation x* + x* — C"'x + .# = 0. Using Veda’s theorem and changing C larger in (5.39) if necessary, since we choose .7 < ¢
enough small, we can make the algebraic equation have three different real solutions xo(.#) and x.(.#):

x(7)=CI+0(F),x:(#) =C +0(C?) +0(),

-1 -2 (6.1)
x(F)=-1-C +0(C*)+0(~s),
as C » oo and .# — 0. Since &5 (v, 0,h) > 0 > x_(.#), by (5.39), one of the following cases holds:
Er(v,0,h) <x0(F),  EF(V,0,h) > x. (7).
In view of Theorem A.5, when .# < ¢, Eq. (2.13) admits a unique solution (v, 6, h) satisfying:
& (v,0,h) <, (6.2)
where § > 0 is small enough such that
ed < 1/2C.
By (6.2), we have é’;,l (v,60,h) < eé’}o (v,0,h) < 1/2C < x1.(.¥), and therefore,
EF(v,0,h) <xo(#) forTe (0,x").
But &(v, 0, h) is a continuous function with respect to T € (0, To) which yields that
&Er(v,0,h) <x0(.#) forany T € (0, T). (6.3)

In particular, setting T="Ty- 1/2,by (5.2) and (6.3), we have
I D)l 106 Dl + I Dy <),

Thus, choosing .# sufficiently small and using the same argument as that in proving Theorem A.5, we see that there exists a unique solution
(¥, 0,3, h) of the following equations

pO:v — Div(uD(it) — gI) = Ny (¥.£,0,'%;) + f(x(£,t),t) —agd  inQx (T,T+1),

divy = Nao(¥,¥;) = divNs (¥, '¥;,) inQx (T,T+1),

90— vAf = N4(¥,6,'%;,) inQx (T,T+1),

dh—n-Pv=N;s(¥,¥;) onSg x (T,T+1),

[uD(@)n]): = [Ns(%%;)], [¥] =0 onSex (T, 7+ 1), (64
[(uD(¥)n,n) - G]] - oAs.h + NR_Z L - [N-(.¥;)] onSg x (T, T +1),

v=0, VO-n_+p0=0b(E1) onl x (T,T+1),

V=0 =v(-T) inQ, é‘t:T. =0(,T) inQ, E|:=T =h(~T) onSg,
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which satisfies the condition:

_sup HCD;I(-, t)HHl (@) <e/2, _sup |Z(t,\"7,fl)| <e/2, é?T,TH)({”é’I:l) s 6, (6.5)
T<t<T+1 = T<t<T+1
and
g%fjﬂ)(‘}’ 6,h) = ” (¥,0) HL”((T,TH),H;(O)) + H(af{” 8t9)HLP((fj+l),Lq(Q))
+ HafhHLP((T,T‘H),W;"/'?(Q)) + Hh”LP((T,TH),W;“/P(SR))
+ H8fh||L°°((T,T”H),w;*‘/’f(sR))'
Let
v o<t<T, qg 0<t<T,
Vi=y . . - q =
v T<t<T+1,

g T<t<T+1,

0 0<t<T, h 0<t<T,

61: - - - h1: ~ ~ ~
0 T<t<T+1, h T<t<T+1,

and then (vi, 01, q1, h1) satisfies the condition:

sup ”q)hl(', t)”H}x)(Q) <é, sup |Z(i’,V1,h1)| <ép, é*%ﬂ(vl,@l,hl) S 4. (6.6)

0<t<T+1 0<t<T+1

Since T + 1 = Ty + 1/2, we can prolong the solutions. Repeating this argument, we can prolong v, § and & to the time interval (0, co) satisfying
(2.17). This completes the Proof of Theorem 2.1.
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APPENDIX: NOTATIONS AND USEFUL RESULTS

For any scalar function a = a(x) and N-vector function b = (b1(x), ..., bn(x))", we write

Va = (0a(x),...,0na(x)), Vb= (Vbi(x),...,Vbn(x)),

N
divb =Y 9bi(x), V’a=(90;a)" V’b = (V?by,...,V2by).

i,j=1
i !
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For any n-vector X = (x1,...,%,)" and m-vector Y = (y1,...,ym)", Y ® X denotes an (n, m)-matrix whose (i,j)" component is X;Y;. For
any (mn, N)-matrix A = (A,-j,k) fori=1,...,n,j=1,...,mk=1,...,N,AX®Y denotes an N column vector whose it component is the

quantity: Z?:l Skt A X ke
Let L(Q)), Hy(Q) and B, ,(Q) denote Lebesgue’s spaces, Sobolev’s spaces and Besov’s spaces, respectively, on an open set Q of RY with
p-g€[l,00]ands € R. Let

D(Q) ={f : flo. €D(Qs)},  |flpe@y = I flosIpca,y + 1 flo- Iy

for D € {L,H;,B;,}. For simplicity, we write I8l xcay = I8lx(q)- In this paper, for boundary S, we write Wy(Sg) := By4(Sr) with the
norm written by | - | W (S0)+ |X| denotes the Lebesgue measure of a Lebesgue measurable set X in RY. For any two Banach spaces E and H,

£ (E,H) denotes the set of all bounded linear operators from E into H. Let Z (R, E) denote the space of E-valued distributions. .# (R, E)
denotes the space of E-valued Schwartz functions and . (R,E) = .2(.#(R,E),R) is the space of E-valued tempered distributions. For a
domain U in C, let Hol(U, £(X,Y)) be the set of all #(X, Y)-valued holomorphic functions defined on U, where C denotes the set of all
complex numbers. Set

Ze={1eC\{0} | |argA| < —¢}, Zp, ={AeZc||A[> Ao} (A1)

For any N-vectorsaand b, weseta-b = (a,b) = ZI}]:I aibi, and the tangential component a. of a with respect to the normal n is defined by a,

= a— (a,n)n. For complex-valued functions f and g, we set (f,g)a = [, f(x)g(x)dx where g(x) is the complex conjugate of g(x), and for
any two N-vector functions f and g, denote (f,g)q = 21}1:1 (f1>8j)q- Let1 < g < oo, é + % = 1, we introduce the following spaces

Jo(Q) = {v L)V | (v, Vg)y =0 foranyge H;/(Q)},
AY(Q) = {v e L7°(Q) | vve Lq(Q)},

Hyi={(wO0.h) [vel(Q), 0eLl(Q), hewy Vi(sp)},

Zq = {(vh) | veJy(Q) N H(Q), ke Wy i(Sp),
[(uD(v)n);]]=0, [[v]=00nSz, v=0 onl},

L= {6e H;(Q) |[vw6-n] =0, [6]=00onSk, V6_-n_+pf_=0onT}

Definition A.1. F|[f]and 3‘?1 denote the Fourier transform and the inverse Fourier transform, respectively, given by

PO = [ @i 7O = 5o [ @

Let 1, and 7" be the Laplace transform and the inverse Laplace transform, respectively, defined by
A o _ _ 1 e
fO =200 = [ "M fwdn T W0 = 5 [ e,

for A =y + it € C. Obviously,

A1) = [ : e f(1)dt = 7 £](7),
71 [el(1) :eyti [ T Me(n)dr = " 7 g)(t), AT = A =1

Definition A.2. Let both X and Y be Banach spaces. A family of operators 7 ¢ Z(X,Y) is called to be % -bounded on Z(X,Y), if there
exist some constants C > 0 and p € [1, 00) such that foreachn e N,Tj € Z(X,Y) and fi e X(j = 1,...,n), we have

n

> 1T

j=1

n

> nifi

j=1

<C

17 ((0,1),Y) LP((0,1).X)

Here, the Rademacher functions {rj}';:l are defined from [0, 1] into {—1,1}. The smallest of such C’s is called the % -bound of 7 on #(X,Y),
and denoted by Z o x yy 7.
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Lemma A.1 (cf. Ref. 2). If X is a dense subspace of Y and the embedding X c Y is continuous, we have
(0, 00;X) N Hy (0,003 Y) © C([0,00); (X, Y)1/p)
and

1/p
sup [y, < (100 gty * 800 0ery )
te|0,00) P

foreachp € (1, 00).
Lemma A.2 (cf. Ref. 23). Let 1 < p < oo and N < q < oco. Let
feL®(RHy(Q)) nHio (R, L1(Q)),
g e HP(RLI(Q)) n I (R, Hy (2)).

Then, we have

”ngH;/Z(R)Lq(Q)) + HngLP(R,H;(Q))

(A2)
< C(If L= geon *+ 1 iy eancan) * (I8l eascany * 18l mycon )
Lemma A.3 (cf. Ref. 23). Let 1 < p,q < oco. Then,
Hy(R,L1(Q)) n L7 (R, HA(Q)) € Hy* (R, H}(€2))
and
”””H;/Z(R)H;(Q)) < C{H”HL"(R,H;(Q)) + Haf””LP(R,L‘f(Q))}- (A3)

Theorem A.4 (cf Ref. 7). Let 1 < g < oo and 0 < & < m/2. Then, there exists a Ay > 0 such that for any A € 2, and (v,0,h) € 5,
equations (4.3) admits a unique solution (v,h) € 94 and 6 € 7, possessing the estimate:

I 0.0, + 1w 1)l 2, + 18] 7 < CIU
Theorem A.5 (cf Ref. 8). Let 2 <p < oo,N<q<o0,2/p+N/q<1and T >0. Assume that Q is a bounded domain, (2.1) holds and T is
a compact hypersurface of class C*. Let f(x(&,t),t) € LP((0,T),L1(<2)) and b(&,t) e I’((0,T),Hy(Q-)) n H‘;/Z((O, T),L1(Q-)). Then, let

(uo,69) € BZ&,FI/P) (Q) and ho € B;;,I/Pfl/q(SR) be initial data for (2.13) and satisfying the smallness condition:

”fHL"((O,T),L‘f(O)) + Hb”LP((o,T),H;(a,)) + Hh||H;/z((O,T),Lq(Q_))

) (A4)
+ ||V0H32§)1-1/p)(0) + ”90HB:§,1_1/”)(0) + ||h0 ||B;,;l/p—1/q(sk) <€
for some small number e > 0. Let sup [, (- t)|m (q) S &1 Assume that the compatibility conditions hold:
te(0,T) =
Vo — N3(V0, \Ilh|t:0) € @(Q), divvy = Nz(Vo, \Ijh‘t:O) in Q,
[(uD(vo)n), ]| = [(Ns(vo, ¥il,y)). T, [voll =0  onSe,
[[VV@() . Il]] = Ns(eo, "Ph|t=0), [[60]] =0 on Sg,
vo=0, V0O -n_+ [39()_ = blt:O onl,
Then, problem (2.13) admits a unique solution possessing the estimate
H(V>6)HLP((0,T),H§(Q)) + H(atv> a,6) ”LF((O,T),L"(O)) + Hath||Lp((0,T)’W;4/q(SR)) (A5)
Wl oyt sy + 10 = oy sy S 81
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Proof. Different from Ref. 8, Theorem 2.1, we do not require time to be sufficiently small. Meanwhile, we need to assume that
[voll g2c-17p> @) 18 small enough. Employing a similar argument to that in the proof of Ref. 8, Theorem 2.1, we have
ap

”VHLP((O,T),H;(Q)) + ||6tv”L1’((0,T),L‘1(O)) + ”hHL"((O,T),Wf]/q(SR))
(A6)
+ ”8[ + Ha[

yT 2
Pl oy wiiagsoy < €7 e

Al omywii sy
for some positive constants C and y. Thus, we can choose & so small that Ce'Te) < 1, then use the contraction mapping principle to complete
the proof. So, we may omit its detailed proof. O
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