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ABSTRACT. This paper is mainly concerned with the free boundary problem for
an approximate model (for example, arising from the study of sonoluminescence)
of a gas bubble of finite mass enclosed within a bounded incompressible viscous
liquid, accounting for surface tensions at both the gas-liquid interface and the
external free surface of the entire gas-liquid region. It is found that any regular
spherically symmetric steady-state solution is characterized by a positive root
of a ninth-degree polynomial for which the existence and uniqueness are proved
and a one-to-one correspondence between equilibria and pairs of gas mass and
liquid volume is established. We prove that these equilibria exhibit nonlinear
and exponential asymptotic stability under small perturbations that conserve
gas mass and liquid volume, and an equilibrium solution acts as a local mini-
mizer of the energy functional, even under relatively large perturbations, with
the proportionality constant determined by the adiabatic constant. Moreover,
we construct a global center manifold to apply the center manifold theory. Our
results apply to gases and liquids of all sizes. Furthermore, we derive the opti-
mal exponential decay rate for small liquid volumes by analyzing the spectrum
bounds of the associated linear operator and show that decreasing the gas mass
or increasing the temperature can accelerate the convergence rate, a behavior
not seen in unbounded liquid scenarios.
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1. INTRODUCTION

Consider the free boundary problem of a gas bubble immersed in an incompress-
ible viscous liquid with finite gas mass and liquid volume. The external liquid
dynamics are governed by the following incompressible Navier-Stokes equations:

A(prvi) + div(pvi ® vi) = div(—pL + Si(v1)), in(t), (Lla)
div A\ 0, in Ql(t), (1.1b)
piey [OT) + (vi - V) T)] = div(s,VT)) + Sy(vi) : Vvy,  in (t),  (1.1c)

where () C R3 is a bounded connected domain that varies with time. The
constant p; > 0 represents the density of the liquid. The variables v;,p;, and T;
denote the velocity field, pressure, and temperature of the liquid, respectively. The
tensor product is denoted by ®, and I represents the identity matrix. The viscous
stress tensor is given by S;(v;) = 24D(v;), where p; > 0 is the dynamic viscosity
and D(v) is the symmetric part of the gradient of the velocity field, defined as
(Vv + (Vv)T)/2. The constants ¢; and x; denote the specific heat capacity and
thermal conductivity of the liquid, respectively. Additionally, v; - V represents
the directional derivative, and A : B denotes the trace of the matrix product
AB'. In the following, vectors, matrices, and tensors will be represented using
bold typefaces.

The internal gas is governed by the following compressible Navier-Stokes equa-
tions in a simply connected domain (see, e.g., [9]):

Op +div(pvy) =0, in Qg4(t), (1.2a)
O(pvg) + div(pvy ® vy) = div (—pgI + Sy(vy)), in Q4(2), (1.2b)
pTy (Ors + vy - Vs) = div(kVT,) + Sy(vy) : Vvg, in Qy(t), (1.2¢)
pg = RTyp, in Q4(t), (1.2d)
s = clog (pg/p"), in Qg4(t), (1.2e)

where the variables p,vg,pg, Ty, and s denote the density, velocity field, pressure,
temperature, and entropy per unit of mass of the gas, respectively. The viscous
tensor

S,(vy) = 21 <D(vg) - %(div vg)1> +C(divvy)L,

where p denotes the dynamic viscosity, and ( represents the bulk viscosity. The
positive constants k, ¢ and R denote the thermal conductivity, specific heat capacity,
and the ratio of the ideal gas constant to the molar mass, respectively. The adiabatic
constant v = 1+ /¢, which is 5/3 for monoatomic gases and 7/5 for diatomic gases
(see, e.g., [3]), is also included. Moreover, (1.2d) and (1.2e) follow from Boyle’s law,
Joule’s second law, and the second law of thermodynamics for ideal gases.

We take into account the surface tension acting on the gas-liquid interface 9€(t)
as well as on the free boundary of the entire gas-liquid region, specifically 9€;(¢) \
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0€Q4(t). The boundary conditions on the gas-liquid interface read

VU=V U =0_, on 0€Q(t), (1.3a)
v [—pl+Si(vi) — (—pgl + S4(vy))] = —cHv, on 0Q(t), (1.3b)
T, =1, on 0€Q(t), (1.3c)

where v denotes the unit outer normal to 0€,(t), and v_ is the normal velocity of
the interface. The mean curvature is given by H = —V - v, where V represents the
tangential gradient (see, e.g., [8]), and the constant o > 0 is the surface tension
coefficient. Similarly, on the external free surface, it holds

vV =g, on 0 (t) \ 0824(1), (1.4a)
v-(—pI+Si(v;)) =cHv, on 0(t)\ 0Qy(t), (1.4b)
T =T, on 0 (t) \ 0824(1), (1.4¢)

where v denotes the unit outer normal, and v, represents the normal velocity of
the free surface. The constant ¢ > 0 denotes the surface tension coefficient of the
external free boundary 0€2;(t)\0y(t), with o # & in general. Moreover, the temper-
ature outside the gas-liquid region remains constant at the temperature 7., which
is positive and provides the continuity condition (1.4c). Finally, we assume that
the compatibility conditions hold for the initial data v;(-,0),T;(-,0), p(-,0),v4(:,0)
and pg(+,0) in the initial gas-liquid domain £4(0) U €;(0).

Since we are considering the scenario where the liquid volume is finite, the
divergence-free condition (1.1b) ensures that the liquid volume remains constant

1(t)] =V € (0,00), t=0.

Moreover, by the conservation of mass (1.2a), we have
/ p(z,t)dr = / po(z)dz, t>0, (1.5)
Qq4(t) Q4(0)

where po(-) = p(+,0) is the initial gas density.

The approximate model of the full free boundary problem (1.1)—(1.4). This
paper is primarily concerned with the stability of equilibrium (time-independent)
solutions for the following approximate model (1.6)—(1.8), which arises, for instance,
in the study of sonoluminescence [1, 2]. This model reads

p1 (Ovi+ vy - Vvy) — Avy+ Vp, =0, in Q(t), (1.6a)

divv; =0, in (t), (1.6b)

T =T, in (), (1.6¢)

where T, is a prescribed temperature consistent with the boundary condition (1.4c),
Op + div(pvy) = 0, in Q4(t), (1.7a)

Py = pg(t), in Q,(t), (1.7b)

pLy (Ops + vy - Vs) =div(kVTy,), in Q4(t), (1.7¢c)

pg = Ryp, in Q,(%), (1.7d)

s = clog (pg/p"), in €(1), (1.7¢)
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and the boundary conditions

ViV =VyVU=1_, on 0€4(t), (1.8a)
(pg =) v+ 2 -D(v;) = —cHr, on 0Q(t), (1.8b)
T, =1, on 0€4(t), (1.8¢)
V-V =y, on 9 (t) \ 0924(1), (1.8d)
—pv +2v - D(v;) = cHv, on 9 (t) \ 0924(1). (1.8¢)

The above approximation gas system (1.7) can be found in [3, 9]. As noted in [3,
Section 2], the gas pressure equation (1.7b) is derived under the high sound velocity
assumption. This implies that disturbances in the fluid propagate quickly through
the gas region, allowing the momentum equation (1.2b) to be simplified to Vp, = 0
in Qg(t).

For gas dynamic (1.7), if we substitute (1.7e) into (1.7c) and eliminate the tem-
perature T, by using (1.7d), it holds

(O + vy V) [c(logpy —logp?)] = kA (p~1), in Qy(t).
Upon simplification by applying (1.7a), we obtain
Dg/Pg = ke IA (p_l) —ydivvy, in Qg4(1), (1.9)

where we have denoted p, = J;p,. This implies that the divergence of the gas
velocity is determined by both the gas density and the pressure at the gas-liquid
interface. Therefore, system (1.7) is equivalent to

Op + div(pvy) =0, in Q4(t), (1.10a)
Pg = Dg(t), in Qy(t), (1.10b)
Pg/pg = ke 'A (p7h) —ydivvy, in Qy(2). (1.10c)
Furthermore, by eliminating the divergence of the gas velocity, one has
K Vp|? Py .
Oip=—|Alogp— — vy, -Vp+ —=p, in Q). 1.11
i o~ < 2 g VPg q(t) ( )

From the form of the equivalent gas system (1.10), it is evident that without im-
posing the irrotational condition (curlvy, = 0) or any symmetry assumptions, the
approximate model (1.6)—(1.8), in general, may not have a unique solution. Even for
steady-state solutions, except for the spherically symmetric equilibria, other solu-
tions involve rigid rotations. Additionally, when considering steady-state solutions,
the liquid viscosity and the presence of surface tension require that both the gas
bubble and the gas-liquid region exhibit spherical symmetry, as per Alexandrov’s
theorem. A recent study [10] shows that assuming the flows are irrotational, the
shape of any steady-state gas is exclusively spherical by the surface tension alone.

Therefore, our focus will be on spherically symmetric solutions to the free bound-
ary problem (1.6)—(1.8). For a spherically symmetric solution, the gas domain €4(t)
is assumed to be a ball centered at the origin with radius R(t). Given the density
p of the gas in the spherical region Bpr, we define the corresponding mass as

Mo | = [ plo)ie
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Main results. We will study the stability of the spherically symmetric equilibria
of free boundary problem (1.6)—(1.8) under the assumption of spherical symmetry.
Under this assumption, system (1.6)—(1.8) is equivalent to problem (2.1) for the
density and radius of the gas bubble, as will be shown in Proposition 2.1. Based
on this, we establish a one-to-one correspondence between the equilibrium gas state
(p, R) = (p, Ry) and the mass-volume pair (M, V') for system (1.6)—(1.8).

Theorem 1.1. There exists a smooth bijective mapping (M, V') € (0,00) % (0, 00) —
(Rt [M, V], p+[M,V]), as defined in (2.11) and (2.12), such that any regular spher-
ically symmetric equilibrium solution to system (1.6)—(1.8) is uniquely determined
by the mass-volume pair (M,V').

Remark 1.2. If no confusion arises, we use subscript T to indicate the steady-state
solutions or other related quantities. For instance, Ry represents the equilibrium
gas radius and E; denotes the equilibrium energy.

Remark 1.3. Based on Theorem 1.1, we will show in Appendiz A that, for the
original full free boundary problem (1.1)—(1.4), the mass-volume pairs are the sole
determinants of the reqular spherically symmetric equilibria provided that the liquid
temperature remains constant.

To state our stability result, we introduce the following manifold of equilibria to
system (2.1), which is parameterized by the gas mass and liquid volume

£ = {(ple.0), R(0) = (0 [M.V]. RyMLV]) [0 < MV <00}, (112)

where p; and R; are smooth functions defined in Theorem 1.1.

The main result of this paper is to demonstrate the nonlinear and exponential
asymptotic stability of spherically symmetric equilibria ¥ to small perturbations.
This is significant because the spherically symmetric solution to system (1.6)—(1.8)
can be reconstructed from the density and radius of the gas bubble. Therefore, we
can conclude that the equilibria of the free boundary problem (1.6)-(1.8) are also
nonlinearly and exponentially asymptotically stable. It should be noted that in
the following theorem, B; refers to the unit open ball and the norm ||'HCE+20¢( By 18
defined in Appendix B, where the global existence and the uniqueness of spherically
symmetric solutions are also provided.

Theorem 1.4. Given any mass of the gas, M > 0, and any liquid volume V > 0.
For free boundary problem (2.1) with the liquid volume V', there exists a constant
no > 0 such that the following holds:

(i) For any initial data (po, Ro, Ro) such that the mass M[pg, Ro] = M and
loo(Roy) = pi[M, Vil ceso ) + 1 Ro — RM, V]| + [Rol <oy (113)

where o € (0,1/2) and the equilibrium (p;[M, V], Ri[M,V]) € ¥, the global-
in-time solution (p(r,t), R(t)) satisfies

lp(R(t)y, 1) = pt[M, V]l 2420,
+|R(t) — Ry[M, V]| + |R| + |B| + |R| -0, ast—oo.  (1.14)

(11) The global solution (p(r,t), R(t)) converges to the equilibrium at an exponential
rate. More precisely, there exists a constant wy > 0, such that
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+|R(t) — Rt [M, V]| +|R| =0 (e™®t"), ast— oc.

Therefore, any spherical equilibrium solution of free boundary problem (1.6)—(1.8)
18 nonlinearly and exponentially asymptotically stable.

Background and history. The dynamics of gas bubbles immersed in a liquid
with finite volume is a multifaceted subject that intersects fluid dynamics, thermo-
dynamics, and material science. This topic has significant implications in various
fields such as industrial engineering [7], environmental science [13], and biomedical
applications [5, 21]. Other discussion of bubble phenomena and applications can be
found in the review article [16].

Gas bubbles in liquids exhibit complex behavior due to the interplay between
pressure, surface tension, and the surrounding fluid’s viscosity. When a gas bubble
is immersed in a liquid, the dynamics of the bubble are influenced by both the
properties of the gas and the liquid, as well as the interactions at their interface.
The gas-liquid interface plays a crucial role in bubble dynamics. The behavior at
this interface is influenced by surface tension and the pressure difference between the
gas inside the bubble and the surrounding liquid. The movement and deformation of
this interface can affect the stability and motion of the bubble. The finite volume
constraint adds an additional layer of complexity, as it implies that the bubble
dynamics are affected by altering the pressure distribution and potential interactions
with surfaces within the liquid.

In the unbounded liquid scenario, where Q;(t) = R3\ Qg (t), Prosperetti [15] first
considered the approximate model (1.6), (1.7), and (1.8a)—(1.8c) for the original
problem (1.1)—(1.3) (without external boundary conditions (1.4)). Later, Biro and
Veldzquez [3] proved the global existence of solutions in Holder space for initial
data near the spherically symmetric equilibria, as well as the Lyapunov stability
of the equilibria under small mass-preserving perturbations, assuming that the lig-
uid is inviscid on the gas-liquid free interface (i.e., pgv — pjv = —ocHwv in (1.8b)).
They also considered the liquid pressure far away from the gas bubble, represented
by an external forcing term poo(t) = limg—yo0 pi(, t). Subsequently, Lai and Wein-
stein [9] proved the exponentially asymptotic stability of the manifold of spherically
symmetric equilibria, taking into account the liquid viscosity on the gas-liquid in-
terface. They also demonstrated the existence and uniqueness of an exponentially
asymptotically stable periodic spherically symmetric pulsating solution [11], given
a small-amplitude, time-periodic pe ().

When considering compressible liquids, Shapiro and Weinstein focused on the
linearized problem of a gas bubble immersed in an inviscid compressible liquid.
They demonstrated that the system exhibits exponential point-wise decay towards
a family of equilibria [18]. In the case of an unbounded liquid governed by compress-
ible Navier-Stokes equations and a homogeneous spherical gas bubble following the
polytropic gas law, Zhao and Zou proved the existence of global solutions and the
asymptotic stability of the spherical equilibria in this free boundary problem [22].

We are not aware of any relevant rigorous theoretical studies for the situation in
which the gas-liquid region is bounded, although there are some numerical studies
available. Siegel conducted simulations in two dimensions, assuming that the gas
motion is governed by the Stokes equations with a free boundary [20]. Lozinski
and Romerio presented numerical results for the case that both the gas and the
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liquid are incompressible, and the entire gas-liquid system occupies a bounded,
time-independent domain [14].

Novelties and structure of the paper. The novelties of this study are as follows.

(i)

(i)

(iii)

(iv)

We consider the scenario of a gas bubble immersed in a liquid with a finite
volume. Unlike in an unbounded liquid, the presence of distinct boundaries
in a finite liquid volume imposes additional constraints on the bubble’s move-
ment and interactions. Specifically, the bubble dynamics are influenced by a
well-defined free boundary where surface tension plays a crucial role. In this
bounded gas-liquid system, the steady-state gas-liquid region must assume a
spherical shape. For general surface tension coefficients o # &, we analyze the
unique positive real root of a ninth-order polynomial to establish that spheri-
cal equilibrium solutions correspond uniquely to specific pairs of gas mass and
liquid volume. Additionally, we determine the upper and lower bounds for the
steady-state radius of the gas bubble.

We analyze the energy dissipation for general solutions (not necessarily sym-
metric) to the free boundary problem (1.6)—(1.8), which is important to the
asymptotic stability analysis in general and extends the results from the un-
bounded liquid case presented in [9, Proposition 7.4]. Our results demonstrate
that the equilibrium solution serves as a local minimizer of the energy func-
tional even when subjected to relatively large perturbations. Specifically, this
means that perturbations in the gas density can be accommodated up to a
certain proportion of the equilibrium state, with the proportionality constant
depending solely on the adiabatic constant «. This result is notable because
it shows that the extent of acceptable disturbance is independent of the lig-
uid volume, making it particularly relevant for scenarios involving small liquid
volumes.

When applying the central manifold theory, we construct general global cen-
tral manifolds based on the algebraic equations of the steady-state solution
parameterized by the mass-volume pair. This approach generalizes the local
central manifold identified in [9, Lemma 9.6].

For sufficiently small liquid volumes, we nearly achieve the optimal exponen-
tial decay rate. Additionally, we demonstrate that reducing the gas mass or
increasing the temperature can accelerate the convergence — an effect not
observed with an infinite liquid volume. For spherically symmetric solutions,
the convergence rate is solely determined by the spectrum of a linear operator,
specifically sup{Re(X) : A € sp(£) \ {0}} (see Section 4.2 for details). By ana-
lyzing its upper bound and estimating the lower bound of a specific negative
eigenvalue, we establish the existence of a constant Oy € (0, 1) such that

—7%x < sup{Re(X) : A € sp(L) \ {0}} < —Op7x,

where 72y ~ \/T./v/ M, revealing a clear correlation between the exponential
decay index, gas mass M, and external temperature 7..

The rest of the paper is structured as follows. In Section 2, we reduce free
boundary problem (1.6)—(1.8) to system (2.1) and specify the equilibria under the
spherical symmetry assumption. Section 3 demonstrates the energy dissipation and
shows that the steady-state solution acts as a local minimizer of the energy func-
tional under proportional perturbations. In Section 4, we establish the nonlinear
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and exponential asymptotic stability of the equilibria using center manifold theory,
as detailed in Appendix C. The calculation of equilibria for problem (1.1)—(1.4) is
provided in Appendix A, while Appendix B covers the well-posedness and Lyapunov
stability of system (2.1). Appendix D includes necessary verifications for applying
the center manifold theory.

2. SPHERICALLY SYMMETRIC SOLUTIONS AND EQUILIBRIA

In this section, we will show that, under the assumption of spherical symmetry,
the free boundary problem (1.6)—(1.8) can be simplified to a system involving the gas
density and the bubble radius, provided that the liquid volume and other parameters
are fixed. Furthermore, we will demonstrate that the regular spherically symmetric
equilibrium solution is uniquely determined by the gas mass and liquid volume.

We assume that the velocity fields of the gas and the liquid are spherically sym-
metric (e.g., vg(x,t) = vg(|z|,t)x/|z|,2 # 0), and the other scalar variables are
radial (e.g., p(x,t) = p(|z|,t)), to rewrite problem (1.6)—(1.8) as follows.

Proposition 2.1. Given the liquid volume V', solving the reqular spherically sym-
metric solution to system (1.6)—(1.8) reduces to an initial boundary value problem
for the bubble radius R(t) and the gas density p(r,t) = p(z,t), wherer = |z| < R(t).
More precisely, for r < R(t) and t > 0, we have

;

K P rorp(r,t)
Op(r,t) = %AT log p(r,t) + e < 3 + p(r, t)) , (2.1a)
BT CONIE.
" T R B (2.10)
p(t) = S){TCP(R(t)a t)? (2'16)
1 R R % 2
PR = G, {4’” (R N R(t)) RCORS D)
R(t)?\ 3 2R(t) R(t)*\ -
o KR“) "R ) e (2 Ol 2R(t)4> R2] } (2.14)

where R = {/R3 + (3V/4r) represents the external radius of the entire gas-liquid re-
gion. The initial condition reads (p(-,0), R(0), R(0)) = (po, Ro, Ro). Above, we omit
the subscript for the gas pressure py, and denote the operator A, (-) = r=20,(r?0,("))
with r = |x|.

Proof. Recalling that the gas and gas-liquid regions are spheres Bp(;) and Bﬁ(t)
centered at the origin, respectively, we can assume that the spherically symmetric
velocities are vi(z,t) = v(r,t)z/r and vy(z,t) = vy(r,t)x/r for x # 0, where v,
and v, are scalar functions. Additionally, p;, p, Ty and s are radial functions. Direct
calculations yield

p1ow; = 1y (Arvl — 2vlr_2) — piOpvy — Oppy,  R(t) <7 < R(1), (2.2a)
7720, (r*v) = 0, R(t) <r < R(t), (2.2b)
Op + 120, (prv,) = 0, r < R(t), (2.3a)
pp ! = ke r 20, (7‘2& (p_l)) —r20:(r*v,), T < R(t), (2.3b)
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and the boundary conditions (1.8) become

u(R(),t) = vg(R(t),t) = R(t), w(R(t),t) = R(t), (2.4a)
p(t) — pr(R(t),t) + 20y (R(t), 1) = 20R(t) ™, (2.4b)
—pi(R(t),t) + 20,y (R(t), 1) = —25 R(t) ", (2.4c)
T(R(t),t) = T, (2.4d)

where we have used the fact that the curvature of a sphere Bg is —2R ™!,

Clearly that (2.1c) follows from (1.6¢), (1.7b), (1.7e) and (1.8c). Then, the
divergence-free condition (2.2b) and kinematic boundary condition (2.4a) imply
that for ¢t > 0,

wlr,t) = R?R()r~2 = RO?R()r=2, R(t) <r < R(t). (2.5)
We also note that R*R = RQE.“ Omitting the variable ¢ and substituting (2.5)
into (2.2a), we have (2RR? + R*R)r—2 = 2R*R*~® — p; '0,p;. By integrating, we
deduce that for R(t) <r < R(t) and t > 0,

pi(r,t) — pi(R,t) = py [R4R2 (R_4 — 7“_4) /2 — (2RR2 + R2R) (R_1 — r_l)] .
Moreover, (2.5) implies 9,v;(r,t) = —2R2Rr*3 — 9R'Rr3. Asa result, O,v;(R(t),t) =
—2RR~" and 9, (R(t),t) = —9R 'R. Therefore, we obtain p(t) — pi(R(),t) —

4 RR™ = 20R™" and —p(R(),t) — 4R 'R = —26R ". Combining these cal-
culations, it follows that

) 1. 1 . “R ./ . .
o) = p(t) — 4 RR™ — 20R™L + py [QRQ - SR - TT (232 + RR)] :
where R < r < R. Setting r = R, one has

R R 20 20 R R'R®? R-R/_. -
Ny o e (b - 2R’ + RR
p(t) : (R R> R R PE 2 o ( )

R
From the gas dynamics in (1.10) and (1.11), for 0 < r < R(t), we have

. (2.6)

Vg = iﬁr <1> P and Op = iAT log p + ir&ap—l— ﬁp. (2.7)
e \p/ 3vp e 3p P

Thus, equation (2.1a) follows. Taking the time derivative of both sides of (2.1c),

we obtain pp~! = dp(R,t)p(R, 1)~ + RO.p(R,t)p(R,t)~'. Evaluating (2.7) at

r = R(t) and using the kinematic boundary condition (2.4a), we derive (2.1b).

Finally, combining (2.1c) and (2.6) leads to the boundary condition (2.1d). This

completes the proof. O

We note that a regular solution (p(r,t), R(t)) to system (2.1) corresponds a spher-
ically symmetric solution (v, pi, p, vg, g, Ty, s) to system (1.6)—(1.8), where the ve-
locity v; is given by formula (2.5).

In the following proof and the rest of the paper, the external radius will always

be denoted by
R=VR}+V,

where V = 3V/4x represents the modified liquid volume and R denotes a generic
radius of the gas bubble.
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Proof of Theorem 1.1. According to Proposition 2.1, it suffices to compute the
steady solutions to system (2.1). Setting d;p = R = 0, we obtain from (2.1a) and
(2.1b) that R(t) = Ry (equilibrium gas radius), Alog p = 0 in Bg,, and 9,p(R;) = 0.
Then it follows that p(r) = p; (equilibrium gas density). This, combined with (2.1d)

yields py = mLT (Ri + i) Moreover, the conservative mass of the gas can be ex-
c T RT
pressed by the pair (pt, R;), i.e., M = 4?” pTR?. Therefore, for any mass-volume pair

(M, V) € (0,00)?, the equilibrium (py, Rt) is determined by the following algebraic
equations:

4 2 o o
——piR} =M and p; = — 4+ =). 2.8
5 P and pp = 5o <RT+RT> (2.8)
We denote
3RT .M o
I = < and Oratio = g >0
8ro o

Then, (2.8) is equivalent to

3
L ot L P _ (1= (2.9)
Ry Ry R} R{+V ’) |

where V = 3V/4x. The equilibrium radius R; (if it exists) is exactly a positive real
root to the polynomial

P(z) = (03 4o +1)2 = 312"+ Vab + 31725 — 31V — I32® + 31*°Va? — I3V, (2.10)

At the same time, Ry satisfies Rt € (VI/v/T+ 0ratio, VI) by using (2.9).
From these observations, we introduce a function K(w) = P(w+/T), where the
variable w € [1/y/1 + 0yatio, 1], and a direct calculation shows

ratio

3 _
O e N R

We note that the function L(w) is strictly decreasing, since for w € (1/\/ 1 + oratios 1),
it holds

L' (w) = 313 [_zﬁw?’ V(3 - wQ)} (w2 —1)* w0 <0,
Furthermore, we have

— 3 3
L(1/vV1 + 0ratio) = VI~ 2(1 + Oratio) 2054, > 0 and L(1) = —02 ., < 0.

In the above, we emphasize that LL(1/1/1 + oyatio) is positive regardless of the mod-
ified volume V.

We conclude that L has a unique positive solution in (1/4/1 4 oyatio, 1). There-
fore, the same result holds for K(w). Coming back to P(x), the ninth-degree poly-
nomial, it possesses a unique positive root Ry within (\ﬁ /V1+ 0ratio, VI ), which
is uniquely determined by M and V', with the other parameters being constants.
Thus, the map R;[M, V] is well-defined and satisfies

3RT. M o 3RT.M
\/ \/1+0<RT[M,V] </ . (2.11)
8ro o 8mo

The smoothness of the map R;[M, V] is the consequence of the smooth dependence
of a simple root to the polynomial P on its coefficients.
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Once we determine the equilibrium gas radius R[M, V], the equilibrium density
is expressed as

3M 2 o o
M, V] = = + = , 2.12
M V] = LR ILVE ~ WL (RT[M, V] " RiM, V]> (2.12)
and the equilibrium gas pressure p follows by using (2.1c). Then, we can recover
the corresponding steady state solution to system (1.6)—(1.8). That is, vy = v; = 0,
Ty =T., s = clog(p/p}), and p; = 26/ Ry.
In turn, given any equilibrium state (p;, Rt), we can specify the mass of the
gas and liquid volume by (2.9) since the coefficients of both V' and (R? — 1) are

nonzero. More precisely, there exists a one-to-one correspondence between (p;, R;)
and (M,V)

AmRy[M, V3 202 s
M, V)= "0 00 oMV ~1
(M, V) 3 prlM V], (RT.ps[M, VIR [M, V] — 20) &
(2.13)
This completes the proof. O

Remark 2.2. If there is no surface tension on the external free boundary (i.e.,
g =0), equations (2.8) reduce to a quadratic function. In this case, the equilibrium

radius simplifies to Ry = 4/ %, which is independent of the liquid volume. Con-

sequently, (2.13) no longer holds. Nevertheless, Ry remains the unique positive root
of (2.10) and corresponds to the critical case of (2.11).

The local well-posedness, global well-posedness, and the Lyapunov stability for
system (2.1) are detailed in Appendix B. In the next section, after introducing the
physical energy, we will prove the energy dissipation and show that any equilibrium
solution acts as a local minimizer of the energy functional.

3. ENERGY DISSIPATION AND LOCAL MINIMIZERS OF THE ENERGY FUNCTIONAL

The physical energy of a general solution (without any symmetric assumption)
to the approximate model (1.6)—(1.8) is given by E(t) = E1(t) + E2(t). The energy
E1(t) denotes the Helmholtz free energy (see, e.g., [12])

E(t) = c/ plydx — Tc/ psdzx,
Q1) Q(t)

The energy FEs(t) includes both the kinetic energy of the liquid and the surface
energy, encompassing the gas-liquid interface as well as the external free boundary
of the gas-liquid region

1
Eq(t) = / pi|vi|?dz —|—0’/ ds + 6/ ds.
2 Joy) 09 (t) 09 (1)\09 (1)

3.1. Energy dissipation law for general solutions to problem (1.6)—(1.8).
Recalling that the liquid volume is finite and Q4(t) U () is bounded, we compute
the associated energy dissipation.
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Proposition 3.1. For free boundary problem (1.6)—(1.8), we have the following
energy dissipation law:

Vp|?
2

dE _

2
-
el - — kT
o (t) 5 Ql(t)‘Vvl—i-Vvl‘ dx — K /

dz. 3.1
Q(t) P (31)

Proof. Given that boundary conditions (1.8a) and (1.8d) are satisfied, we recall the
transport formulas for the time-dependent regions

d/ fdx:/ (O + vy V) f+divvyfde,
dt Jo, () (1)

4 fdx = / (Oy + v - V) fdx,

dt Jo, (1)

and the analogous formula on the liquid moving surface 9€2;(¢), which encompasses
both the gas-liquid interface 9€24(t) and the external free boundary 9€;(t) \ 0Q4(t)

(see, e.g., [19])

d _
z fdS = B+ v, V) f+ Vv fdS.
dt Joot) o9 (t)

These, along with (1.6a), (1.8b), (1.8e), integration by parts formula, and the di-
vergence theorem on the moving surface, yield

EQ(t) = pl/ (Opvi+ vy - Vvy) - vide + 0/ V- vidS + 5/ V - vidS
Qu(t) 0

Qq(t) O (1)\0%2 (1)

= ,ul/ Avyvide — / diprvide + 0/ Hlv;-(—v)]dS
u(t) Qu(t) 0y(t)
+ a/ H (v;-v)dS
O (1)\ 0y (1)
— [ (VviPde [ (-vhovias
Qu(t) 9K(t)

/ ujajvlvivde — —Viplvde — Vl-plvde
O (1)\0Qy (1) 08y (t) O (t)\0Qy (1)

—a/ H(vl-u)dS—i-a/ H (v;-v)dS
Oy, (t) O (H)\0S (1)

= — Ml/ \Vvl\2dm +/ (pll/ — uluj(?jvl - O'HV) -vidS
(t) 0Ky (1)

+

— / (plv — ,ulujajvl + 5H) -vdS
O (£)\0Q4 (1)

= — m/ |V |2dz +pg/ vy -vdS + ,ul/ @-valjude
() 9Q4(1) 9Q4(1)

1 / 8]‘ VfV{ ude
O ()\0Qy (1)

= — W Vv, : (Vvl + VvlT> dx + pg/ vy - vdS.
(t) 0y (1)
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For the energy Fj(t), we apply the transport formula, gas system (1.7), boundary
conditions (1.8a) and (1.8¢c) to obtain

c.

Ey(t) = %D ldx + p / div vgdr — / p(Ors +vy-Vs)dx
Qq(t) ) Qq(t)
; AT,
_ Py / ldx Py divvgdx—Tc/i/ —
v =1 Jo, =1 Jo,u () Ty
= Py / Pg v, - vdS
v—1Ja,u =1 Joa,u) °
T, T, -
— (—1)ch€/ ‘V 2‘ —Tcm/ Mds
o0  Ig 09,) Ty

_ Py / lda:—TCFc/
v =1 Ja,u Q

— /@/ VT, - vdS,
904(t)

where we have used the relation v = 1 + R/c. Noting that

Vol 4o p"/ vi-vdS
W P =1 Jaq,)

g

/<;/ VT, vdS =k ATydr = = KA (p_l) dx,
9 (t) (1) iﬁ Q4()

and recalling (1.9), we deduce

K / VT, vdS = —p, / ldz + p, [ divvyds
9 (1) R o, R Ja,

— pg/ ldx—i—pg/ v - vdS.
¥ =1 Ja,w v =17 Jagy

Collecting the above calculations, energy dissipation (3.1) follows since the algebraic
identity Vv : (Vvl + Vvl—r) = ’VVI + Vvl—r’2 /2 holds. O

3.2. Equilibria as local minimizers of the energy functional relative to
proportional perturbations. To establish the nonlinear stability, we will show
that any equilibrium density-radius pair (p;[M, V], R;[M,V]), determined by the
mass-volume pair (M, V'), serves as a local minimizer of the energy functional E(t)
with respect to mass-persevering and volume-invariant perturbations.

For this problem, in the case of an infinite liquid volume and an external forcing
term poo(t), Biro and Veldzquez [3, Lemma 4.2] used Taylor’s theorem with Peano’s
remainder form to expand the total energy at the equilibrium state up to quadratic
terms and derived the coercivity energy estimate. Based on this estimate, the Lya-
punov stability was established [3, Theorem 4.1]. More recently, Lai and Weinstein
[9, Theorem 7.5] extended these results to scenarios with more general far-field pres-
sure conditions. The key coercive energy estimate [9, (7.17)] was obtained under
sufficiently small perturbations, which depend on the mass of the gas bubble.

We extend the results to the case where the liquid volume V' is finite. This is a
significant improvement as we have removed the assumptions, regarding the upper
and lower bounds of the gas density and the bubble radius, made in previous studies
(such as C~! < p, R < C'in [3, 9]), and now allow for relatlvely larger perturbations,
as long as they are within a certain proportion of the equilibrium density (see (3.2)).
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It should also be noted that the constant dp in (3.2) is independent of the constants
Te, p1, the equilibrium state (p;, Ry), the mass M, and the volume V. This is a
crucial result that enables us to prove the main stability results, specifically (1.14)
in Theorem 1.4.

The strategy we have adopted is as follows. We first consider a specific proportion
of disturbance to the equilibrium density. Since the mass of the gas and the volume
of the liquid remain constant, the amplitude of the disturbance in the bubble radius
will be determined by the change in gas density. Next, we utilize Taylor’s theorem
to approximate the energy functional near the equilibrium state. We then apply
the Lagrangian form of the remainder, which provides the most precise expression
for the nonlinear terms. This is because the bulk terms I7,Ig, and Iy (in the
second-order derivative below) are related to the liquid volume. Peano’s form of
the remainder cannot provide the necessary control, as the liquid volume can be
arbitrarily small.

Theorem 3.2. There exists a constant 6g > 0 depending only on vy, such that the
following holds: given any equilibrium (p;, Ry) = (p+[M, V], Ri[M,V]) with mass
M and liquid volume V', for any mass-persevering and volume-invariant spherically
symmetric state (p(r,t), R(t), R(t) = (R(t)* + V) 1/3), such that

< 507 (32)
L*>(Br))

|02 o)

Pt

then, we have

1 5(1,t) — 3 2
E(t) > By + 5 {MCTC (p( ) =pt / p(y,t) — PTdy>
By

Pt dmpy
lei? < RT) (/ . 2 %TCR$ ) )
+——=\1-= ply,t)dy | + / py,t) — pt|”dy
i

o o E </ 5y, 1) d>2 (3.3)
5p T 5 E— pY,t) — piay ) .
2Ry Ry 2R; B, T

where B(t) = Bla(,t), R()] with ply,t) = p(RWly],), By = Bloy, Ry), and ¢ > 0
is arbitrary. Moreover, (p(r,t), R(t)) is not restricted to be a solution of system
(2.1).

0

Proof. Setting * = R(t)y for y € Bj, the domain Bpr) is fixed to Bi. Defining
p(lyl,t) = p(R(t)|y|,t) and using (1.7d), we have p = RT.p(1,t). Then, the energy
E;(t) becomes

4dme
Eq(t) = %pg]:{3 — ¢TI M[p, R]log py + C’ch/ plog pdx
Br
47TCTC _ 3 _ 3 — —
= —5 ALYR(E)" — T Mlog [RTep(1,t)] + eyTR(t)" | plx,t)log pla, t)dw.
B

Combined with the energy Fs(t) in the spherically symmetric scenario, i.e.,

Ex(t) = 2npR3R? — 27y R*R? /R + 4wo R(t)* + 475 R(t)?,
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we obtain that E(t) = E[p(x,t), R(t)] is a functional of (p(z,t), R(t)) since R(t) can
be expressed by R(t) and V

4rcT,
3

+ 2 RPR? — 2y R*R?/R + 4w (o R? + 5’?2),

E(t) =

p(1,t)R® — ¢T,M log(RT,) — ¢T.M log p(1,t) + ¢yT.R? / plog p
B

where we omit dz and abbreviate the notations R = R(t), p = p(z, 1), etc.
Fix any t > 0, we set ps(-,t) = py +00(-,t) where 0 <0 < 1 and llo(-, )HLN(Bl) <

pi/2. Then, there exists a unique Rs = R;(t) > 0 such that Rs(¢ fB ps(y,t) = M,
where M = %’TpTR?. Define ps(z,t) = ps(x/Rs,t), and we have

195 () = il oo (B ) S P12 (3.4)
Also, (ps, Rs) satisfies M[ps(-,t), Rs(t)] = M, i.e.,

47 4
3 B1 3 Bl
Then, we have
m
Rs(t)) = —— — wh t) = —— ,1). 3.5
0 = 1 here o0 = [ ol (35)

Also, it holds
: ~R; (1) = Ry )
Rs(t) = —————F and Rs(t) = | ——=+V | .
= s sst " <1+5¢<t>+

Next, we define f(8) = f(d,t) = E[p; + do(-,t), Rs(t),] for § € [0,1] and it holds
3

ol

£(6) = 47r§Tc (ot + (50(1’0)% — T M log(RT.) — c<T.Mlog(ps + do(1,t))
TR} R} ~oRid)
- do)1 )
IR0 /B i+ 0e)o8or + 000+ 2705 550 \ 51 + 6000

re \'(_—omdey \'( R} -
— 27 t — 9y I B
2 pl<(1+5¢(t))é> (3(1+5¢(t))§> <1+5¢(t)+v>

2 2
T |o 7RT o 7}%? 7|
i { <<1+5¢<t>>i> " <1+5¢<t>+v>

From Taylor’s theorem with Lagrangian remainder, we have f(4) = f(0) +
F1(0)6 + f7(0)62/2 + £ (£(6))8%/6, where 0 < £(8) < 6. Direct calculations show
that

AT R3 AT R3 4 R3
/ T T T 3
f(0) = 3 Teo(1,t) — Tepi — Teo(1,t) — c'yTCRT¢/B pi log p;
1

8 3 1
+ CVTCR‘;’/ (olog(pt) + 0) — 3" [aquﬁ + UR:;’cZ) (R‘;’ +V) 3]

Bi
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47TR1T” 3 / 47TR§F’ 3 : 3/
= - ¢ —c — o} +c 0
3 Tep+ iy Bl@ v1e 3 dmpr Jp, opytlog py + VI Ry .

4 — 3
—|—c*yTR310gp/ 0— —R?} (20/R: +25/R / 0
Bilogpy | 0= 3B (20/Ry+20/Ry) oo |

=(y-— 1)cTcPufT3 /31 0— R:?/)Jr_1 (20/Rt + 26 /R;) /B1 0
= AT ot (20/R; + 20/ )] R?/B 0=0,
1

where we have used v = 1+ 9/c and (2.8). For f"(0), one has

"

f0)=

| 2McTep(L,t)  2McT, py +d0(1,t) o N McT,o(1,t)?
p(1+09)? pr - (1+69)° (ot + do(1,1))?

2C’YTCR? 9
i 50)1 )
<(1+5¢)3 /&(pT+ 0) log(pt + Q)) )

2ev1eRy / (olog(ps + 60) + o) ¢+WTCR? ( o )
- 0 +
(143d0)% Jp, COBVVTT OO TE 1100 Ju \pr +00
1
5 6 3 -3
+47Tp[ RT 11 RT 4 RT +V 3 ¢2
9(1+d¢)s 91 +0d9)" \1+0¢
_1
d R? R? R? —\ o
+ 8mprd— - +V
"% 9(1+6¢)3  9(1+5¢)" \1+00 ’
1
22 RS RS R\ .
+ 2mp 02— t t L 76 2
PO azs 9(1+5¢)13*1 9(1+d¢)* \ 1409

1
2 =~ D3 3 -3
+87r[ SR 0B LA
313(1+09)5 (1+09)* \1+0¢

g RS R\
- +V
3(1+dp)* \ 149
Therefore, setting § = 0 yields

£(0) = —oner, 20

ol

10
]qﬁz 23T
=1

1,t)?
b+ 2MToo? + M, a ) oM T log pi?

Pt Pi
— 2yM T, log p1¢* — 2M eyTo¢” + ey T Rip: ™ / 0

By
47y R? R\ ., M |10 s 2a R
i +<1_+>¢2+ Wo 42 _20%
) Ry pro|3Ry Ry 3Ry R

= McT, (Q(l’t) - ¢>>2 Aol <1 - RT) #
Pt

9



NONLINEAR AND EXPONENTIAL STABILITY OF A GAS-LIQUID PROBLEM 17

0o o 27 R}
3Ry Ry 3Ry R

— M (c+ 2R) T.¢2 + cfchRipTl/ 0 + "
B1 l

1 2 ArpR? .
>MCTC<Q( 3 Q) +PlT<1_}f?>¢z

pr Api U 9

+ (c+R) TRip;~ 1/ 0’

— (c+R—eR) TR py~ 1/ ;
1

By

_ 9 M 120 25| ,
M(R + eR)T.0" + (1 —1—6) [RT+RT]¢
M

4o ( 3 ) 26 R]:f’
(1 -Ze)+=(1- 2L ¢
pi | 3R 2) Ry ( 3R,
1,t 3 2 pR? R 2 WT.R}
M@@”-/@“ﬁﬁ—ﬁ06+sf/f
Pt dmp; /B, 47err R B Pt B
R

Wp% RT RT 2RT 2 B1 ,

where ¢ € (0,2/3) and we have used v = 1 + R/c, (2.8), (3.5), and Cauchy’s
inequality ¢? < 4;;2 I5, 0. Chosen ¢ = 1/3, it holds

1 McT. ( o(1,t 3 2 pR? R A2
o M (A0 2 [ o) e g (-2 (o)

2 o o R?
t+t=(1-—
2B R 2R}

RT.R? R

| / 0252 + ot

6p1  JB, 2mp?
27162 + Jp6% + J36% + J40%.

To deal with £, using § < 1 and [o(, )| poo Bl) < pt/2, we note that all the
denominators of I; are bounded, i.e., 1/2 < 1—1—{( )o < 3/2, p1/2 < pi4£(6)o(r, t) <
3p;/2. With this lower bound, all the terms in f" (5(5))63/6 coming from Il, Iy, Iy,
I5, I and I o can be absorbed into J362 and J462 > 47% ( ) (fBl ) 62 for

§ <8/ (1 + |log pt]), where 63 > 0 depends only on ¢/R. We show the calculation
of I, I5, I1p and the others are similar or easier. The derivatives of the first two
terms can be absorbed by using (2.8)

¢2

dly o |RTepr  co(1,t) 3RS | 5 (T2 )
€| = | S T et (f o) o< (Gs)
dls s | 20T R? . )
T | 2 <(1+£(5)¢)3 /B1 (ol g(m+§(5)9)+9)> ¢

53

= 0,

lo3
S g

7
RT.p;—5 max {
Tp3 2
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L 12y R? </ >2 5 12c*yfRTcR?/ -
T IRTLp o) P+ =S 0%

2 24
< [W (1+ |long|)5} 1162 + <(;:m)5> 162,

For the derivative of I, it is sufficient to notice that |¢| < 1/2 from (3.5), and

D) o] =L (0 r) e 1
ds |\ 175 IEARERGE (L+€0)0)?| ~ Ry

ol

aif B g (B S5 R | 10
dé <1+5¢+V) €0 = 3(1+§(5)¢+V (14 £(8)9)> gﬁ?’

where we have used

1
R} N\ /2 2_\"3  /3\3__
i 3 1
Tt Lv) < (Zm+IV) < (2) R
<1+5(6>¢+ ) <3 3 > (2> *

which is independent of the liquid volume V' € (0,00). Then, d%llo(ﬁ(d))ég’/(ﬁ can
be absorbed into J462.
For the derivative of I3 which contains the term o(1,¢)3, we have

al
—5(£(0)8°] =

Wl

2M<cT,o(1,t)3
(pt +£(8)o(1, 1))

1
3< (320) Ji10% + ( 9(;5) J562,
where we have used

\g<1,t>ug<1,t>12<p;UQ(;;“—,B;,)T/BI il (f )]
<p?[<g(/17;t)_|311|m /BQ) B ( )]

Therefore, this term can also be absorbed into f"(0)§2/2 for all 0 < § < &, where
62 > 0 depends on ¢/R.
To deal with the derivatives of I7,Ig and Iy containing ([’ B, 0)%, we need to

calculate the first three order derivative of pZR?z/J(é)gZ)Q where

06) = (1+60)% — Ry (14607 (R 1+ 60)7 +7) .

We only control dvy/dé since d?v/d?6, d+/d>§ can be calculated similarly. By direct
calculation, we obtain
Wy ¢ [12 (14+ VR (0 (sgb))é ~ (14 VR (4 00)) 5 11] .
o 3(1+30¢)3

RT RT

1
Therefore, from |¢| < 1/2 and =1- (1 + VR; 3) ® it follows that

1 eton| <62 - (1+VR$3<1+1/2>)_

ol
IS

+ ’1 - (1 +VRA(1+ 1/2)>_
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|

1

3

1
3

<6 [19‘1— (1 +VR;3)

< 200 (R* RT) ,
Ry

and VRT_ 3 < 53 where 63 > 0 is a small constant independent of T, py, pt, Ry, M
and V. Moreover, for all & > 0, we have

1—(1+VRT_3(1+1/2)>_§<1< L R-B
1-(1+63)75 I

+7‘1 _ (1 +VR;3)

, VR >4

We conclude that

i

75 €0 ))’ < 100 [(1 -1 +5g)—§)*1 . 1] Ry — Ry

Ry

)

for all V' and R;. Therefore, all the terms %(17 + Is+ I9)(£(6))0% containing ¢? can
be absorbed into J562, for all § < &3 with &3 independent of T, py, pt, Ry, M and V.

Summarizing the above results and recalling that we choose any (ps(-,t), Rs(t))
satisfying (3.4). We conclude that for all (p(-,t), R(t)) satisfying

1pC8) = Ptll oo By < G0Pi/ (1 +[log pil),

or equivalently, (3.2), where dyp > 0 is a constant that depends on (56 and hence only
on ¢/, or v, it holds

2
E[ﬁ,R}>ET+i{MT<(1 D =pr 3 /B(ﬁ(y,t)m))

Pt Ampy

ot 0 70) (L2) "5 [ w7

+——1—= p| + p(y,t) —p

w3 ) U, S, (P00 = p1)

R3 o & R3 2
+ _

— = (1-— </ p(y,t) —p > )

where we have used p(-,t) = ps(-,t) = pt + 00(-,t). This completes the proof. [

4. NONLINEAR AND EXPONENTIAL ASYMPTOTIC STABILITY

4.1. Proof of the nonlinear asymptotic stability. In this subsection, we prove
the first part of main Theorem 1.4, especially the asymptotic stability in (1.14).

Given the equilibrium state (p;[M, V], R{[M,V]) determined by the mass-volume
pair (M, V) and any initial data (po, Ro, Ro), since free boundary problem (1.6)—
(1.8) is equivalent to system (2.1) in the spherical case, the energy dissipation (3.1)
reduces to

o [ R, VRE)
By ==l [ St g RO

where V, denotes the radial gradient. In the above, we have used the velocity
formula (2.5), Qg(t) = BR(t) and Ql(t) = Bﬁ(t) \ BR(t)
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Integrating from 0 to t and applying the local minimizer (3.3) together with the
Lyapunov stability (B.2)—(B.4), we obtain

2 t Y7 50 \2
K,T/ / Vep(J2], )| —  dx d7'+167ml/ 7VR(T)R(Q dr
BR(T) p(lel, T o R(T)}*+V

< Eo — By — (E(t) - ET)

< ED - ET7
provided the constant 79 > 0 is small enough, which is independent of the initial
data. Also, we have denoted Ey = E[pg, Ro] and E; = El[p;, Ri] in the above.

By the regularity of (p(x,t),R(t)) in (B.4), we deduce that the time-dependent
functions

2 .

/ —‘vhoﬂx”?‘ dz, and R(T)R(T)* >0
BR(T) p(’x‘77—)

are uniformly continuous. This, combined with the bound 0 < V/ (R(7)* + V) < 1

follows that the function VR(7)(R(7))2/ (R(7)® 4+ V) is also uniformly continuous
independent of the liquid volume V.

The remaining proof of (1.14) is similar to that of [9, Proposition 8.1], as we can
apply Theorem 1.1, Barbalat’s lemmas in stability theory, and interpolations. This
proof is valid because we have shown that the algebraic system (2.8), or equivalently,
the equation

(0340 + 1)R? = BIR" + VR® + 3I*R® — 3IVR" — I’R® + 3I°VR? - I’V =,
has a unique positive root for any fixed liquid volume.

4.2. Proof of the exponential convergence rate. The exponential convergence
in Theorem 1.4 is established through the utilization of the center manifold theory
in Appendix C, where the relevant definitions are provided.

Step 1: We start with transforming free boundary problem (2.1) into an equivalent
system within an appropriate Banach space. Specifically, we select Z = (2 as
specified in (C.1).

Proposition 4.1. Under the assumptions of Theorem 1.4, if we abbreviate the
equilibrium state (p;[M, V], Ri[M,V]) = (p1, Rt), and decompose the global-in-time
solution (p, R) as follows

p(R(t)y,t) = ps + o(y, t) = pt + 01(y,t) + 02(t), 0<y <1, t>0,
02(t) = p(R(t),t) — pi, t>0, (4.2
R(t) = RT + R(t)) t> 0,

then, system (2.1) is converted to the following initial-boundary value problem
Ly .
dro1(y,t) = xAo1(y,t) — (1 - 7) o +1, 0<y <1, o1(1,:)=0, >0, (4.3a)
. RT 1 .
R=——{(x0o(l,t)+ —02 ) + 2, t >0, (4.3b)
P+ 3y

1

02 = 79{TC

2 26 R? a4V . oo
T T
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with the initial condition

(01(y,0), 02(0), R(0), R(0)) = (po(Roy) — po(Ro), po(Ro) — pi Ro — Ry, Ro), (4.4)
for 0 < y < 1. Moreover, in system (4.3), we denote RT = Ry — R?/ET, X
/a;/(R?pryc), and the following nonlinear terms

K 1 1
II=— - Ayo1(y,t
(R + R T o) Ropy| S0
K Vyo1(y, t)? 1 0 <1 >
- — + — —yOy01(y,t) + 01(y,t) |, (4.5a
e (R R)20 + 0, 0)F v pr + s \3Pa @ DTy ), (450)
K 1 1 R oo
= — _ Oyo1(1,t) — — =2
(Ri +R)(pr +02)*  Rip} |’ (1) 3v(pt + 02)
R .
Bt o (4.5b)
3y pi(pi + 02)
1 — 1 1 20 20 20
U = 4V S — | R+ Rt — —
RT, | (R(R3+V) RT(R?—FV)) <R2 Ri+R RT)
. (20RTR 2£ - 25)
RT R RT
R RZ . 3 2R RY
T 2
RR + R-——=R|+[(-=+ R 4.5
%T (RT R ) <2 R 23) 50

We denote the normalized radial Dirichlet eigenfunctions defined on the unit ball
. . o0
By by {E»(y) - %;’;)} . which satisfies —A,Z; = G;E; with G; = (jm)%, Fyl,1 =
0, and [z = \x!)dm =1 forj > 1. We expand o1 as

t) = Z 0;(t)=;(y)- (4.6)
j=1

Then, system (4.3) is further equivalent to the following infinite dimensional

dynamical system for z = [gg R R 6, 6y - ‘]T. That is,
2="Lz+N(z,2) = Lz + N (2)z + N°(z), (4.7)

where both the linear operator L and the nonlinear term N(z,z) are defined in
(4.11). The terms Nt and N are given in (4.14). Finally, the initial condition of
problem (4.7) can be deduced from the original condition (4.4).

Proof. To begin with, (4.3a) and (4.3b) are derived by substituting (4.2) into
(2.1). We point out that (4.3c) is deduced by applying (2.8), Taylor s theorem
(Ri +2)"' = Ry'=R%z+--- and ((Ry+2)*+V)~ 3= = (R}+V)7s R?RT T+
More precisely, we calculate as follows
1 v :
t) = 4 — R+ e
o2(t) = J7r { "rEE V)" "R+R R R R

. R?. 3 2R RY\ .
+p|RR— =R+ |- - = +— R2>]
o (mi- i (5% )
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= mch s IRT(R:?’/—F ok JQ%R_ 2(;%];%7“”]%@
+ 5 <4MR(R;/+V)R4MRT(R‘T3/+V)R>
+ <§%R+ Rij - Z) + (2;?$R+ 2};’ - Z)
+9‘§ZIFC RR + (ﬁk—iﬁﬁ) + (g-f+f;>R2 ,

where we have denoted Ry = R; — R]% /R;. Then, equations (4.3c) and (4.5¢) follow.

Next, substituting (4.6) into (4.3a) and computing the inner product in L?(B;)
with Zx(y) yields the following

(—)F12%2(y — 1)
Vrvk

Using 9,Z;(1) = v/7(—1)7j/V/2, the second equation (4.3b) becomes

B = o — oo + Ty, & = M= [ Eay (4
1

. Ry Rix |m i .
R= Y=g bbot @ wy= =1 51 (4.9)

Moreover, the third equation (4.3c) implies

— 02 = —
piRy

RT. 2 26 R? v . . RTLU
o L Ry R R
pZRTRT leTRT PIRTRT(RT +V) PRy

As a consequence, problem (4.3) forms an infinite-dimensional dynamical system

r 9. 9/
?fj—; 1000 -] [
0 1000 - R
0 0100 - Rl
& 001 0 - | —
& 000 1 - 02
[ 0 0 0 w1 w9 < -QQ- B () 7
0 0 1 0 0 | |r 0
ijﬂ g‘f 26’R¥ _ —4MV _ 0 . R _LZ—‘C\P
pRy  pRiR? g RyRy  pRiRi(RIHV) o | + iRy
0 0 0 &G 0 | | I
0 0 0 0 —xG | |? I

Multiplying both sides of the above equation by the inverse of the infinite-dimensional
matrix and denoting z = [92 R R 6 6y - -]T, (4.7) follows, where the linear
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operator £ equals
B 3vpi 3Pt 3Pt
0 0 — T w w
R; 17R; 27R;
0 0 1 0 0
—4 _ —
mq:c QO'RT‘FQO'R? _ _4;”{/ _ 0 0
PR Ry RIR R R (REHV) (4.10)
3 3vp Y ’ ’
0 0 §17g pt —Gwigt —xG —&we RpT
3w 'yp ’YP
0 0 E2 gt —bowi Tt et — X2
and the nonlinear term N = N (z,z) is equal to
3 3 3 T
e 0 2w —oTe I —HGIe+ T - (4.11)
piR; )

where ® = &(z,2),V = U(z,2),1I; = Ilx(z,2),{ and wy are defined in (4.5b),
(4.5¢), (4.8) and (4.9), respectively. Writing N (z,z) = N (z,w) (denoting w = z),
we further decompose

II(z,w) = <H1(z),w> + 11%(z),
O(z,w) = <<I>1(z),w> + ®%(z),
U(z,w) = (¥l(z),w) + ¥'(z),

(4.12)

i.e.,
Haw) = [ 5 0, (Lo,5+5,) 0 0 e
(Z,W) = ’Y(pT"i‘QQ) 3 y=J ) ,y W
|Vy91|2 K 1 _ iC‘H'E'
(R +R)? (p; + 0)° (Ri+R)*(p1+0)  Rips| """
R Rioo }T
(z,w) = _ + 00 ---| |,
() <[ 3(pr +02)  3vpilpr + 02) v

1

(s + R)(pt + 02)? RTPT Z \/>

2
\I/(z,w):<[0 0 ng R+<};—]:> 00 ] ,w>

— 1 . 20 20 20
4V - R+ (2Rt = -2
i (R(R3+V) RT(R§+V)> <R$ Ri+R R

26 R? 26 25 3 2R RY) -
=R+ 22 +pl<—+4>R2
R R Ry 2 R 2R

H

L1
RT,

Above, (-,-) denotes inner product in the Hilbert space £2. Therefore, the nonlinear
term N (z,w) can be further decomposed as follows

N(z,w) = N(z)w + N(z), (4.13)
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where
3Pt g1 RT. 1 1 3Pt g1 3Pt g1 T
Nl:[PTHI) 0 pR‘I' Hl—glzTTcI’ & T‘I’ J )
0 _ [31P1 g0 _ R0 0 _ g, 3P p0 10 3%0...
N—[RT(I) 0 —ZRU0 )6 7e0 T§ - &7 }
(4.14)
1
Here Nl( )w denotes the point—wise inner product {<%‘I’1(z),w> (0, w) } ,
HO fB 11%(z)=,dz, and l'I1 fB IT}(z)=jdx. This completes the proof of
the proposmon O

Step 2: The asymptotic stability result (part (i)) in Theorem 1.4 can now be
expressed for system (4.7) within the Banach space ¢? (cf. Lemma D.1). Next, to
examine the decay rate, we analyze the spectrum of the linear operator £ : £2 — (2
in the following proposition, with its proof provided in Appendix D.

Proposition 4.2. Denote the spectrum of the linear operator L defined in (4.10)
by sp(L). Then, sp(L) = {0} U{A € C: M(X) = 0}. The eigenvalue A = 0 has
multiplicity one, and M(X) is a meromorphic function defined by

T 4 X 8(y — 1)y = 4V 20 25R$
M(A) = —+ Y 55| RNt ————= | =5+ —
(M) RT .y <3 ]; m2xk2 4+ A L RT(R? +V) R? R:f

4 4.15
+ WRT ( )

where Ry = RQ/RJr and x = /{/(Rprc) as in Proposition 4.1.
Moreover, there exists a constant w > 0, such that sup{Re(X\) : A € sp(L)\{0}} <
—2w < 0.

By further analyzing the spectrum bound sup{Re(\) : A € sp(L) \ {0}}, we
discover that the characterization of the operator spectrum is more accurate when
the liquid volume is small.

More precisely, given the mass of the gas M > 0, we assume that the liquid
volume V > 0 is sufficiently small. Then, using the notations in Appendix D and
applying (2.8), we have

— 2 — = 2
4V 8RTepi R R{R; — R?
B2 _AKC? — /él _ _ et Rkl o1 T
RT(RT +V) leT (RT — RT) Ry

1607  —o < o o > < RT)
RA(R} + V)2 "R TR Ri

16p? 2 16p0 — a3\ —1/3
R$V -% (1= +V/R) ™)

16;”2*2 16p0 ( 3V —2
< Ve — —+0(V 0,
R? R\ R (7)) <

where we have used the lower bound of the equilibrium radius Ry in (2.11). Then,
2RTcpt Rt
LR (Ry—Ry)

N

from the results in Lemma D.2, direct calculations show that K = is
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large, and

6,U,l 1
=7
pZR%RT 1+0(V)

w=3 min { ©ym%y, max

1
,@17T2X = §@O7T2Xa
where the constant Oq satisfying 0 < ©1 < Oy < O < 1. However, by inspecting
the form of M()), it has a pole (nearest to the origin, i.e., choosing k = 1) at —m?.
For A near this pole, since V' > 0 is sufficiently small, it holds that the following
term in the bracket of (4.15)

B 41V 2 25R2 2 26R2
PZRT/\Q'F#)‘_ %+ 747 is close to —%— f4T <0.
Ri(RI+V)" \ R R Ry R

Consequently, M(\) tends to —oo as A approaches the pole —72y from the right side
on the real axis. According to the estimates of Case 3 in Lemma D.2, M(\) > 0
on {A € R: \ > 0}. This observation shows that at least on the interval (—m2y;,0),
M(A) has a real root. Thus, we find both the lower and upper bounds

—7m?x < sup{Re(\) : A € sp(£) \ {0}} < —Ogn?x.

From the center manifold theory in Appendix C and main Theorem 1.4, the index
—wy in the convergence rate e~ @t is determined by this spectrum bound (difference
by a constant). Therefore, it is reasonable to anticipate that the convergence rate
of the spherically symmetric solution will be determined by the magnitude of —72y.
Utilizing the radius bound (2.11) again, we see that

9 K2 4/<c7r3RT km? 2R T, T, o
TTXT TR T T 3MAye S e Ve (VT M/ 1+E '
Fpve oy

We conclude that for small liquid volumes, a reduction in gas mass or an increase
in temperature can accelerate convergence. This effect has not been observed when
the liquid volume is infinite.
Step 3: As we have demonstrated the asymptotic stability in the space ¢2 (cf.
Lemma D.1), we will decompose the space into the direct sum 2 = X @Y and then
derive a corresponding system, (4.17) below, which is equivalent to systems (4.3)
and (4.7) in Proposition 4.1, as well as the original free boundary problem (2.1).

Following the setup in Appendix C, we first observe that according to Proposition

4.2, the eigenvalue A\ = 0 has multiplicity one. Therefore, the linear operator £
defined in (4.10) has a one-dimensional kernel X = ker £ = span(U), where

U= |-20/ (RT.E?) —20R2/ (RT.R;) 10 0 0 }T (4.16)

Moreover, the vector T = [47/3 4mpi/Ri 0 ~v&1/(v—1) ~&/(y—1) -]
is the corresponding left eigenvector of £ once we note that E;’il §J2- = 4(y —

1)%n/ (372).
Applied the equilibrium algebraic equations (2.8), it follows that

<TT U>_ A _270_25R$+39{Tcpf _4r 4—U+ 65 _253?
’ AL \ R R R BRI \ R \RiR R}
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where we notice that the term 65 /R R — 26R$ /Efrl is strict positive since Ry < R;.

Then, we can normalize Y such that <TJ, U) = 1 by setting Tg = <TT, U>_1 TT.
Having obtained both the left and right eigenvectors, we decompose /2 = X @Y
as follows: z = x+y, where x = Qz = (TS—Z)U eXandy=09z=z—01z€Y.
Since LU = YL = 0, we have 0 = T} LzU = Q1Lz, LO1z = (T]2z)LU = 0,
and QoLz = LQ9z = Ly = Lz. In particular, £|x = 0, and QQE}Y = L£9Q5],, is the
restriction of £ on Y satisfying sup{Re(\) : A € sp(£|,,)} < 2w < 0.
Then, we derive a dynamical system of (x,y) from (4.7), which is of the same
form as system (C.3). That is,

Iy

x=QN(x+y,x+y)

= NM(x+y)x+¥]] + QN (x +y), t>0,
y=Ly+ @NEx+y,x+y)

=Ly +Q N (x+y)k+¥] + QNx+y), t>0.

(4.17)

The initial condition can be deduced from (4.4).

Step 4: We verify the remaining requirements in (i)—(iii) in Appendix C, especially
the decay estimates in (C.2). Since the one-dimensional subspace X is L-invariant
(L|x =0) and Y is closed, we need to check the following results.

Proposition 4.3. The subspace Y is e~t-invariant, and for any t > QQHZQ <
wt

ce~ ", where the constant ¢ > 0, and the index w > 0 is given in Lemma D.2.

Proof. Given any yg € Y, one has

— (tL)" (tQaL
6“3’0:2( ) YO—QQYO+Z ) — T Yo= <y0+tﬁzg2)yo>,

n=0 —

n=1

where we have used the fact that forn > 1, L7 1 Lyo = L 1 Qs Ly = L7 2LD2 Ly =
L2Q5LQ5Lyo = (92£)" yo. Therefore, we deduce eftyg € Y, and we conclude
that Y is efl-invariant. The operator estimate Heu QQH follows from the bounded-
ness of Qs and the spectrum analysis in Proposition 4.2, together with the Gearhart-
Priiss theorem [6, 17] for Cjy semigroups. O

Step 5: In the following, we show the existence of a global center manifold for
(4.17), and verify the Lyapunov stability of the zero solution to the equation on the
center manifold, as required in Lemma C.1.

Compared to the local center manifold constructed in [9, Lemma 9.6], it is worth
mentioning that the manifold of equilibria ¥ given in (1.12) is actually a global
center manifold since we do not utilize the smallness assumption in this part.

Proposition 4.4. Given any (pt, Ry) = (p:[M, V], Ri[M,V]) € ¥, for a € R, we

define p(a) by
pla) = 9{15[; (20/}%(@) + 25/ v/ R(a)3 + V) : (4.18)

where R is an arbitrary positive C* function such that R(0) = R; and R(0) #1.
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Then, it holds p(0) = p;. Denote x € X by x = aU,a € R, and define the curve
y = h(x) = h(aU) by
.

R 20 26R% A
h(x) = |pla) + + — |a—pt R(a@)—a—-R; 0 0

RIR?  RT.R;

It follows that the curve h is a global center manifold for system (4.17).
Moreover, for x(t) = a(t)U with |«a(t)| small enough, the equation on the center
manifold given by

% = Q) [N (x + h(x)[x + b (x)x]] + QN (x + h(x)), (4.19)

is trivial. That is, (4.19) is equivalent to & = 0. Therefore, the zero solution to
(4.19) is Lyapunov stable.

Proof. Without loss of generality, for any (x(0), h(x(0))), we consider the solution
in the form of (x(t) = a(t)U,y(t)) to system (4.17). Note that the initial data yield
the initial condition z(0) = x(0) + h(x(0)) = [p(a) —p; R(a)—R; 0 0 -] .

Recalling in Proposition 4.1, z = [QQ R R 6 6y - ] T, combining with the
changing variables (4.2) and the decomposition (4.6), we deduce that 6;(0) = 0 and
therefore 01(-,0) = 0. Also, it holds R(0) = R(a(0)), 02(0) = p((0)) — ps, and
p(R(0)y,0) = pt + 02(0) = p(a(0)) for any y < 1. That is, p(-,0) = p(«(0)).

From the trajectory defined in (4.18), these initial data are exactly the equilib-
rium of the gas-liquid system with the gas mass

a7 -

M = —=p(e(0) R(e(0))”

and the liquid volume V. Therefore, the global-in-time solution is
(x(t),y(t)) = (x(0),y(0)) = (x(0), h(x(0))).
In other words, it follows that
p(x,t) = p(a(0),x € By ), R(E) = R(a(0)), and a(t) = a(0).

Next, we verify that the curve y = h(x) is tangent to the subspace X at the
origin by differentiating (4.18)

_ (N2
Pla) = - | 20 2R ey (4.20)

RT. | R(a)? (f?( )3 —|—V)4/3

2 25R$ .
A~ /
§(0) = — +—— | B(0),
(iﬂTcR$ SRTCR?

It follows that

by setting « = 0 and using the assumption R(O) = R;. Recalling the vector U
defined in (4.16), we conclude that

dh(aU) 2 20R? '
-~ o T D/ P/

= |- + — R'(0)—-1) R(0)—1 0 ---| €X.
=0 [ (%TCR% quchf‘> < >

da
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Finally, we check that equation (4.19) on the center manifold is trivial, provided
x(t) = «a(t)U with |a(t)| sufficiently small. Since y(¢) = h(x(t)) on the center
manifold, we have

T

Aw:xw+h@@):k@@»—m Rla(t) — Ry 0 O.J ,
~ T
a(t) = %() + 1 (x()%(t) = () [ (o) R(a() 0 0 -] .

Thus, for the nonlinear terms I1°, TI*, ®% &1 W0 and W! defined in (4.12), from
R =0,0; =0, and o1 =0, we deduce that

TO(x(t) + h(x(t))) = 0, TI'(x(t) + h(x(t))) = 0, ]
0(x(t) + h(x(1))) =0, @' (x(t) + h(x(t))) = |g(alt)) 0 0 }

Wx(0) + (1) = o | % (Rla(0) ~ By) + 20—

(4.21)

+if<ém@»—30+(mW;H0§—g],
w%ﬁw+h@w»:[00 £ﬂ<R<U)-&+ = @jggiﬁ) o~lt
where
g(a(t)) = ?j; (1 - M) : (4.22)

By (4.14), the nonlinear term N (x(t) + h(x(t))) [x(t) + W/ (x(t))x(t)] equals
3y Ry (a())gla®)a() 1 0 0 —& & -],

and AO(x(®) + (x(®) = [0 0 —2Z00x(t) + hx(t))) 0 0 +]". Then
noting that (Y, NO(x(t) + h(x(t)))> = 0, equation (4.19) is further equivalent to

% = (g, N (x(t) + h(x(1)k + K (x(1))%]) U

— dmpiR; @*tw“ﬂmwmmwmu

where we have used the identity ZJOO 1 {2 = 4(73_7 12)2” and the left eigenvector Y.

Combining (4.22) and (4.20), we conclude that

[1 — dmpi Ry < > 1 t))]
. 47er 2 R(a(t))” | _ pili(a()
%ﬂv (R(a(t)3 + V)3 pla(t) Ry

_a{1+ [1—pTR( ())/(/0( )RT)] K(a (t))}

vanishes, since x(¢) = &(t)U and U # 0. Note that for |a(t)| small enough, K («(t))

is bounded and the factor 1—pTR(a(t))/ (p(a(t))Ry) is sufficiently small. This yields
that &(t) = 0 for all |«(¢)| sufficiently small. In other words, the dynamic on the
center manifold is trivial, and the proof is completed. O
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Step 6: The assumptions for the nonlinear terms in system (4.7) are verified in the
following lemma.

Lemma 4.5. For the nonlinear term N (z,w) defined in (4.11), where z is com-
puted by (4.2) and (4.6) from the solution (p, R) of problem (B.1). Then, we have
N(z,w) € 12, N(0,-) =0, O4N(0,0) = 0, and 5,N(0,0) = 0.

Proof. The fact that N(z,w) € ¢2 follows from the same arguments in [9, Propo-
sition 9.7]. Also, it is clear that N (0,w) = 0 for all w by using the defini-
tion in (4.12). To compute the partial derivatives, we utilize the decomposition
N(z,w) = N(z)w + N?(z) from (4.13). Applying (4.12) again, we have |II'(z)| +
@' (2)] + ¥ (2)] < O(|lz]]) and |FO(z)| + |9°(z)| + [¥°(z)| < O(|lz]*). To see this,
for terms ¥'(z) and ¥Y(z), using Taylor’s theorem at the equilibrium radius Ry
(e.g., R'= RT_l - R?ET%R + O(R?)), one has

R2
R+ _E
R R

Pl
RT.

=O(|lzl)), as [z]| — 0.

Therefore, |¥1(z)| < O(||z|)), as ||z|| — 0. Also, from the ratio R/R < 1, it holds

1
‘\IIO(ZH = ‘%Tc 4

% 1 B 1 Bt 20R?
"A\REAY) T R(R AV R2(R; + R)

R 1 1 3 2R R'N .
+26(17€—|—R—R) A <—+>R2
R i

RT. \ 2 R 2§4
<O (IRRI+ [RI? + [RI?) < O(ll2]), as |zl = 0.

We conclude that A'1(0) = N°(0) = 0, and 9,N°(0) = 0 by applying (4.14). This
completes the proof. O

Step 7: By incorporating the aforementioned preparations, we close the proof of
the nonlinear exponential decay rate.

We recall that free boundary problem (2.1) is equivalent to system (B.1) defined
in By, and is also equivalent to dynamical system (4.7) by Proposition 4.1.

Applying part (i) in Theorem 1.4 and Lemma D.1, we obtain |R(t)|+| R (t)| — 0
and z(t) — 0 as t — oco. We also deduce that d;p — 0 uniformly from (B.la).
Combining these results, ||z(t)|/, — O follows. Without loss of generality, we may
assume that ||z(¢)|| is small enough for all time. Applying Lemma C.1 to system
(4.7), there exists @ € R with |a| small, such that

|x(t) — aU + y(t) — h(@U)||,2 = O(e” ™), ast — o0.
In other words, from the first equation in (4.21), we obtain

ez R R 61 6 -] =[pla)—p;i R@)—R; 0 0 -], =0,

N

ast — oo. Clearly, (p(c), R(«x)) coincides with the equilibrium (p;[M, V], R{[M,V]),
since z(t) — 0. This yields the exponential convergence of (o, 01, R, R)

lorll32 (s, + (P(R(),t) = pt[M, V])? + (R(t) — Ry[M, V])> + R(t)* = O (e >,
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as t — oo, where we have used the changing variables in (4.2). Again from (4.2), it
holds p(R(t)y,t) — p;[M, V] = 01(y,t) + p(R(t),t) — pt[M, V], and we deduce that

[p(R(t)y,t) — p+[M, V]||i§(31) =0 (e *"), ast— oo,

by triangle inequality. The remaining proof is similar to the W estimates and
the C?12% decay estimates in [9, Lemma 9.8 and Proposition 9.9]. This completes
the proof of Theorem 1.4.

APPENDIX A. REGULAR SPHERICAL EQUILIBRIA TO SYSTEM (1.1)—(1.4)

In this appendix, we show that the regular spherically symmetric equilibrium
solutions to the original full free boundary problem (1.1)—(1.4) are determined by
the mass-volume pairs, provided that the liquid temperature remains constant.

Proposition A.1. Any reqular spherical equilibrium solution to system (1.1)—(1.4)
with mass (of the gas) M and liquid volume V satisfying T) = T, is given by
20 _
vV = O, Vg = 0, P = m, Qg = BRT[M,V]’ Qg @] Ql = BET[JM,V]’
2 o

Pﬂﬁwzmn<mwm4+Rmmw» %52@mMyﬁVmMVJ’

20 26\ "
T,=T.,, T,=1., s=clo RT.)” + = ,
? : %()<mmw mmw))
where Ry € C*((0,00)%; (0,00)) is the smooth map denoting the equilibrium radius

of the gas bubble as defined in Theorem 1.1 , R{{M,V] = {/R;[M,V]>+V rep-

resents the external radius of the entire gas-liquid region and V = 3V /4w is the
modified liquid volume.

Proof. Assume that vi(x) = v;(r)z/r with r = |z|. The divergence-free condition
reads 9,v;(r) + (2/r)v(r) = 0, or O, (r*v(r)) = 0, Ry < r < Ry. Therefore, v(r) =
a/r?, Ry < r < Ry for some constant a. However, the boundary condition (1.3a)
implies v;(Ry) = 0. Thus, v; = 0, and (1.1a) becomes Vp; = 0. From (1.4b), we
conclude that the pressure p; = 26 /RT'

For the gas velocity v, (1.2a) implies 8, (r?pvy) = 0 for r < Ry. Therefore, 72pv,
is a constant. Again by (1.3a), vy(R;) = 0 follows and pv, = 0. Since we consider
the regular solution, p # 0 by (1.2e). Therefore, vy = 0 and p, is a constant from
(1.2b). Now that v; = vy = 0, (1.3b) yields p; = 20/R; + p; = 20 /Rt + 25/ R;.
Moreover, (1.2c) becomes AT, = 0 in Bg,. Since Ty is regular, we have T, =
Ty(R;) = T¢ by (1.3c) and the maximum principle.

Finally, by (1.2d), p = (20/R; +25/R;) / (RT:). Due to the conservation of
mass (1.5), M = %pR?. These imply that the spherically symmetric equilibrium
(p, Rt) can be obtained by solving the algebraic equation (2.8). Therefore, the
proposition follows from the same arguments as in the proof of Theorem 1.1. [J

APPENDIX B. WELL-POSEDNESS AND LYAPUNOV STABILITY OF PROBLEM (2.1)

To state the well-posedness and the Lyapunov stability results, given any gas
density and bubble radius (p(-,t), R(t)), we define p(y,t) = p(R(t)y,t),y € By for
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t >0, and introduce the norm ||-[|c2+20(p,) as follows. For a function f(r),r < A,
where A > 0 is a constant, we define a radial function f(z) = f(|z|) for 2 € B4 and

D’Bf(x)’ +  sup ’DQfT(CUI) - DQ]?(J/‘Z)‘ .

T1#£T2€8B 4 |z — $2|2a

1 lgzrae = | F]

= max sup

Cit?*  |BI<2z€B,

We state the local well-posedness by adapting the arguments in [3, Theorem 3.1]

Proposition B.1. Fiz any liquid volume V', for problem (2.1) with initial data
(po, Ro, Ro), where Ry > 0 and py € C*2% ([0, Ro); (n,00)) for some a € (0,1/2)
and a constant n > 0, there exists a unique solution R € C2T*([0,6]) and p €
Gy ([0, 8] G722 ([0, R(t)))), where & = (]| pol| g2+20) > 0.

Proof. By changing the variable z = R(t)y, we reduce problem (2.1) on Bﬁ(t) to a
problem on the fixed domain

_ kAylogp(y,t) b (y9yp(y,t)
t) = Y B B ad AR

atp(ya ) ’}/CRQ + p 3

kOyp(1,t) Rp

veRp(1, 1) 37p’

+ﬁ(y,t)>, ly| <1, ¢t>0, (B.la)

p(t) = RTLp(1, 1), t>0, (B.1b)

5(1,1) = — |4 L ANNE N
pPLL, _mTC 1 R R R R
R—R_. 3 2R RY)\ .
4+ | ——RR+ (= -=+— R2>}, t>0, (B.1
| o (i (55 ) 19

where p(y,t) = p(R(t)y,t). Compared to the proof in [3, Theorem 3.1], the extra
terms in (B.lc) are analytic in R > 0 and R, since R = (R? —I—V)% > V% and
R = RQR/EQ. Thus, (B.1c) can be written in the same form as equation (3.18)
in [3, Theorem 3.1], i.e., an analytic function of R, R, R and ¢. Then, (2.1) can

be treated as that in [3, Theorem 3.1], and one can follow the same procedure to
complete the proof. O

The global well-posedness and stability results are derived following the proof in
[3] (see also [9, Section 6]), where the global well-posedness of the free boundary
problem (2.1) is established under conditions where the liquid volume is infinite,
there are no viscous terms at the gas-liquid interface, and the external far-field pres-
sure is constant. Additionally, they showed the Lyapunov stability of the problem
when the initial data are sufficiently close to a spherically symmetric equilibrium.

For the problem we are considering here for which the liquid has a finite volume V|
the presence of viscous terms on the gas-liquid interface (see (1.8c)) and the external
liquid free surface (see (1.8e)) lead to the boundary condition (2.1d). Consequently,
a negative term, —16m,,V (R(t))?R(t)/(R(t)® + V), appears on the right-hand side
of the energy dissipation law (4.1). As a result, the arguments used in the proof
of [3, Theorem 4.1], particularly those involving key energy dissipation estimates
(4.16) and (4.40) in [3], remain applicable.

More precisely, fix the gas mass M and the liquid volume V, given g9 > 0,
there exists 19 = 1p(g9) > 0 such that the following holds: for any mass-preserving
(M = M|po, Ryp)) initial data (po, Ro, Ro) with liquid volume V satisfying

HPO(ROZ/) - pT[M7 V}”Cng%‘(Bl) + ‘RO - RT[Ma V” + ’RO‘ < Mo, (BQ)
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the global-in-time solution satisfies

IRy, 1) = piIM, Vligaran gy, + 1RO — RLV + 1Rl <20 (B3)
Hpg”cﬁa(uh) < co, and [[R(t) — Ry[M, V]Hcf+a(]1g+) < €0, Yt > 0. (B.4)

Therefore, given the gas mass M and the liquid volume V', we have the spherical

equilibrium Lyapunov stability for mass-preserving and volume-invariant perturba-
tions to the equilibrium (p;[M, V], R{[M, V]).

APPENDIX C. CENTER MANIFOLD THEORY

In this short appendix, we recall the center manifold theory developed in [9], and
we refer to [4] for more information on this topic. Consider the following equation
on a Banach space (Z, |||

z=Lz+N(z,z), z(0)eZ, (C.1)

where N (z,w) : Z x Z — Z has a uniformly continuous second order derivative
satisfying N'(0,w) = 0 = 0, w)N (0,0) = 0. We further assume that

(i) Z=X @Y, where X is a finite-dimensional £-invariant subspace and Y is a
closed e*-invariant subspace.
(ii) All the eigenvalues of £|x have zero real parts.
(iii) Let Q1 : Z — X be a projection, and Q3 = Ix — Q;. There exist positive
constants w and ¢, such that

HeEtQQHY%Y Lece ™ t>0. (C.2)

Decompose a solution to (C.1) as z =x+y = Q1z + Q2z. Then, (C.1) becomes

(C.3)

y = Ly +g(x,y,%,y), where g(x,y,%X,y) = QN (x+y,x+y).

Recall that an invariant manifold for (C.3) is a curve y = h(x), defined for |x|
small, such that the solution (x(t),y(t)) passing through (x(0),h(x(0))) satisfies
y(t) = h(x(t)). A center manifold is an invariant manifold that is tangent to the
subspace X at the origin. Let M be a center manifold for (C.3) given by y = h(x).
The equation on the center manifold is given by

x = L|xx+ f(x, h(x),x, ) (x)x). (C.4)

Assume that z(t) converges to some point in M as t — oo, and that sup;.q [|z(t)]
is sufficiently small. Then, the following lemma holds:

Lemma C.1. Denote by (x(t),y(t)) a solution of (C.3). Assume that there erists
e > 0 such that if ||(x(0),y(0))|| < &, then ||[(Xx(t),y(t))|| < & for any t > 0. Then
there exist constants Cy, w1 > 0 such that ||y (t) — h(x(t))]| < Cre=® ||y (0) — h(x(0))||
fort>=0.

If we further assume that the zero solution of (C.4) is Lyapunov stable, then
there exists a solution x(t) of (C.4) such that x(t) = x(t) + O(e~®°!) and y(t) =
h(x(t)) + O(e~™°"), as t — oo, where wy = min(w, @) and w is given in (C.2).
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APPENDIX D. ASYMPTOTIC STABILITY IN ¢ AND THE SPECTRUM ANALYSIS

We first reformulate the asymptotic stability result in the first part of Theorem
1.4 for system (1.6)—(1.8) by using the variable z to express it in terms of the
equivalent system (4.7) within Banach space £2. The proof involves adapting [9,
Proposition 9.2], as it primarily addresses the results related to (2.1a) and (2.1b).

Lemma D.1. Fiz any gas mass M and liquid volume V. For any initial data
(po, Ro, Ro) € C2T2*(Bg,) x Ry x R with o € (0,1/2) such that M[pg, Ro] = M,
denote 02(0) = pO(RO)_pT[M’ V]vR(O) = RO_RT[M7 V]; and 01,(0) = fBl (po(Roy)—
po(Ro))Zk(y)dy, where Zy, is defined in Proposition 4.1. Then, we have z(0) =
(02(0),R(0), Ry, 61(0),02(0),---)T € 2, and the sequence {j26,(0) 21 € 2.
Furthermore, assume that (1.13) holds. Let (p, R) € C'sza’l—m(BR(t) % [0,00)) x

3% be the global solution of (2.1) with initial data (po, Ro, Ro) and liquid volume
V' as in Theorem 1.4. Let z be the corresponding solution to system (4.7). Then, it
follows that {j29j};?‘;1 € 2 and ||z|,2 + |2(t)|| 2 — 0, as t — oo.

Then, we analyze the spectrum of the operator £ on the space ¢? using the
Laplace transform Given a function f(t) defined for t > 0, we denote the Laplace
transform by f(r = [ e

Proof of Proposition 4.2. Note that the linear system z = Lz is equivalent to the
linear part of system (4.3)

Qo1 =xAyo1 — (1=~ d2, 0<y<1l, o(l,t)=0, t>0, (D.1)
R = —XRT,OJr 19,01(1,t) — RTy_lpT_l,_o'g/S, t>0, (D.2)
02 = (MT.) "' (AR + BR + p,R; R), t>0, (D.3)
where
A=20/R?+25R} /Ry and B = 4,V /Ry(R} + V).
Similar to the proof as in Proposition 4.1, substituting the decomposition (4.6) into

(D.1) and testing by Zy, it holds 0 (t) = —xCubi(t) — Exoo(t). Taking the Laplace
transform yields

= 05(0) + &ko2(0) &7

Or(1) = 02(T). (D.4)

XCk 4T X 7"
Again by the Laplace transform, (D.2) and (D.3) become

~R(0) + TR(r Z 0;(T)w; — 37 Ryy ' p; (= 02(0) + T02(7)),  (D.5)
(mRy7* + BT — A)ﬁ(T) — RT.05(7) = pi Ry (R(0) + 7R(0)). (D.6)

Substituting (D.4) and (D.6) into (D.5) and using {jw; = %, we obtain

—R(0) + TR() = — (RT.)~" [(szT# + Br — A)rR(7) — pRiT(R(0) + TR(O))}

Skwi +
(Z XCk + 7 3’%) B

k 0
XCk + T 3vpt

k=1
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Therefore, we obtain 7R(7)M(7) = S(T), where M(7) is defined in (4.15) and

R R .
> Gk ) + &k02(0) Ry
+ ; . Ck e E. 02(0) + R(0)

is analytic for all 7 € C\{—n?xj? : j = 1,2,--- } since —x(; = —w2x;>. Then, (D.4)
and (D.6) yield that z = (32(7), R(7), R(7),01(7), 02(7),---) T = (L—71)"1Z(0) for
7€ C\{-m2xj%:j=1,2,---} satisfying TM(7) # 0.

To estimate the upper bound of sup{Re(\) : A € sp(£) \ {0}}, we rewrite

1 (S 18(y— 1wy )
M()\) = 4 RT R/ (ZVW%QH+3 )(CA +BA—A),

where C' = pj(R; — R% /R4). The remaining proof of the lemma is a consequence of
Lemma D.2 below. g

Lemma D.2. There exists a constant w > 0 such that x < —2w for all complex
roots A = x + iy to the function M in (4.15). The constant w can be chosen as

1 B K
2m1n{@27r2x,max{20 mm{@lﬂzx, 2}}}, B? <4K(C?,

0.2, B—VBZ—IKC?
2 X7 QC Y

B? > 4KC?,

— min

2

where the constants ©1 and O are defined in (D.15) and (D.21), respectively.
Moreover, K = Q%TcPTRT/[Ple(RT - Ry)).

Proof. Let A = z + iy be a complex root of M. Substituting A = x + iy into (4.15)
and splitting the real and imaginary parts of M, we obtain

1 4 1 8(y — D)7rx?? 22
— 4+ Clz*—y*)+Bx— A
RIe | |3y ;7( 2x52 + ) + 2 oA ) )
1 8(y—Dmx 2, 2 pi
+y - (Cx+ B)(z*+y*) — Az| p + 47— =0, (D.8a)
; Y (72x52 + 2)” + o2 [ ] Ry
' 4 . 18(y — Dy (m2xg? + =
i 771'_‘_27 (v )X( 2X] ) (2Cz + B)y
RT. 3y Pl (m2x75% + )" + y?
- Dmx 2 2
— Cz*—y*)+Bx—A|ly, =0. D.8b
S O ) e pe D)
To simplify the above formulas, we will denote D = +Z 180 Dmx(x X]QH) E=
3,252 =Ly (w2 a) 2
e L 8(y=D)m X and F = Y%° 8(y 1)7rx

I=17 (n2xj24z)+y?’ J=1 7 (m2xj%+) " +y2
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Case 1: 0 < y? < K/2. If y # 0, eliminating y for the imaginary part (D.8b)
yields

4
0= <3Z + E) (202 + B) + F [C(2® + y*) + 4] . (D.9)
From E > 0 and F [C(2? + y?) + A] > 0, it holds
B
- D1
x < 50 <0, (D.10)

provided y # 0. Splitting F' in (D.9) and substituting into the real part (D.8a), we
derive

47 (2Cz + B) [(Cz + B)(a* + y*) — Az
<37+E) {C’(x2_y2)+Bx—A— CaZt )T A }

Pt
= —4AmRT, —-. D.11
i Ry ( )

Denote the term in the big brace by w, and a straightforward calculation shows
that

[C(2? +y*) + Al w
= — C*(2* +y*)? - B(20x + B) (2* + y*) + A (2C2® + 2Bz — 2Cy?) — A®
> —C*a? + %)% —24C(2° +¢%) — A* = — [C(a® + ) + A]°

In the above, we have used (D.10) to deduce 2Cx? + 2Bz = 2 (2Cx + 2B) >
—z(2Cx). Then, one has w > —C(z% + y?) — A, and (D.11) yields

1 AT Pt
—+E)[C(@®+y*) + A] >4rL. D.12
SRTC(Ser )[(:1: +y°) + 4] "R, (D.12)

Assume that z > —Om?y, where © € (0,1) will be chosen later. It is clear that
z > —Or?yj? for all j > 1. By equilibrium equation (2.8) and recalling Ry < Ry,
it holds

2RT, 2RT, 20 20R?  3MT.
TUl RO A= TP 20 T el (D.13)
Ry R TR R;
We further assume that
x> - K —1y2 (D.14)

if 0 < y? < K. Since (D.10) implies z < 0, we have C(2? +y?) + A < KC + A, if
0 < y? < K. Then (D.12) yields

1 [4r  8(v

0>— —
RT. | 3v s

-1 1 o~ 2 Pt
J (KCH+ A) +4m—-,
v (1-9) ; Ry

where we have substituted z > —©m?yj2. Upon simplification the above inequality,
one has

@>@1é1_\/(7_1)/<m—1)e(o,l). (D.15)
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We simply choose © = ©; to reach a contradiction to (D.14), since we will deduce
© > ©O;. Thus, we have for 0 < y> < K that z < —min{@17r2x,\/K—y2}.
Combining (D.10), we have

B , k) . , K
- = V= < .
x < maX{QC,mm{@ﬂr X, 2}},1f0<y <5 (D.16)

Case 2: 32 > K/2. We eliminate D in the imaginary part (D.8b) and substitute
it into the real part (D.8a)

Ampt Ry AT, (20 + B) = —F|CA2 + BA— A[”. (D.17)
Note that 4, B,C' > 0 and therefore |CA2 + BA — A|* = C% |A — M|* |A — Xo|? has

real roots \; € R,i = 1,2. Then, we have ‘C’)\2 + BX\ — A‘Q > C?y* since |\ — \j| =
|z 4 iy — \i| > |iy|. Using y? > K/2, we further derive

tnp RART, (201 + B) < —c? () 3~ 1 80— Drx D.18
TPy c(2Cx+ B) < — DY Z;W' (D.18)
7=1

Then, recalling the definitions of C, K and x, we have from (D.18) that

B (y—1)R®T. p; > 1 B ., K
< —— — — — | < ——, ify* > —. (D.19)
2C 7['4/311‘43 1— RT/RT _]; j4 + 271_[4(;(2 20 2
Case 3: y = 0. We claim that x < 0. Suppose z > 0, and we rewrite M(z) as
mx(Cx+B) [4 <= 8(y—1 4r A [4 &
s 5 ) T 5 s
RTy 3 Pl +z R; RTy \ 3 ar 72 +J:

From z > 0, the first term is non-negative, and we apply (2.8) to deduce that the
term in the bracket is greater than

8T o g s 20 20R? 4 8(y—1)x o= ._
— |+ == =] |3+ M >
R \R} " RiRi) RToy\R} R )\3  m™x %

>87T(0'+ a) 187T<g+6RT>>0
Tamm | P2 T =4 :
This contradicts M(z) = 0. To search for a negative upper bound, we assume that

x> —0'm?y, where 0 < © < 1 will be chosen. We further assume that

- —B+ VB2 —-4K(C?

2C ’

if B2 > 4KC?. In this case, Cz?> + Bx — A > —KC — A, and this inequality also
holds when B? < 4K(C?. Then, we have

(D.20)

1 [4r  8(y—1) =
—t — KC+A)+4
RT, 37+7r7(1—@’);‘7 ( +A) +drp

1 47 Am 1 1 Pt
- _ 4+ (1-= KC+ A)+4r—.
%Tc(3v+3< 7)1—@’)( AT "B;

Pt

- M _
0 (x) > R;
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Recalling (D.13), it follows that 3RT.p; /Rt < [y '+(1—~+71) (1 - 0) N (KC + A),
or equivalently,

@’>®221—(7—1)/(}M—1)e(o,l). (D.21)

Therefore, we reach a contradiction to (D.20) by choosing ©' = Os.
Summing up, in the case of y = 0, x < —min {@2772x, B-vB —4KC® VB;CTW}, if B2 >

4KC?. Otherwise, z < —Oy7?y. This, combined with the upper bounds (D.16),
(D.19) and the fact © > ©; gives the upper bound. O
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