
ar
X

iv
:2

40
8.

15
27

9v
1 

 [
m

at
h.

A
P]

  1
9 

A
ug

 2
02

4

GLOBAL WELL-POSEDNESS OF THE FREE BOUNDARY PROBLEM FOR

INCOMPRESSIBLE VISCOUS RESISTIVE MHD IN CRITICAL BESOV

SPACES

WEI ZHANG, JIE FU, CHENGCHUN HAO, AND SIQI YANG

Abstract. This paper aims to establish the global well-posedness of the free boundary problem
for the incompressible viscous resistive magnetohydrodynamic (MHD) equations. Under the
framework of Lagrangian coordinates, a unique global solution exists in the half-space provided

that the norm of the initial data in the critical homogeneous Besov space Ḃ
−1+N/p
p,1 (RN

+ ) is
sufficiently small, where p ∈ [N, 2N − 1). Building upon prior work such as (Danchin and
Mucha, J. Funct. Anal. 256 (2009) 881–927) and (Ogawa and Shimizu, J. Differ. Equations
274 (2021) 613–651) in the half-space setting, we establish maximal L1-regularity for both the
Stokes equations without surface stress and the linearized equations of the magnetic field with
zero boundary condition. The existence and uniqueness of solutions to the nonlinear problems
are proven using the Banach contraction mapping principle.

1. Introduction

In this paper, we address the free boundary problem for the incompressible viscous and
resistive magnetohydrodynamic (MHD) equations in N -dimensions:





∂tv + (v · ∇)v − div(D(v) − pI) = (H · ∇)H −
1

2
∇|H|2, in Ω(t),

∂tH + (v · ∇)H = ∆H + (H · ∇)v, in Ω(t),

div v = 0, divH = 0, in Ω(t),

(1.1)

which governs the dynamics of incompressible viscous conducting fluids under magnetic effects
and resistivity in an electromagnetic field. Here, v = (v1, . . . , vN ), H = (H1, . . . ,HN ), and
Ω(t) ∈ R

N represent the fluid velocity, the magnetic field, and the evolving domain in R
N with

N > 2, respectively. D(v) denotes the doubled deformation tensor with component ∂ivj + ∂jvi,
I is the identity matrix, and p represents fluid pressure.

Let Γ(t) denote the boundary of Ω(t) and nt the outward unit normal to Γ(t). Due to
resistivity, it is natural to impose a zero magnetic field condition on the free boundary. Thus,
we consider equations (1.1) supplemented with the following initial and boundary conditions:





(D(v)− P I)nt = (H ⊗H)nt, on Γ(t),

H = 0, on Γ(t),

v|t=0 = v0, H|t=0 = H0, in Ω0,

(1.2)

where P = p + 1
2 |H|2 denotes the total pressure. We do not consider the effects of gravity or

surface tension here. Since H = 0 implies (H ⊗H)nt = 0 on Γ(t), the boundary conditions in
(1.2) simplify to

(D(v)− P I)nt = 0, H = 0, on Γ(t). (1.3)

Additionally, in Section 5, we consider the scenario where the magnetic field outside the fluid
is a constant vector, as previously studied in [9], rather than H = 0 on Γ(t).

In recent decades, significant strides have been made in establishing the well-posedness of the
free boundary problems in fluid dynamics, particularly in the contexts of the incompressible
Euler and Navier-Stokes equations, as noted in [27, 7, 3, 17, 13, 23, 1, 19] and related works.
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However, the MHD model holds even greater relevance in physics due to its application in
electrically conductive fluids and magnetic fields. Here, we review notable advancements con-
cerning the free boundary problem within the MHD framework. Hao and Luo [10] contributed
significantly by establishing a priori estimates for the free boundary problem in incompressible
ideal MHD, particularly under the Taylor-type sign condition. They further demonstrated the
local well-posedness of the linearized problem [12] and highlighted the problem’s ill-posed nature
in the two-dimensional scenario when the Taylor-type sign condition is violated [11].

Lee [14] extended this research by deriving uniform estimates for the viscous free bound-
ary MHD problem in infinitely deep domains under constant gravitational forces. Moreover,
in domains of finite depth, he demonstrated the local well-posedness for the ideal case, con-
sidering both vanishing kinematic viscosity and magnetic diffusivity [15]. Luo and Zhang [18]
contributed by deriving a priori estimates for the free boundary incompressible ideal MHD
equations incorporating surface tension, with local well-posedness established by Gu, Luo, and
Zhang [8].

Guo, Zeng, and Ni [9] explored decay rates in the context of viscous incompressible MHD
equations, both with and without surface tension. Sun, Wang, and Zhang [25] tackled the local
well-posedness of the plasma-vacuum problem within the incompressible ideal MHD equations,
focusing on the non-collinear stability condition. Wang and Xin [26] addressed global well-
posedness considerations, factoring in magnetic diffusion. Li and Li [16] investigated the local
well-posedness of the two-phase problem in incompressible MHD, considering the presence of
surface tension. Zhao [28] contributed by establishing local well-posedness for incompressible
ideal MHD equations using various stability mechanisms in Eulerian coordinates.

Despite these advancements, current literature lacks research specifically on the free boundary
incompressible resistive MHD equations within critical spaces and maximal L1-regularity. This
gap contrasts with the extensive research on the Navier-Stokes equations [2, 6, 22, 20] and
related references, which have seen significant exploration in similar contexts.

We now introduce Lagrangian coordinates, where coordinates are constant along the integral
curves of the velocity vector field, thus fixing the boundary in these coordinates. The Lagrangian
transformation is defined as follows:

dx

dt
= v(t, x(t, y)), x(0, y) = y, y ∈ Ω0. (1.4)

If v(x) is Lipschitz continuous, the existence and uniqueness of solutions for the ordinary
differential equation ensures that (1.4) can be uniquely solved by:

x(t, y) = y +

∫ t

0
v(τ, x(τ, y))dτ. (1.5)

Define

u(t, y) ≡ v(t, x(t, y)), q(t, y) ≡ P (t, x(t, y)), B(t, y) ≡ H(t, x(t, y)).

Let dx
dy denote the Jacobian matrix of the transformation x(t, y) = y +

∫ t
0 u(τ, y)dτ , that is,

∂xi
∂yj

= δij +

∫ t

0
(Du)ijdτ, (Du)ij = ∂jui.

Since δij = ∂yi
∂yj

=
∑N

k=1
∂yi
∂xk

∂xk
∂yj

, where ∂i := ∂yi , let A = (dxdy )
−1 denote the inverse of the

Jacobian matrix dx
dy , namely

A =




∂y1
∂x1

∂y1
∂x2

· · · ∂y1
∂xn

∂y2
∂x1

∂y2
∂x2

· · · ∂y2
∂xn

...
... · · ·

...
∂yn
∂x1

∂yn
∂x2

· · · ∂yn
∂xn




. (1.6)

Let (cof(dxdy ))
i
j denote the cofactor of dx

dy at position (i, j); from (1.5), we have det(dxdy )
∂yi
∂xj

=

(cof(dxdy ))
i
j .
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Since div v = 0, it follows that det(dxdy ) = 1. Thus,

Ai
j =

∂yi
∂xj

= (cof(
dx

dy
))ij = (−1)i+j det




a11 · · · a1i · · · a1N
...

...
...

aj1 · · · aji · · · ajN
...

...
...

aN1 · · · aNi · · · aNN




= δij + P i
j

(∫ t

0
∇′

iu1dτ, . . . ,

∫ t

0
∇′

iuj−1dτ,

∫ t

0
∇′

iuj+1dτ, . . . ,

∫ t

0
∇′

iundτ

)
,

(1.7)

where ajk =
∂xj

∂yk
, and P i

j is a polynomial satisfying P i
j (0, . . . , 0) = 0, and

∇′
iu =

(
∂u

∂y1
, . . . ,

∂u

∂yi−1
,

∂u

∂yi+1
, . . . ,

∂u

∂yN

)
.

From (1.7), we deduce that P i
j is a polynomial of degree (N − 1) without constant terms:

P i
j

(∫ t

0
∇′

iu1dτ, . . . ,

∫ t

0
∇′

iuj−1dτ,

∫ t

0
∇′

iuj+1dτ, . . . ,

∫ t

0
∇′

iuNdτ

)

=

N−1∑

r=1

cr

r∏

m,ℓ6N,(m,ℓ)6=(j,i)

(∫ t

0
∂ℓumdτ

)
,

(1.8)

where cr = 1 or −1.
Define the half-space and its boundary:

R
N
+ ≡

{(
y′, yn

)
: y′ ∈ R

N−1, yn > 0
}
,

∂RN
+ ≡ R

N−1 × {0} =
{(

y′, yn
)
: y′ ∈ R

N−1, yn = 0
}
.

We also denote R
N
− as the negative part of RN , hence R

N = R
N
+ ∪ ∂RN

+ ∪ R
N
− . Consider the

kinematic condition ensuring the free surface remains satisfied, where Γ(t) represents the set of
points x = x(t, y) for y ∈ Γ(0) = ∂RN

+ .
Then, equations (1.1) and (1.3) transform into the following equations





∂tu−∆u+∇q = V1(u) + V2(u, q) + V3(u,B), in (0,+∞)× R
N
+ ,

∂tB −∆B = V4(u,B), in (0,+∞)× R
N
+ ,

div u = V5(u), divB = V6(u,B), in (0,+∞)× R
N
+ ,

(D(u) − qI)n = V7(u) + V8(u, q), on (0,+∞)× ∂RN
+ ,

B = 0, on (0,+∞)× ∂RN
+ ,

u(0, y) = u0(y), B(0, y) = B0(y), in R
N
+ ,

(1.9)

where n = (0, . . . , 0,−1) denotes the outward normal. The nonlinear terms of (1.9) are expressed
as

V1(u) = div
(
AA⊤∇u−∇u

)
, V2(u, q) = −(A− I)⊤∇q,

V3(u,B) = BiAj
i∂jB, V4(u,B) = div

(
AA⊤∇B −∇B

)
+BiAk

i ∂ku,

V5(u) =
(
Aj

i − δji

)
∂ju

i, V6(u,B) =
(
Ak

i − δki

)
∂kB

i,

V7(u) = −A⊤∇u+ (∇u)⊤A(A− I)⊤n−
(
(A− I)⊤∇u+ (∇u)⊤(A− I)

)
n,

V8(u, q) = qI(A− I)⊤n, (1.10)
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with A⊤ denoting the transpose of a matrix A, and Einstein’s summation convention applied.
By (1.7) and the fact in [24] that

N∑

i=1

∂

∂yi

(
∂yi
∂xj

)
=

N∑

i=1

∂

∂yi
P i
j = 0,

we have

div
(
AA⊤∇u−∇u

)
=

N∑

i=1

N∑

k=1

∂i

(
Ai

kA
j
k∂ju− ∂iu

)

=
N∑

i=1

N∑

k=1

∂i

((
δik + P i

k

) (
δjk + P j

k

)
∂ju− ∂iu

)

=

N∑

i=1

N∑

k=1

∂i

(
P i
kP

j
k∂ju+ δikP

j
k∂ju+ P i

kδ
j
k∂ju

)

=

N∑

k=1

P i
k∂i

(
P j
k∂ju

)
+

N∑

i=1

∂i(P
j
i ∂ju) +

N∑

j=1

P i
j∂i∂ju, (1.11)

thus, we can reduce (1.10) to

V1(u) =

N∑

k=1

P i
k∂i

(
P j
k∂ju

)
+

N∑

j=1

P i
j∂i∂ju+

N∑

i=1

∂i(P
j
i ∂ju), V2i(u, q) = −P j

i ∂jq,

V3(u,B) = Bi∂iB +BiP j
i ∂jB,

V4(u,B) =
N∑

k=1

P i
k∂i

(
P j
k∂jB

)
+

N∑

j=1

P i
j∂i∂jB +

N∑

i=1

∂i(P
j
i ∂jB) +Bi∂iu+BiP j

i ∂ju,

V5(u) = P j
i ∂ju

i, V6(u,B) = P k
i ∂kB

i,

V7(u) = −A⊤∇u+ (∇u)⊤A(A− I)⊤n−
(
(A− I)⊤∇u+ (∇u)⊤(A− I)

)
n,

V8(u, q) = qI(A− I)⊤n. (1.12)

We denote R+ = (0,∞) as the half real line and R+ = [0,∞) as its closure. Let C(I;X)
denote the set of all bounded continuous functions from an interval I to a Banach space X.

Now, the scaling invariance for (1.1) reads, for all λ > 0,

v → λv
(
λ2t, λx

)
, P → λ2P

(
λ2t, λx

)
, H → λH

(
λ2t, λx

)
,

which roughly implies that the critical spaces for the velocity, total pressure, and magnetic field
remain the same as in the homogeneous case. It is well known from [5] that the incompressible
Navier-Stokes equations can be globally solved in time in the invariant Bochner-Sobolev space

Lρ
(
R+; Ḣ

s
p

(
R
N ;RN

))
where 2

ρ + N
p = 1 + s.

The main results are stated as follows, with details of the functional spaces used provided in
the appendix.

Theorem 1.1. Let p ∈ [N, 2N − 1). Suppose the initial data u0, B0 ∈ Ḃ
−1+N/p
p,1 (RN

+ ) satisfy

‖u0‖
Ḃ

−1+N
p

p,1 (RN
+ )

+ ‖B0‖
Ḃ

−1+N
p

p,1 (RN
+ )

6 ǫ1,

for some small ǫ1 > 0, and div u0 = divB0 = 0 in the sense of distribution. Then equation
(1.9) admits a unique global solution (u, q,B) satisfying the following properties:

u,B ∈ C

(
R+; Ḃ

−1+N
p

p,1 (RN
+ )

)
∩ Ẇ 1,1

(
R+; Ḃ

−1+N
p

p,1 (RN
+ )

)
,
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D2u,D2B,∇q ∈ L1

(
R+; Ḃ

−1+N
p

p,1 (RN
+ )

)
,

q|yN=0 ∈ Ḟ
1
2
− 1

2p

1,1

(
R+; Ḃ

−1+N
p

p,1

(
R
N−1

))
∩ L1

(
R+; Ḃ

N−1
p

p,1

(
R
N−1

))
,

with the estimates

‖∂tu‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖∂tB‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2u

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖∇q‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥q|yN=0

∥∥∥
Ḟ

1
2−

1
2p

1,1 (R+;Ḃ
−1+N

p
p,1 (RN−1))

+
∥∥∥q|yN=0

∥∥∥
L1(R+;Ḃ

N−1
p

p,1 (RN−1))
6 ǫ, (1.13)

where D2 denotes all the second-order derivatives with respect to y, and ǫ is a constant depending
only on N, p and ǫ1.

The structure of this paper is outlined as follows. Our proof of Theorem 1.1 strongly relies
on the end-point estimate of maximal regularity for the initial-boundary value problem of the
resistive MHD in the half-space R

N
+ . Thus, in Section 2, we recall the fact that the maximal

L1-regularity theorem for the Stokes equations which have been obtained in [21] and prove L1-
regularity theorem for heat equations with zero boundary conditions. Then, Section 3 focuses on
estimating the nonlinear terms appearing in the resistive MHD equations. In Section 4, we derive
estimates for the difference of nonlinear terms and utilize the contraction mapping principle to
establish the global well-posedness of the resistive MHD equations. Section 5 extends the results
of Section 4 to consider the case where a constant magnetic field is present outside the fluid,
using similar analytical techniques. Finally, in the Appendix, we gather and define important
notations used throughout the paper, and summarize key results for the reader’s convenience.

2. Linearization Theory

We investigate maximal L1-regularity to two linearized equations: the Stokes equations with
transmission conditions on ∂RN

+ , and the other is the heat equations subject to zero magnetic
boundary conditions.

2.1. Maximal regularity for the generalized Stokes equations in the half-space. This
subsection is devoted to presenting maximal L1-regularity for the Stokes equations correspond-
ing (1.9) with inhomogeneous free boundary condition:





∂tu−∆u+∇q = F1, in R+ × R
N
+ ,

div u = F2, in R+ × R
N
+ ,

(D(u)− qI)n = F3, on R+ × ∂RN
+ ,

u(0, y) = u0(y), in R
N
+ ,

(2.1)

where n = (0, . . . , 0,−1), F1, F2 and F3 are given functions. We can obtain the following
maximal L1-regularity result.

Theorem 2.1 (cf. [21]). Let 1 < p < ∞ and −1 + 1/p < s 6 0. Let u0 ∈ Ḃs
p,1(R

N
+ ) be initial

data for equations (2.1) with div u0 = F2|t=0 in the sense of distribution and let F1, F2 and F3

be functions appearing on the right side of equations (2.1) and satisfying the conditions:

F1 ∈ L1
(
R+; Ḃ

s
p,1(R

N
+ )
)
, ∇F2 ∈ L1

(
R+; Ḃ

s
p,1(R

N
+ )
)
, ∇(−∆)−1F2 ∈ Ẇ 1,1

(
R+; Ḃ

s
p,1(R

N
+ )
)
,

F3 ∈ Ḟ
1
2
− 1

2p

1,1

(
R+; Ḃ

s
p,1

(
R
N−1

))
∩ L1

(
R+; Ḃ

s+1− 1
p

p,1

(
R
N−1

))
.

Then, problem (2.1) admits a unique solution (u, q) with

u ∈ C
(
R+; Ḃ

s
p,1(R

N
+ )
)
∩ Ẇ 1,1

(
R+; Ḃ

s
p,1(R

N
+ )
)
, D2u,∇q ∈ L1

(
R+; Ḃ

s
p,1(R

N
+ )
)
,
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q|yn=0 ∈ Ḟ
1
2
− 1

2p

1,1

(
R+; Ḃ

s
p,1

(
R
N−1

))
∩ L1

(
R+; Ḃ

s+1− 1
p

p,1

(
R
N−1

))
,

possessing the estimates

‖∂tu‖L1(R+;Ḃs
p,1(R

N
+ )) +

∥∥D2u
∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

+ ‖∇p‖L1(R+;Ḃs
p,1(R

N
+ ))

+
∥∥∥q|yn=0

∥∥∥
Ḟ

1
2−

1
2p

1,1 (R+;Ḃs
p,1(R

N−1))
+
∥∥∥q|yn=0

∥∥∥
L1(R+;Ḃ

s+1− 1
p

p,1 (RN−1))

6 C

(
‖u0‖Ḃs

p,1(R
N
+ ) + ‖F1‖L1(R+;Ḃs

p,1(R
N
+ )) + ‖∇F2‖L1(R+;Ḃs

p,1(R
N
+ ))

+
∥∥∂t∇(−∆)−1F2

∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

+ ‖F3‖
Ḟ

1
2−

1
2p

1,1 (R+;Ḃs
p,1(R

N−1))

+ ‖F3‖
L1(R+;Ḃ

s+1− 1
p

p,1 (RN−1))

)
,

where C > 0 is a constant depending only on p, s and N .

2.2. Maximal regularity for the heat equations with zero magnetic boundary con-

dition in the half-space. This subsection is devoted to presenting the maximal L1 regularity
for the heat equations with zero boundary conditions:





∂tB −∆B = f, in R+ × R
N
+ ,

divB = g, in R+ × R
N
+ ,

B = 0, on R+ × ∂RN
+ ,

B(0, y) = B0(y), in R
N
+ .

(2.2)

Firstly, we shall remove the divergence data. Introducing the even extension of divergence
data g with respect to yN :

ḡ(t, y) =

{
g
(
t, y′, yn

)
, yN > 0,

g
(
t, y′,−yn

)
, yN < 0,

(2.3)

with y′ = (y1, y2, · · · , yN−1), we consider the following problem
{

−∆ρ = ḡ, t > 0, y ∈ R
N ,

ρ|yN=0 = 0, t > 0, y′ ∈ R
N−1.

(2.4)

Here, we assume lim
t→∞

ρ (t, y′, yN ) = 0 for almost everywhere (y′, yN ) ∈ R
N−1 ×R+, one solution

of (2.4) is given by the Newtonian potential ρ = (−∆)−1ḡ ≡ Γ ∗ ḡ with the Newtonian kernel Γ
in R

N

Γ(y) =





1

2π
log |y|−1, N = 2,

((N − 2)ωN )−1 |y|2−N , N > 3,

where ωN is the surface area of the unit sphere in R
N . Then for 1 < p < ∞ and −1 + 1/p <

s < 1/p, ∇ρ satisfies the estimate




∥∥∇3ρ
∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

6 C‖∇g‖L1(R+;Ḃs
p,1(R

N
+ )),

‖∂t∇ρ‖L1(R+;Ḃs
p,1(R

N
+ )) 6 C

∥∥∂t(−∆)−1∇g
∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

.
(2.5)

Indeed, the corresponding estimate to (2.5) in R
N follows directly from the elliptic estimate

for the Poisson equation and hence estimate (2.5) in the half-space naturally follows from the
definition of the Besov space in R

N
+ .

Remark. For 1 < p < ∞ and −1 + 1/p < s < 1/p, let

B ∈ C
(
R+; Ḃ

s
p,1(R

N
+ )
)
∩ Ẇ 1,1

(
R+; Ḃ

s
p,1(R

N
+ )
)
, D2B ∈ L1

(
R+; Ḃ

s
p,1(R

N
+ )
)
.
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From Theorem A.8, we have

lim
t→∞

B
(
t, y′, yN

)
= 0, a.e.

(
y′, yN

)
∈ R

N−1 × R+.

Thus, it is reasonable to assume lim
t→∞

ρ (t, y′, yN ) = 0 for a.e. (y′, yN ) ∈ R
N−1 × R+.

Then, let w = B + ∇ρ|
R
N
+
, the function w satisfies the equations





∂tw −∆w = f + (∂t∇ρ−∆∇ρ)|yN>0 , in R+ × R
N
+ ,

divw = 0, in R+ × R
N
+ ,

w = B +∇ρ, on R+ × ∂RN
+ ,

w(0, y) = B0(y) + ∇ρ(0, y)|yN>0 , in R
N
+ .

(2.6)

In order to extend them into R
N , we consider the following Cauchy problem via the even

extension: 



∂tB̄ −∆B̄ = f̄ + ∂t∇ρ−∆∇ρ, in R+ × R
N ,

div B̄ = 0, in R+ × R
N ,

B̄
∣∣
t=0

= B̄0(y) +∇ρ(0, y), in R
N .

(2.7)

For the initial data B0(y), we also employ the same extension to get B̄0(y). Then it is known
that the solution B̄ of equation (2.7) satisfies maximal L1-regularity. Indeed, for any −1+1/p <
s < 1/p and 1 < p < ∞, by [4], we have

∥∥∂tB̄
∥∥
L1(R+;Ḃs

p,1(R
N ))

+
∥∥D2B̄

∥∥
L1(R+;Ḃs

p,1(R
N ))

6C
(∥∥B̄0

∥∥
Ḃs

p,1(R
N )

+ ‖f̄‖L1(R+;Ḃs
p,1(R

N )) + ‖∂t∇ρ−∆∇ρ‖L1(R+;Ḃs
p,1(R

N ))

)
. (2.8)

Restricting the solution B̄ to the half-space R
N
+ , we directly obtain from (2.5) and (2.8) that

∥∥∂tB̄
∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

+
∥∥D2B̄

∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

6C
(
‖B0‖Ḃs

p,1(R
N
+ ) + ‖f‖L1(R+;Ḃs

p,1(R
N
+ ))

+‖∇g‖L1(R+;Ḃs
p,1(R

N
+ )) +

∥∥∂t∇(−∆)−1g
∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

)
. (2.9)

Finally, let B = w − B̄
∣∣
yn>0

≡ B + ∇ρ|yn>0 − B̄
∣∣
yn>0

. We reduce the original problem into

the following initial-boundary value problem for B :




∂tB−∆B = 0, in R+ × R
N
+ ,

divB = 0, in R+ × R
N
+ ,

B = ∇ρ+ B̄, on R+ × ∂RN
+ ,

B(0, y) = 0, in R
N
+ .

(2.10)

Then, we consider the following equations to get the maximal L1-regularity for (2.10).




∂tb−∆b = f, in R+ ×R
N
+ ,

b
(
t, y′, yn

)
|yn=0 = h

(
t, y′

)
, on R+ × ∂RN

+ ,

b(0, y) = b0, in R
N
+ .

(2.11)

Indeed, we have the following the maximal theorem for the Stokes equations with boundary
conditions.

Theorem 2.2 (cf. [22]). Let 1 < p < ∞ and −1+1/p < s 6 0. (2.11) admits a unique solution

b ∈ Ẇ 1,1
(
R+; Ḃ

s
p,1(R

N
+ )
)
, D2b ∈ L1

(
R+; Ḃ

s
p,1(R

N
+ )
)



8 WEI ZHANG, JIE FU, CHENGCHUN HAO, AND SIQI YANG

if and only if the external, initial and boundary data in (2.11) satisfy

f ∈ L1
(
R+; Ḃ

s
p,1(R

N
+ )
)
, b0 ∈ Ḃs

p,1(R
N
+ ),

h ∈ Ḟ
1−1/2p
1,1

(
R+; Ḃ

s
p,1

(
R
N−1

))
∩ L1

(
R+; Ḃ

s+2−1/p
p,1

(
R
N−1

))
,

respectively. Then, the solution b satisfies the following estimate for some constant C > 0
depending only on p, s and N

‖∂tb‖L1(R+;Ḃs
p,1(R

N
+ )) +

∥∥D2b
∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

6C

(
‖b0‖Ḃs

p,1(R
N
+ ) + ‖f‖L1(R+;Ḃs

p,1(R
N
+ ) + ‖h‖

Ḟ
1−1/2p
1,1 (R+;Ḃs

p,1(R
N−1))

+‖h‖
L1(R+;Ḃ

s+2−1/p
p,1 (RN−1))

)
.

By Theorems A.8 and 2.2, (2.5) and (2.9), we can get the maximal L1-regularity for (2.10).
For 1 < p < ∞ and −1 + 1/p < s 6 0, we have

‖∂tB‖L1(R+;Ḃs
p,1(R

N
+ )) +

∥∥D2B
∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

6C

(
‖∇ρ‖

Ḟ
1−1/2p
1,1 (R+;Ḃs

p,1(R
N−1))

+ ‖∇ρ‖
L1(R+;Ḃ

s+2−1/p
p,1 (RN−1))

‖B̄‖
Ḟ

1−1/2p
1,1 (R+;Ḃs

p,1(R
N−1))

+‖B̄‖
L1(R+;Ḃ

s+2−1/p
p,1 (RN−1))

)

6C
(
‖B0‖Ḃs

p,1(R
N
+ ) + ‖f‖L1(R+;Ḃs

p,1(R
N
+ )) + ‖∇g‖L1(R+;Ḃs

p,1(R
N
+ ))

+
∥∥∂t∇(−∆)−1g

∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

)
. (2.12)

We can prove the maximal L1-regularity for the original equations (2.2) by combining with
those estimates (2.5), (2.9), (2.12) and the relation

B(t, y) = B̄(t, y) +B(t, y)−∇ρ(t, y), in R+ ×R
N
+ . (2.13)

Thus, the solution B of (2.2) satisfies the following estimates: for 1 < p < ∞ and −1+1/p <
s 6 0,

‖∂tB‖L1(R+;Ḃs
p,1(R

N
+ )) +

∥∥D2B
∥∥
L1(R+;Ḃs

p,1(Rn
+))

6 C

(
‖B0‖Ḃs

p,1(R
N
+ ) + ‖f‖L1(R+;Ḃs

p,1(R
N
+ ))

+ ‖∇g‖L1(R+;Ḃs
p,1(R

N
+ )) +

∥∥∂t∇(−∆)−1g
∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

)
. (2.14)

3. Estimates of nonlinear terms

To obtain the estimates of u, q and B, we shall use Theorem 2.1 and (2.14). For this pur-
pose, we shall estimate the nonlinear functions appearing on the right-hand side of equations

(1.9). Let N 6 p < 2N − 1. For ∂tu, ∂tB,D2u,D2B and ∇q ∈ L1
(
R+; Ḃ

−1+N/p
p,1

(
R
n
+

))
, let

V1(u), . . . , V8(u, q) be the terms defined in (1.12). By using Propositions A.5 and A.4, (1.8) and
(1.12), we have

N∑

k=1

∥∥∥P i
k∂i

(
P j
k∂ju

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. sup
t>0

∥∥∥∥
∫ t

0
Dudτ

∥∥∥∥
Ḃ

N
p
p,1(R

N
+ )

(
‖∂i

(
P j
k∂ju

)
‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+

∥∥∥∥
N−2∑

r=2

cr

r∏

m,ℓ6N

(∫ t

0
∂ℓumdτ

)
∂i

(
P j
k∂ju

) ∥∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)

. . . .
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.

N−1∑

r=1

∥∥∥∥
∫ t

0
Dudτ

∥∥∥∥
r

L∞(R+;Ḃ
N
p
p,1(R

N
+ ))

‖∇(P j
k∂ju)‖

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∇(P j
k∂ju)‖

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))
, (3.1)

where the symbol ”.” denotes ”6 C” for some constant C. We see, for the last term on the
right-hand side of (3.1), that

‖∇(P j
k∂ju)‖

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))
6 ‖∇P j

k∂ju‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖P j
k∇∂ju‖

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))
.

It is then easy to see that a similar argument of (3.1) can be applied to estimate P j
k∇∂ju,

and we conclude that
N∑

j=1

∥∥P i
j∇∂ju

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖D2u‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N∑

r=2

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (3.2)

By (1.8), we see that P i
j is a polynomial of degree (N − 1) without a constant term. Then,

we can get that ∇P i
j is the product of a polynomial of degree (N − 2) with a constant term and∫ t

0 D
2udτ . Thus, by Propositions A.5 and A.4, (3.1) and Hölder’s inequality, we have

∥∥∇P i
j∇u

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

∥∥∥∥∥∥
∇




N−1∑

r=1

cr

r∏

m,ℓ6N,(m,ℓ)6=(j,i)

(∫ t

0
∂ℓumdτ

)
∇u

∥∥∥∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

(
1 +

N−2∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)∥∥∥∥
∫ t

0
D2udτ∇u

∥∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

(
1 +

N−2∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)(
‖∇u‖

L1(R+;Ḃ
N
p
p,1(R

N
+ ))

∥∥∥∥
∫ t

0
D2udτ

∥∥∥∥
L∞(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)

.

(
1 +

N−2∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)
‖D2u‖2

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))

.

N∑

r=2

‖D2u‖r

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))

. (3.3)

Combining with (3.1), (3.2) and (3.3), we have that

N∑

k=1

∥∥∥P i
k∂i

(
P j
k∂ju

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

N∑

r=2

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

2N−1∑

r=3

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (3.4)
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By (3.2) and (3.3), we have estimated the other terms in V1(u) and we conclude that

‖V1(u)‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

2N−1∑

r=2

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (3.5)

Next, we consider V2(u, q) given in (1.12). Employing the same arguments as those in proving
(3.1), we have

‖V2(u, q)‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥∥∥
∫ t

0
Dudτ

∥∥∥∥
r

L∞(R+;Ḃ
N
p
p,1(R

N
+ ))

‖∇q‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∇q‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (3.6)

Let V3(u,B) be the nonlinear term given in (1.12), by (A.10), Proposition A.4 and employing
the same argument as in proving (3.1), we have

‖V3(u,B)‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥BiP j

i ∂jB
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥Bi∂iB

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

(
N−1∑

r=1

∥∥∥∥
∫ t

0
Dudτ

∥∥∥∥
r

L∞(R+;Ḃ
N
p
p,1(R

N
+ ))

+ 1

)
‖B∇B‖

L1

(

R+;Ḃ
−1+N

p
p,1 (RN

+ )

)

.

(
N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ 1

)(
‖∇B‖

L1(R+;Ḃ
N
p
p,1(R

N
+ ))

sup
t>0

‖B‖
Ḃ

−1+N
p

p,1 (RN
+ )

)

.

(
N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ 1

)
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥∥
∫ ∞

t
∂τBdτ

∥∥∥∥
Ḃ

−1+N
p

p,1 (RN
+ )

.

(
N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ 1

)
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂tB‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

(3.7)

Next, employing the same argument as in proving (3.3), we have

N∑

i=1

∥∥∥∇P j
i ∇B

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

(
1 +

N−2∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)(
‖∇B‖

L1(R+;Ḃ
N
p
p,1(R

N
+ ))

∥∥∥∥
∫ t

0
D2udτ

∥∥∥∥
L∞(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)
,

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖D2B‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (3.8)

We also have that
N∑

j=1

∥∥P i
j∂i∂jB

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂i∂jB‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2B
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

(3.9)
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Combining with (3.8) and (3.9), we obtain that

N∑

i=1

∥∥∥∂i(P j
i ∂jB)

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∇P j

i ∇B
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥P i

j∂i∂jB
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖D2B‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (3.10)

Thus, we have

N∑

k=1

∥∥∥P i
k∂i

(
P j
k∂jB

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥∂i
(
P j
k∂jB

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ )t)

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2B
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

2N−2∑

r=2

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2B
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (3.11)

We shall consider the other terms in V4(u,B) to obtain
∥∥Bi∂iu

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥BiP j

i ∂ju
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

(
N−1∑

r=1

∥∥∥∥
∫ t

0
Dudτ

∥∥∥∥
r

L∞(R+;Ḃ
N
p
p,1(R

N
+ ))

+ 1

)
‖B∇B‖

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))
+ ‖B∇u‖

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))

.

(
N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ 1

)(
‖∇B‖

L1(R+;Ḃ
N
p
p,1(R

N
+ ))

sup
t>0

‖B‖
Ḃ

−1+N
p

p,1 (RN
+ )

)

+

(
‖∇u‖

L1(R+;Ḃ
N
p
p,1(R

N
+ ))

sup
t>0

‖B‖
Ḃ

−1+N
p

p,1 (RN
+ )

)

. ‖∂tB‖
L1(R+,Ḃ

−1+N
p

p,1 (RN
+ ))

(
N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ 1

)

(
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2u

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)
. (3.12)

By (3.9)-(3.12), we have

‖V4(u,B)‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

2N−2∑

r=2

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖D2B‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ )t)

+ ‖∂tB‖
L1(R+,Ḃ

−1+N
p

p,1 (RN
+ ))

(
N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ 1

)

×

(
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2u

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)
. (3.13)
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Now, we consider V5(u), by (3.3) and (3.2), it yield that

‖∇V5(u)‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∇(P j

i ∂ju
i)
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∇(P j

i )∂ju
i)
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥P j

i ∇∂ju
i
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N∑

r=2

‖D2u‖r

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))

. (3.14)

By (1.8), we can get that ∂tP
i
j is the product of a polynomial of degree (N − 2) with a

constant term and ∇u. Since ∂j(P
j
i u

i) = P j
i ∂ju

i, we have
∥∥∂t(−∆)−1∇V5(u)

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∂t(−∆)−1∇∂j(P

j
i u

i)
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∂t(P j

i u
i)
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (3.15)

Thus, by Proposition A.4, we get∥∥∥∂t(P j
i u

i)
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∂tP j

i u
i
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥P j

i ∂tu
i
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−2∑

r=0

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖u∇u‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂tu‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂tu‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+

N−2∑

r=0

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∇u‖
L1(R+;Ḃ

N
p
p,1(R

N
+ ))

sup
t>0

‖u‖
Ḃ

−1+N
p

p,1 (RN
+ )

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂tu‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (3.16)

Since the similar arguments in (3.15) and (3.16) can be applied to estimate V6(u,B), by (3.8),
we conclude that

‖∇V6(u,B)‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∇(P k

i ∂kB
i)
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∇(P k

i )∂kB
i
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥P k

i ∇∂kB
i
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2B
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥(∇P i

j

)
∇B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2B
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

, (3.17)
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and by Proposition A.4, we have
∥∥∂t(−∆)−1∇V6(u,B)

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∂t(−∆)−1∇∂j(P

j
i B

i)
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂tB‖
L1t(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+

N−2∑

r=0

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖B∇u‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂tB‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
N−2∑

r=0

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∇u‖
L1(R+;Ḃ

N
p
p,1(R

N
+ ))

sup
t>0

‖B‖
Ḃ

−1+N
p

p,1 (RN
+ )

.

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂tB‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (3.18)

Proposition 3.1 (cf. [21]). Let p ∈ [N, 2N − 1) and assume that functions u and q sat-

isfy ∂tu,D
2u,∇q ∈ L1

(
R+; Ḃ

−1+N/p
p,1 (RN

+ )
)
, q|yN=0 ∈ Ḟ

1/2−1/2p
1,1

(
R+; Ḃ

−1+N/p
p,1

(
R
N−1

))
∩

L1
(
R+; Ḃ

(N−1)/p
p,1

(
R
N−1

))
. For the boundary terms V7(u) and V8(u, q) defined by (1.12), the

following estimates hold:

‖V7(u)‖
Ḟ

1
2−

1
2p

1,1 (R+;Ḃ
−1+N

p
p,1 (RN−1))

.

2N−1∑

r=2

(
‖∂tu‖

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))
+
∥∥D2u

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)r

,

‖V7(u)‖
L1(R+;Ḃ

N−1
p

p,1 (RN−1))
.

2N−1∑

r=2

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

,

‖V8(u, q)‖
Ḟ

1
2−

1
2p

1,1 (R+;Ḃ
−1+N

p
p,1 (RN−1))

.

(∥∥∥q|yN=0

∥∥∥
Ḟ

1
2−

1
2p

1,1 (R+;Ḃ
−1+N

p
p,1 (RN−1))

+
∥∥∥q|yN=0

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN−1))

)

×
N−1∑

r=1

(
‖∂tu‖

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))
+
∥∥D2u

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)r

,

‖V8(u, q)‖
L1(R+;Ḃ

N−1
p

p,1 (RN−1))
.
∥∥∥q|yN=0

∥∥∥
L1(R+;Ḃ

N−1
p

p,1 (RN−1))

N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

4. Completion of the proof of Theorem 1.1

We give an iteration scheme to prove Theorem 1.1 by the Banach fixed point theorem. We
define an underlying space U by

U =

{
(u, q,B) : u,B ∈ C

(
R+; Ḃ

−1+N
p

p,1 (RN
+ )

)
∩ Ẇ 1,1

(
R+; Ḃ

−1+N
p

p,1 (RN
+ )

)
,

(D2u,D2B,∇q) ∈ L1

(
R+; Ḃ

−1+N
p

p,1 (RN
+ )

)
,
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q|yN=0 ∈ Ḟ
1
2
− 1

2p

1,1

(
R+; Ḃ

−1+N
p

p,1

(
R
N−1

))
∩ L1

(
R+; Ḃ

N−1
p

p,1

(
R
N−1

))
,

‖(u, q,B)‖U 6 L

}
,

where the metric in U is induced by the norm

‖(u, q,B)‖U ≡‖∂tu‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2u

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖∂tB‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖∇q‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥q|yN=0

∥∥∥
Ḟ

1/2−1/2p
1,1 (R+;Ḃ

−1+N
p

p,1 (RN−1))
+
∥∥∥q|yN=0

∥∥∥
L1(R+;Ḃ

N−1
p

p,1 (RN−1))
,

and an absolute constant L > 0 is chosen to be sufficiently small, depending on N and p.
For each (ũ, B̃, q̃) ∈ U, we define the map Ξ[·] through the solution (u, q,B) of





∂tu−∆u+∇q = V1(ũ) + V2(ũ, q̃) + V3(ũ, B̃), in R+ × R
N
+ ,

∂tB −∆B = V4(ũ, B̃), in R+ × R
N
+ ,

div u = V5(ũ), divB = V6(ũ, B̃), in R+ × R
N
+ ,

(D(u)− qI)n = V7(ũ) + V8(ũ, q̃), on R+ × ∂RN
+ ,

B = 0, on R+ × ∂RN
+ ,

u(0, y) = u0(y), B(0, y) = B0(y), in R
N
+ ,

(4.1)

where

V1(u) =
N∑

k=1

P̃ i
k∂i

(
P̃ j
k∂j ũ

)
+

N∑

j=1

P̃ i
j∂i∂j ũ+

N∑

i=1

∂i(P̃
j
i ∂j ũ), V2i(ũ, q̃) = −P̃ j

i ∂j q̃,

V3(ũ, B̃) = B̃i∂iB̃ + B̃iP̃ j
i ∂jB̃,

V4(ũ, B̃) =

N∑

k=1

P̃ i
k∂i

(
P̃ j
k∂jB̃

)
+

N∑

j=1

P̃ i
j∂i∂jB̃ +

N∑

i=1

∂i(P̃
j
i ∂jB̃) + B̃i∂iũ+ B̃iP̃ j

i ∂j ũ,

V5(ũ) = P̃ j
i ∂j ũ

i, V6(ũ, B̃) = P̃ k
i ∂kB̃

i,

V7(ũ) = −Ã⊤∇ũ+ (∇ũ)⊤Ã(Ã− I)⊤n−
(
(Ã− I)⊤∇ũ+ (∇ũ)⊤(Ã− I)

)
n,

V8(ũ, q̃) = q̃I(Ã− I)⊤n, (4.2)

with Ã and P̃ corresponding to A and P , respectively, in which u is replaced by ũ. For instance,

P̃ i
j = P i

j

(∫ t

0
∇′

iũ1dτ, . . . ,

∫ t

0
∇′

iũj−1dτ,

∫ t

0
∇′

iũj+1dτ, . . . ,

∫ t

0
∇′

iũNdτ

)
.

Then, we show that the map given by Ξ[ũ, q̃, B̃] = (u, q,B) is a contraction mapping from U

to itself.
Applying Theorem 2.1 and (2.14) to (u, q,B), we obtain

‖∂tu‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2u

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖∂tB‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖∇q‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥q|yN=0

∥∥∥
Ḟ

1/2−1/2p
1,1 (R+;Ḃ

−1+N
p

p,1 (RN−1))
+
∥∥∥q|yN=0

∥∥∥
L1(R+;Ḃ

N−1
p

p,1 (RN−1))

. ‖u0‖
Ḃ

−1+N
p

p,1 (RN
+ )

+ ‖B0‖
Ḃ

−1+N
p

p,1 (RN
+ )

+
∥∥∥(V1(ũ), V2(ũ, q̃), V3(ũ, B̃), V4(ũ, B̃))

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))
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+ ‖∇V5(ũ)‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∂t(−∆)−1∇V5(ũ)

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥∇V6(ũ, B̃)

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥∂t(−∆)−1∇V6(ũ, B̃)

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖V7(ũ)‖
Ḟ

1
2−

1
2p

1,1 (R+;Ḃ
−1+N

p
p,1 (RN−1))

+ ‖V7(ũ)‖
L1(R+;Ḃ

N−1
p

p,1 (RN−1))

+ ‖V8(ũ, q̃)‖
Ḟ

1
2−

1
2p

1,1 (R+;Ḃ
−1+N

p
p,1 (RN−1))

+ ‖V8(ũ, q̃)‖
L1(R+;Ḃ

N−1
p

p,1 (RN−1))
.

Combining (3.5)-(3.7), (3.13)-(3.15), (3.17), (3.18) with Proposition 3.1, we have

‖∂tu‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2u

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖∂tB‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖∇q‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥q|yN=0

∥∥∥
Ḟ

1/2−1/2p
1,1 (R+;Ḃ

−1+N
p

p,1 (RN−1))
+
∥∥∥q|yN=0

∥∥∥
L1(R+;Ḃ

N−1
p

p,1 (RN−1))

. ‖u0‖
Ḃ

−1+N
p

p,1 (RN
+ )

+ ‖B0‖
Ḃ

−1+N
p

p,1 (RN
+ )

+

2N−1∑

r=2

Lr.

Hence, we obtain that

‖Ξ[ũ, q̃, B̃]‖U . ‖u0‖
Ḃ

−1+N
p

p,1 (RN
+ )

+ ‖B0‖
Ḃ

−1+N
p

p,1 (RN
+ )

+

2N−1∑

r=2

Lr. (4.3)

If we choose ‖u0‖Ḃ−1+N/p
p,1

and ‖B0‖Ḃ−1+N/p
p,1

sufficiently small, we conclude that

‖Ξ[ũ, q̃, B̃]‖U 6 L.

If we establish that Ξ is a contraction mapping, then by the contraction mapping principle,
we conclude the proof of Theorem 1.1.

Let (ũi, q̃i, B̃i) ∈ U (i = 1, 2). We shall mainly estimate ‖(u1 − u2, q1 − q2, B1 −B2)‖U with

(ui, qi, Bi) = Ξ(ũi, q̃i, B̃i), then we shall prove that Ξ is a contraction mapping on U. We set

u∗ = u1 − u2, q∗ = q1 − u2, B∗ = B1 −B2,

then by (4.1), u∗, q∗ and B∗ satisfy the following equations:




∂tu
∗ −∆u∗ +∇q∗ = f1, in R+ × R

N
+ ,

∂tB
∗ −∆B∗ = f2, in R+ × R

N
+ ,

div u∗ = f3, divB∗ = f4, in R+ × R
N
+ ,

(D(u∗ − q∗I)n = f5, on R+ × ∂RN
+ ,

B∗ = 0, on R+ × ∂RN
+ ,

u∗(0, y) = 0, B∗(0, y) = 0, in R
N
+ ,

(4.4)

where

f1 = V1(ũ1) + V2(ũ1, q̃1) + V3(ũ1, B̃1)− V1(ũ2)− V2(ũ2, q̃2)− V3(ũ2, B̃2),

f2 = V4(ũ1, B̃1)− V4(ũ2, B̃2), f3 = V5(ũ1)− V5(ũ2), f4 = V6(ũ1, B̃1)− V6(ũ2, B̃2),

f5 = V7(ũ1) + V8(ũ1, q̃1)− V7(ũ2)− V8(ũ2, q̃2). (4.5)

We have to estimate the nonlinear terms in (4.5). Firstly, let ũi,j denote the j-th component
of ũi with i = 1, 2 and j = 1, · · · , N . Let k = 1, 2, we set

(∫ t

0
∇′

iũk,1dτ, . . . ,

∫ t

0
∇′

iũk,j−1dτ,

∫ t

0
∇′

iũk,j+1dτ, . . . ,

∫ t

0
∇′

iũk,Ndτ

)
=: Xk,ij.
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Since P i
j is a polynomial of degree (N − 1) without a constant term, we can get

P i
j (X1,ij)− P i

j (X2,ij) =

∫ 1

0

(
dKP i

j

)
(X2,ij + θ (X1,ij −X2,ij)) dθ (X1,ij −X2,ij) , (4.6)

where dKP i
j (K) is the derivative of P i

j (K) with respect to K. By (4.2), we consider the following
formula:

N∑

k=1

P i
k(X1,ik)∂i

(
P j
k (X1,jk)∂j ũ1

)
−

N∑

k=1

P i
k(X2,ik)∂i

(
P j
k (X2,jk)∂j ũ2

)

=

N∑

k=1

((
P i
k(X1,ik)− P i

k(X2,ik)
)
∂i

(
P j
k (X1,jk)∂j ũ1

)

+ P i
k(X2,ik)∂i

(
P j
k (X1,jk)∂j ũ1 − P j

k (X2,jk)∂j ũ2

))

=

N∑

k=1

((
P i
k(X1,ik)− P i

k(X2,ik)
)
∂i

(
P j
k (X1,jk)∂j ũ1

)

+ P i
k(X2,ik)∂i

((
P j
k (X1,jk)− P j

k (X2,jk)
)
∂j ũ1 − P j

k (X2,jk) (∂j ũ1 − ∂j ũ2)
))

. (4.7)

From (3.2), (3.3) and (4.6), we have
∥∥∥
(
P i
k(X1,ik)− P i

k(X2,ik)
)
∂i

(
P j
k (X1,jk)∂j ũ1

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

∥∥∥∥
∫ 1

0

(
dKP i

k

)
(X2,ik + θ (X1,ik −X2,ik)) dθ∂i

(
P j
k (X1,jk)∂j ũ1

)∥∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

× ‖X1,ik −X2,ik‖
L∞(R+;Ḃ

N
p
p,1(R

N
+ ))

. max
k=1,2

N−2∑

r=0

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

N∑

r=2

∥∥D2ũ1
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

×
∥∥D2(ũ1 − ũ2)dτ

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. max
k=1,2

2N−2∑

r=2

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2(ũ1 − ũ2)
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (4.8)

Then, by (3.1), we have
∥∥∥P i

k(X2,ik)∂i

((
P j
k (X1,jk)− P j

k (X2,jk)
)
∂jũ1

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∂i
((

P j
k (X1,jk)− P j

k (X2,jk)
)
∂j ũ1

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

N−1∑

r=1

∥∥D2ũ2
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

(4.9)

By Proposition A.5 and (4.6), we have
∥∥∥∂i(P j

k (X1,jk)− P j
k (X2,jk))∂j ũ1

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

∥∥∥∥∂i
(∫ 1

0

(
dKP j

k

)
(X2,jk + θ (X1,jk −X2,jk)) dθ (X1,jk −X2,jk)

)
∂jũ1

∥∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. max
k=1,2

N−3∑

r=0

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

max
k=1,2

∥∥D2ũk
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∇ũ1‖
L1(R+;Ḃ

N
p
p,1(R

N
+ ))
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× ‖X1,jk −X2,jk‖
L∞(R+;Ḃ

N
p
p,1(R

N
+ ))

+ max
k=1,2

N−2∑

r=0

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂i(X1,jk −X2,jk)‖
L∞(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

× ‖∇ũ1‖
L1(R+;Ḃ

N
p
p,1(R

N
+ ))

. max
k=1,2

N−1∑

r=1

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2(ũ1 − ũ2)
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

, (4.10)

and ∥∥∥(P j
k (X1,jk)− P j

k (X2,jk))∂i∂jũ1

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

∥∥∥∥
∫ 1

0

(
dKP j

k

)
(X2,jk + θ (X1,jk −X2,jk)) dθ∂i∂j ũ1

∥∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

× ‖X1,ik −X2,ik‖
L∞(R+;Ḃ

N
p
p,1(R

N
+ ))

. max
k=1,2

N−1∑

r=1

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2(ũ1 − ũ2)
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (4.11)

Then, from (3.2) and (3.3), we get that
∥∥∥P i

k(X2,ik)∂i

(
P j
k (X2,jk)∂j(ũ1 − ũ2)

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2ũ2
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥∂i
(
P j
k (X2,jk)∂j(ũ1 − ũ2)

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2ũ2
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

(
N−1∑

r=1

∥∥D2ũ2
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∇(ũ1 − ũ2)‖
L1(R+;Ḃ

N
p
p,1(R

N
+ ))

×
N−1∑

r=1

∥∥D2ũ2
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2(ũ1 − ũ2)
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)

.

2N−2∑

r=1

∥∥D2ũ2
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2(ũ1 − ũ2)
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (4.12)

Thus, by (4.7)-(4.12), we have

‖V1(ũ1)− V1(ũ2)‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. max
k=1,2

2N−2∑

r=1

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2(ũ1 − ũ2)
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (4.13)

Employing the same argument as that in proving (4.13), we can get

‖V2(ũ1, q̃1)− V2(ũ2, q̃2)‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥
(
P j
i (X1,ij)− P j

i (X2,ij)
)
∂j q̃1

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥P j

i (X2,ij)∂j (q̃1 − q̃2)
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. max
k=1,2

2N−2∑

r=1

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

×

(∥∥D2(ũ1 − ũ2)
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ ‖∇(q̃1 − q̃2)‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)
. (4.14)
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Notice that

V3(ũ1, B̃1)− V3(ũ2, B̃2)

=
(
B̃i

1 − B̃i
2

)
∂iB̃1 + B̃i

2∂i

(
B̃1 − B̃2

)
+
(
B̃i

1 − B̃i
2

)
P j
i (X1,ij)∂jB̃1

+ B̃i
2

(
P j
i (X1,ij)∂jB̃1 − P j

i (X2,ij)∂jB̃2

)
.

By Propositions A.4 and A.5, we have∥∥∥
(
B̃i

1 − B̃i
2

)
∂iB̃1

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥B̃i

2∂i

(
B̃1 − B̃2

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∇B̃1

∥∥∥
L1(R+;Ḃ

N
p
p,1(R

N
+ ))

sup
t>0

∥∥∥B̃1 − B̃2

∥∥∥
Ḃ

−1+N
p

p,1 (RN
+ )

+
∥∥∥∇
(
B̃1 − B̃2

)∥∥∥
L1(R+;Ḃ

N
p
p,1(R

N
+ ))

sup
t>0

∥∥∥B̃2

∥∥∥
Ḃ

−1+N
p

p,1 (RN
+ )

.
∥∥∥D2B̃1

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥∂t
(
B̃1 − B̃2

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥D2

(
B̃1 − B̃2

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥∂tB̃2

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. (4.15)

Noting that (4.15) has the similar formula to that in (4.7), we have that
∥∥∥
(
B̃i

1 − B̃i
2

)
P j
i (X1,ij)∂jB̃1

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2ũ1
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥
(
B̃1 − B̃2

)
∇B̃1

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2ũ1
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥D2B̃1

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥∂t
(
B̃1 − B̃2

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

,

(4.16)

and ∥∥∥B̃i
2

(
P j
i (X1,ij)∂jB̃1 − P j

i (X2,ij)∂jB̃2

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥B̃i

2P
j
i (X1,ij)

(
∂jB̃1 − ∂jB̃2

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥B̃i

2

(
P j
i (X1,ij)− P j

i (X2,ij)
)
∂jB̃2

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

N−1∑

r=1

∥∥D2ũ1
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥∇
(
B̃1 − B̃2

)
B̃2

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ max
k=1,2

N−2∑

r=0

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥∇B̃2B̃2

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

× ‖X1,ik −X2,ik‖
L∞(R+;Ḃ

N
p
p,1(R

N
+ ))

. max
k=1,2

N−1∑

r=0

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥∂tB̃2

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

×

(∥∥∥D2
(
B̃1 − B̃2

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥D2B̃2

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥D2 (ũ1 − ũ2)
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)
. (4.17)
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In conclusion, we can obtain that

‖f1‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

2N−2∑

r=1

Lr
∥∥∥ũ1 − ũ2, q̃1 − q̃2, B̃1 − B̃2

∥∥∥
U

. (4.18)

Employing the same argument as that in proving (4.18), we can obtain

‖f2‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

2N−2∑

r=1

Lr
∥∥∥ũ1 − ũ2, B̃1 − B̃2

∥∥∥
U

. (4.19)

We now consider f3 and f4, since f3 has the similar formula to that in f4, then we just need
to estimate f4. In view of (4.2), we have

∇f4 = ∇
(
P k
i (X1,ik)∂kB̃

i
1 − P k

i (X2,ik)∂kB̃
i
2

)

= ∇
((

P k
i (X1,ik)− P k

i (X2,ik)
)
∂kB̃

i
1 + P k

i (X2,ik)
(
∂kB̃

i
1 − ∂kB̃

i
2

))
.

By (3.8), (3.9), (4.10) and (4.11), we have

‖∇f4‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∇
((

P k
i (X1,ik)− P k

i (X2,ik)
)
∂kB̃

i
1

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥∇
(
P k
i (X2,ik)

(
∂kB̃

i
1 − ∂kB̃

i
2

))∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

. max
k=1,2

N−3∑

r=0

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

max
k=1,2

∥∥D2ũk
∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

×
∥∥∥∇B̃1

∥∥∥
L1(R+;Ḃ

N
p
p,1(R

N
+ ))

‖X1,jk −X2,jk‖
L∞(R+;Ḃ

N
p
p,1(R

N
+ ))

+ max
k=1,2

N−2∑

r=0

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂i(X1,jk −X2,jk)‖
L∞(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

×
∥∥∥∇B̃1

∥∥∥
L1(R+;Ḃ

N
p
p,1(R

N
+ ))

+ max
k=1,2

N−2∑

r=0

∥∥D2ũk
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥D2B̃1

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

× ‖X1,jk −X2,jk‖
L∞(R+;Ḃ

N
p
p,1(R

N
+ ))

+

N−1∑

r=1

∥∥D2ũ2
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥D2(B̃1 − B̃2)

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

2N−2∑

r=1

Lr
∥∥∥ũ1 − ũ2, B̃1 − B̃2

∥∥∥
U

, (4.20)

and by (3.18) and (4.6), it yields that
∥∥∂t(−∆)−1∇f4

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∂t(−∆)−1∇∂k

(
P k
i (X1,ik)B̃

i
1 − P k

i (X2,ik)B̃
i
2

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥∂t
((

P k
i (X1,ik)− P k

i (X2,ik)
)
B̃i

1

)∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥∂t

(
P k
i (X2,ik)

(
B̃i

1 − B̃i
2

))∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))
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.

2N−2∑

r=1

Lr
∥∥∥ũ1 − ũ2, B̃1 − B̃2

∥∥∥
U

. (4.21)

The similar arguments to (4.20) and (4.21) can be applicable for estimating f3 to get

‖∇f3‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∂t(−∆)−1∇f3

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

2N−2∑

r=1

Lr ‖ũ1 − ũ2‖U . (4.22)

We next consider f5 given in (4.5), while the detailed proof was given in [21], we have

‖f5‖
Ḟ

1
2−

1
2p

1,1 (R+;Ḃ
−1+N

p
p,1 (RN−1))

+ ‖f5‖
L1(R+;Ḃ

N−1
p

p,1 (RN−1))
.

2N−2∑

r=1

Lr
∥∥∥ũ1 − ũ2, q̃1 − q̃2, B̃1 − B̃2

∥∥∥
U

.

(4.23)
Therefore, if we choose

C

2N−2∑

k=1

Lk 6
1

2
,

then by (4.18)-(4.23), it holds that

‖u∗, q∗, B∗‖
U

6
1

2

∥∥∥(ũ1 − ũ2, q̃1 − q̃2, B̃1 − B̃2)
∥∥∥
U

, (4.24)

which shows the mapping
Ξ : U → U

is contracted. By the Banach fixed point theorem, there exists a unique fixed point (u, q,B) of
the mapping Ξ in U. This fixed point satisfies equation (1.9) with all terms on the right-hand
side expressed in terms of (u, q,B), thereby demonstrating the existence of a global solution.
The uniqueness and continuous dependence on the initial data follow naturally from this con-
struction. Thus, we have completed the proof of Theorem 1.1.

5. The constant magnetic field outside the fluid

For each t > 0, (v, p,H) is required to satisfy the following free boundary problem for the
incompressible viscous and resistive MHD equations




∂tv + (v · ∇)v − div(D(v)− P I) = (H · ∇)H, in Ω(t),

∂tH + (v · ∇)H = ∆H + (H · ∇)v, in Ω(t),

div v = 0, divH = 0, in Ω(t),

(D(v) − P I)nt = 0, on Γ(t),

H = H̃, on Γ(t),

v|t=0 = v0, H|t=0 = H0 on Ω0.

(5.1)

Here H̃ is the constant magnetic field outside the fluid and P is the total pressure. Set

u(t, y) ≡ v(t, x(t, y)), q(t, y) ≡ P (t, x(t, y)), B(t, y) ≡ H(t, x(t, y))− H̃.

Then the free boundary problem (5.1) is equivalent to the following problem for (u, q,B) in new
coordinates: 




∂tu−∆u+∇q = V1(u) + V2(u, q) + Ṽ3(u,B), in R+ × R
N
+ ,

∂tB −∆B = Ṽ4(u,B), in R+ × R
N
+ ,

div u = V5(u), divB = V6(u,B), in R+ × R
N
+ ,

(D(u)− qI)n = V7(u) + V8(u, q), on R+ × ∂RN
+ ,

B = 0, on R+ × ∂RN
+ ,

u(0, y) = u0(y), B(0, y) = B0(y), in R
N
+ ,

(5.2)
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where n = (0, . . . , 0,−1) denotes the outward normal and the nonlinear terms in (5.2) are

exactly the same as those in (1.12), except for Ṽ3(u,B) and Ṽ4(u,B), namely

Ṽ3(u,B) = (H̃ i +Bi)∂iB + (H̃ i +Bi)P j
i ∂jB,

Ṽ4(u,B) =

N∑

k=1

P i
k∂i

(
P j
k∂jB

)
+

N∑

j=1

P i
j∂i∂jB +

N∑

i=1

∂i(P
j
i ∂jB) + (H̃ i +Bi)∂iu+ (H̃ i +Bi)P j

i ∂ju.

Remark. In fact, equation (5.1) arises from the plasma-vacuum free-interface model, where the

plasma is confined within a vacuum containing another magnetic field H̃. A free interface Γ(t)

moves with the plasma, separating the plasma region Ω(t) from the vacuum region. H̃ satisfies
in vacuum:

curl H̃ = 0, div H̃ = 0.

On the interface Γ(t), it is required that there is no jump for the pressure or the normal
components of magnetic fields:

H · nt = H̃ · nt, P := p+
1

2
|H|2 =

1

2
|H̃ |2.

We consider a special case where H̃ is a constant vector. Specifically, curl H̃ = 0 and div H̃ = 0.
Thus, in this paper, equation (1.3) corresponds to the scenario where the vacuum magnetic field

H̃ vanishes, and the boundary condition H = 0 is imposed, which is reasonable for resistive
MHD.

From Sections 3 and 4, we only need to estimate Ṽ3(u,B) and Ṽ4(u,B). By (A.10), Proposi-
tion A.4 and employing the same argument as that in proving (3.1), we have
∥∥∥Ṽ3(u,B)

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.
∥∥∥(H̃ i +Bi)P j

i ∂jB
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥∥(H̃ i +Bi)∂iB

∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

(
N−1∑

r=1

∥∥∥∥
∫ t

0
Dudτ

∥∥∥∥
r

L∞(R+;Ḃ
N
p
p,1(R

N
+ ))

+ 1

)
‖(H̃ +B)∇B‖

L1

(

R+;Ḃ
−1+N

p
p,1 (RN

+ )

)

.

(
N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ 1

)(
‖∇B‖

L1(R+;Ḃ
N
p
p,1(R

N
+ ))

sup
t>0

‖(H̃ +B)‖
Ḃ

−1+N
p

p,1 (RN
+ )

)

.

(
N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ 1

)(
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

∥∥∥∥
∫ ∞

t
∂τBdτ

∥∥∥∥
Ḃ

−1+N
p

p,1 (RN
+ )

)

.

(
N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ 1

)(
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖∂tB‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)
.

We have used the fact that
‖f‖

L1(R+;Ḃ
−1+N

p
p,1 (RN

+ ))
= 0,

where f is a constant. Thus, employing the same argument as that in proving (3.13), we obtain

∥∥∥Ṽ4(u,B)
∥∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

.

2N−2∑

r=2

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

‖D2B‖
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ )t)

+ ‖∂tB‖
L1(R+,Ḃ

−1+N
p

p,1 (RN
+ ))

(
N−1∑

r=1

∥∥D2u
∥∥r
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+ 1

)

×

(
∥∥D2B

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

+
∥∥D2u

∥∥
L1(R+;Ḃ

−1+N
p

p,1 (RN
+ ))

)
.
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Consequently, the results in Theorem 1.1 remain valid when equations (1.9) are replaced by
equations (5.2).

Appendix A. Notations and useful results

Definition A.1. F [f ] and F−1
ξ denote the Fourier transform and the inverse Fourier transform,

respectively, given by

f̂(ξ) = F [f ](ξ) =

∫

RN

e−ix·ξf(x)dx, F−1
ξ [g(ξ)](x) =

1

(2π)N

∫

RN

eix·ξg(ξ)dξ.

Given a nonnegative, monotonic decreasing, smooth radial function χ̂ supported in, say, the
ball B(0, 2) of RN , and with value 1 on B(0, 1), we set

ϕ̂(·) := χ̂(·/2) − χ̂(·).

We thus have decomposition of unity for y ∈ R
N , namely

supp ϕ̂ ⊂
{
y ∈ R

N : 1/2 6 |y| 6 2
}
, and

∞∑

k=−∞

ϕ̂
(
2−ky

)
= 1 for all y ∈ R

N\{0}.

Then we introduce the homogeneous Littlewood-Paley decomposition {∆̇k}k∈Z over R
N by

setting

∆̇kf := ϕ̂
(
2−kD

)
f = F−1 (ϕ̂k (·)Ff) ,

where Z stands for all integers, and ϕ̂k(·) = ϕ̂
(
2−k·

)
.

Let us define the homogeneous Besov spaces on R
N . For that, we introduce the following

homogeneous Besov semi-norms (for all s ∈ R and p, r ∈ [1,∞] ):

‖f‖Ḃs
p,r

≡





(∑
k∈Z

2srk‖∆̇kf‖
r
p

)1/r

, 1 6 r < ∞,

sup
k∈Z

2sk‖∆̇kf‖p, r = ∞.
(A.1)

As ‖f‖Ḃs
p,r(R

N ) = 0 does not imply that f ≡ 0, functions contained in a homogeneous Besov

space will be assumed to have the following control on the low Fourier frequencies. Let S ′
h

(
R
N
)

stand for the set of tempered distributions f over RN that satisfy

lim
λ→∞

‖θ(λD)f‖L∞(RN ) = 0, for any θ ∈ C∞
c

(
R
N
)
.

Here, θ(λD)f stands for F−1θ(λ·)Ff and the notation C∞
c

(
R
N
)
denotes the set of all smooth

functions with compact supports. Note that the above condition implies that any distribution
in S ′

h

(
R
N
)
tends weakly to 0 at infinity. In particular, S ′

h

(
R
N
)
does not contain nonzero

polynomial.
Now, we define the homogeneous Besov space Ḃs

p,r(R
N
+ ) as the set of all the restriction f of

the distribution f̃ ∈ Ḃs
p,r

(
R
N
)
, i.e., f = f̃ |

R
N
+

with

‖f‖Ḃs
p,r(R

N
+ ) ≡ inf

{
‖f̃‖Ḃs

p,r(R
N ) < ∞ : f̃ =

∑

k∈Z

∆̇kf in S ′
h, f = f̃ |

R
N
+

}
.

Proposition A.2 (cf. [4]). Let 1 6 p, r < ∞. Then for −1 + 1/p < s < 1/p, we have

Ḃs
p,r(R

N
+ ) =

{
f ∈ Ḃs

p,r (R
N ) : supp f ⊂ RN

+

}‖·‖
Ḃs
p,r(R

N )

.

From Proposition A.2, it is not difficult to prove that if 1 6 p, r < ∞ and −1+1/p < s < 1/p,

then the space C∞
c (RN

+ ) is dense in Ḃs
p,r(R

N
+ ).

We consider the restriction operator R given by

Rf(y) = f(y)|y∈RN
+
, (A.2)
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for all f ∈ Ḃs
p,r

(
R
N
)
with s > 0 and it is understood in the sense of distribution for s 6 0. Let

the extension operator E from
{
f ∈ Ḃs

p,r (R
N) : supp f ⊂ RN

+

}
be given by the zero-extension,

i.e.,

Ef(y) =

{
f(y), in R

N
+ ,

0, in RN
− .

(A.3)

Proposition A.3 (cf. [21]). Let 1 6 p < ∞, 1 6 r < ∞ and −1 + 1/p < s < 1/p, and let R
and E be operators defined in (A.2) and (A.3). It holds that

R : Ḃs
p,r

(
R
N
)
→ Ḃs

p,r(R
N
+ ),

E : Ḃs
p,r(R

N
+ ) → Ḃs

p,r

(
R
N
)
,

are linear bounded operators. Besides, it holds that

RE = Id : Ḃs
p,r(R

N
+ ) → Ḃs

p,r(R
N
+ ),

where Id denotes the identity operator. Namely, R and E are a retraction and a coretraction,
respectively.

Remark. According to Proposition A.3, for −1 + 1/p < s < 1/p and 1 < p < ∞, we can regard

that any distribution in Ḃs
p,r(R

N
+ ) under such restriction on s and p can be extended into a

distribution over the whole space R
N and conversely any distribution in Ḃs

p,r

(
R
N
)
is restricted

into a distribution over the half-space R
N
+ .

Proposition A.4 (cf. [21]). Let 1 < p < ∞ and −1 + 1/p < s 6 N/p − 1. Then for any

f ∈ Ḃs
p,1(R

N
+ ), it holds

‖∇f‖Ḃs
p,1(R

N
+ ) ≃ ‖f‖Ḃs+1

p,1 (RN
+ ), (A.4)

where ≃ denotes that the norms on both sides are equivalent.

Proposition A.5 (cf. [21]). Let 1 6 p < 2N , then for all f ∈ Ḃ
−1+N

p

p,1 (RN
+ ) and g ∈ Ḃ

N
p

p,1(R
N
+ ),

there exists a C > 0 independent of f and g such that the following estimate holds:

‖fg‖
Ḃ

−1+N
p

p,1 (RN
+ )

6 C‖f‖
Ḃ

−1+N
p

p,1 (RN
+ )
‖g‖

Ḃ
N
p

p,1(R
N
+ )
. (A.5)

Definition A.6. Let X be a Banach space with norm ‖ · ‖X . Let {φk}k∈Z be the Littlewood-
Paley dyadic decomposition of unity for t ∈ R, namely

∆̇kf := φ̂
(
2−kD

)
f = F−1

(
φ̂k (·)Ff

)
.

For s ∈ R and 1 6 p < ∞, we define Ḟ s
p,r(R;X) as the Bochner-Lizorkin-Triebel space with

norm

‖f̃‖Ḟ s
p,r(R;X) ≡





∥∥∥∥∥

(∑
k∈Z

2srk
∥∥∥∆̇k(t, ·)

∥∥∥
r

X

)1/r
∥∥∥∥∥
Lp(R)

, 1 6 r < ∞,

∥∥∥∥sup
k∈Z

2sk
∥∥∥∆̇k(t, ·)

∥∥∥
X

∥∥∥∥
Lp(R)

, r = ∞.

Analogously, we define the Bochner-Lizorkin-Triebel spaces Ḟ s
p,r((0, T );X) as the set of all

the restriction f of a distribution f̃ ∈ Ḟ s
p,r(R;X) i.e., f = f̃ |(0,T ) on X with

‖f‖Ḟ s
p,r((0,T );X) ≡ inf

{
‖f̃‖Ḟ s

p,r(R;X) < ∞ : f = f̃ |(0,T )

}
.

For any scalar function a = a(x) and N -vector valued function b = (b1(x), . . . , bN (x)), we
write

∇a =(∂1a(x), . . . , ∂Na(x)) , ∇b = (∇b1(x), . . . ,∇bN (x)) ,
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divb =

N∑

j=1

∂jbj(x), ∇2a = (∂i∂ja)
N
i,j=1 , D2b = (D2b1, . . . ,D

2bN ).

For y ∈ R
N , 〈y〉 = (1+|y|2)1/2. For any functions f = f (t, y′, yN ) and g = g (t, y′, yN ) , ∗

(t)
g, ∗

(t,x′)
g

and ∗
(yN )

g stand for the convolution between f and g with respect to the variable indicated under

∗, respectively. If both f and g are vector valued functions, f ∗
(t,y′)

g denotes the convolution in

y′ as well as the inner-product of f and g, i.e.,

f ·∗
(t,y′)

g =

N−1∑

ℓ=1

∫

R

∫

RN−1

fℓ
(
t− s, y′ − x′

)
gℓ
(
s, x′

)
dx′ds.

Denote the norm of Lp
(
R
N−1

)
with variable y′ ∈ R

N−1 by ‖ · ‖Lp

y′
. For the norm on

Ḟ s
p,r

(
I;X

(
R
N−1

))
, we use

‖f‖Ḟ s
p,r(I;X) = ‖f‖Ḟ s

p,r(I;X(RN−1)),

unless it may cause any confusion. We denote B(a, b) as the open ball centered at a with radius
b > 0. Various constants are simply denoted by C unless otherwise stated.

We introduce the Littlewood-Paley decomposition with separation of variables.

Definition A.7. For k ∈ Z, let

χ̂k (yN ) =





1, 0 6 |yN | 6 2k,
smooth, 2k < |yN | < 2k+1,
0, 2k+1 6 |yN | ,

ϕ̂k (yN ) = χ̂k+1 (yN)− χ̂k (yN ) .

(A.6)

and set
Φ̂k(y) ≡ ϕ̂k

(∣∣y′
∣∣)⊗ χ̂k−1 (yN) + χ̂k

(∣∣y′
∣∣)⊗ ϕ̂k (yN ) . (A.7)

Then it is obvious that ∑

k∈Z

Φ̂k(y) ≡ 1, y =
(
y′, yN

)
∈ R

N\{0}.

Remark (Varieties of the Littlewood-Paley dyadic decompositions). Let (τ, y′, yN ) ∈ R×R
N−1×

R be Fourier’s adjoint variables corresponding to (t, x′, η) ∈ R× R
N−1 × R.

1. {Φk(x)}k∈Z : the Littlewood-Paley dyadic decomposition over x = (x′, η) ∈ R
N given by

(A.7).
2. {φk(t)}k∈Z : the Littlewood-Paley dyadic decompositions in t ∈ R.
3. {ϕk (x

′)}k∈Z and {φk(η)}k∈Z : the standard (annulus type) Littlewood-Paley dyadic decom-

positions in x′ ∈ R
N−1 and η ∈ R, respectively.

4. {χk (x
′)}k∈Z and {χk(η)}k∈Z : the lower frequency smooth cut-off function given by (A.6),

respectively.
5. All the above-defined decompositions are even functions.

Theorem A.8. Let 1 < p < ∞ and −1 + 1/p < s. For all function f = f (t, y′, η) ∈

C
(
R+; Ḃ

s
p,1(R

N
+ )
)
∩ Ẇ 1,1

(
R+; Ḃ

s
p,1(R

N
+ )
)
, D2f (t, y′, η) ∈ L1

(
R+; Ḃ

s
p,1(R

N
+ )
)
, the following

estimate holds:

sup
η∈R+

(
‖f(·, ·, η)‖

Ḟ
1−1/2p
1,1 (R+;Ḃs

p,1(R
N−1))

+ ‖f(·, ·, η)‖
L1(R+;Ḃ

s+2−1/p
p,1 (RN−1))

)

. ‖∂tf‖L1(R+;Ḃs
p,1(R

N
+ )) +

∥∥D2f
∥∥
L1(R+;Ḃs

p,1(R
N
+ ))

.

(A.8)
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Proof. By the definition of Ḃs
p,1(R

N
+ ), for any ǫ > 0, there exists

f̃ ∈ C
(
R+; Ḃ

s
p,1(R

N )
)
∩ Ẇ 1,1

(
R+; Ḃ

s
p,1(R

N )
)
∩ L1

(
R+; Ḃ

s+2
p,1 (RN )

)
,

such that

‖f̃‖L∞(R+;Ḃs
p,1(R

N ))∩Ẇ 1,1(R;Ḃs
p,1(R

N )) 6 ‖f‖L∞(R+;Ḃs
p,1(R

N
+ ))∩Ẇ 1,1(R+;Ḃs

p,1(R
N
+ )) + ǫ,

‖D2f̃‖L1(R+;Ḃs
p,1(R

N )) 6
∥∥D2f

∥∥
L1(R+;Ḃs

p,1(R
N
+ )) + ǫ.

We then extend f̃ into t < 0 by an even extension. For simplicity, we denote f̃ as f in the
following. It directly follows that

f ∈ L2
(
R; Ḃs+1

p,1

(
R
N
))

. (A.9)

From (A.9), we see that

lim
t→±∞

f(t, y′, η) = 0, for a.e. (y′, η) ∈ R
N−1 × R. (A.10)

As f̂j(·) = f̂(2−j ·), we have

fj(·) = 2jNf(2j ·).

For 1 < p < ∞, it holds

‖f(·, ·, η)‖
Ḟ

1−1/2p
1,1 (R+;Ḃs

p,1(R
N−1
y′

))

6

∥∥∥∥∥∥

∑

i∈Z

∑

j>2i

2(1−1/2p)j2si
∥∥∥∥φj ∗

(t)
ϕi ∗

(y′)
f(t, ·, η)

∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥
L1
t (R+)

+

∥∥∥∥∥∥

∑

i∈Z

∑

j62i

2(1−1/2p)j2si
∥∥∥∥φj ∗

(t)
ϕi ∗

(y′)
f(t, ·, η)

∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥
L1
t (R+)

=: I + II. (A.11)

Using (A.10), we have

φj(t) ∗
(t)

f (t, ·, η) = −

∫

R+

∂τ

(∫ ∞

τ
φj(t− r)dr

)
f (τ, ·, η) dτ

= −

[(∫ ∞

τ
φj(t− r)dr

)
f (τ, ·, η)

]∞

τ=0

+

∫

R+

(∫ ∞

τ
φj(t− r)dr

)
∂τ (τ, ·, η) dτ

= ∂−1
t φj(t) ∗

(t)
∂tf (t, ·, η) ,

where we set

∂−1
t φj(t− τ) ≡

∫ t−τ

−∞
φj(r)dr =

∫ ∞

τ
φj(t− r)dr.

Here, we recall the Littlewood-Paley decomposition in Definition A.7. Since ∂−1
t φj is also

a rapidly decreasing smooth function, by using the Hausdorff-Young inequality and χj(η) ∗
χj−1(η) = χj−1(η), we have

I =

∥∥∥∥∥∥

∑

i∈Z

∑

j>2i

2(1−1/2p)j2si
∥∥∥∥∂

−1
t φj ∗

(t)
ϕi ∗

(y′)
∂tu(t, ·, η)

∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥
L1
t (R+)

.

∥∥∥∥∥∥

∑

i∈Z

2si
∑

j>2i

2(1−/2p)j
∣∣∣2−j

(
∂−1
t φ0

)
j
(t)
∣∣∣ ∗
(t)

∥∥∥∥ϕi ∗
(y′)

∂tf(t, ·, η)

∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥
L1
t (R+)

.
∑

i∈Z

2si
∑

j>2i

2−
1
2p

i

∥∥∥∥∥∥

∫

R+

2i

〈2i(t− τ)〉2

∥∥∥∥ϕi ∗
(y′)

∂τf(τ, ·, η)

∥∥∥∥
Lp(RN−1

y′
)

dτ

∥∥∥∥∥∥
L1
t (R+)
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.
∑

i∈Z

2si
∑

j>2i

2
− 1

2p
j

∥∥∥∥∥
2j

〈2jt〉2

∥∥∥∥∥
L1
t (R+)

∥∥∥∥∥∥∥

∥∥∥∥∥
∑

m∈Z

Φm ∗
(y′,η)

ϕi ∗
(y′)

∂tf(t, ·, η)

∥∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥∥
L1
t (R+)

.
∑

i∈Z

2si

∥∥∥∥∥∥∥

∑

j>2i

2
− 1

2p
j

∥∥∥∥∥∥

∑

|m−i|61

Φm ∗
(y′,η)

ϕi ∗
(y′)

χi(η) ∗
(η)

χi−1(η) ∗
(η)

∂tf(t, ·, η)

∥∥∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥∥
L1
t (R+)

.
∑

i∈Z

2si

∥∥∥∥∥∥∥

∑

j>2i

2−
1
2p

j ‖χi(η)‖Lp′(R+
η )

∥∥∥∥∥∥

∥∥∥∥Φi ∗
(y′,η)

∂tf(t, ·, η)

∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥
Lp(R+

η )

∥∥∥∥∥∥∥
L1
t (R+t)

.

∥∥∥∥∥∥

∑

i∈Z

2si
∥∥∥∥Φi ∗

(y′,η)
∂tf(t, ·, η)

∥∥∥∥
Lp(RN

+,(y′,η)
)

∥∥∥∥∥∥
L1
t (R+)

. ‖∂tf‖L1(R+;Ḃs
p,1(R

N
+ )) . (A.12)

On the other hand, by the Minkowski inequality and p > 1, we have

II =

∥∥∥∥∥∥

∑

i∈Z

∑

j62i

2(1−1/2p)j2si
∥∥∥∥φj ∗

(t)
ϕj ∗

(y′)
f(t, ·, η)

∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥
L1
t (R+)

.
∑

i∈Z

2si
∑

j62i

2(1−1/2p)j

∥∥∥∥∥∥
|φj | ∗

(t)

∥∥∥∥ϕi ∗
(y′)

f(t, ·, η)

∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥
L1
t (R+)

.
∑

i∈Z

2si
∑

j62i

2(1−1/2p)j

∥∥∥∥∥∥∥

∥∥∥∥∥
∑

m∈Z

Φm ∗
(y′,η)

χi(η) ∗
(η)

χi−1(η) ∗
(η)

ϕi ∗
(y′)

f(t, ·, η)

∥∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥∥
L1
t (R+)

.

∥∥∥∥∥∥∥

∑

i∈Z

2si2(2−1/p)i

∥∥∥∥∥∥

∑

|m−i|61

Φm ∗
(y′,η)

χi(η) ∗
(η)

ϕi ∗
(y′)

f(t, ·, η)

∥∥∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥∥
L1
t (R+)

.

∥∥∥∥∥
∑

i∈Z

2(s+2−1/p)i ‖χi‖Lp′ (R+,,η)

∥∥∥∥Φi ∗
(y′,η)

f(t, ·, η)

∥∥∥∥
Lp(RN

+ )

∥∥∥∥∥
L1
t (R+)

.

∥∥∥∥∥
∑

i∈Z

2(s+2)i

∥∥∥∥(D
2)−1Φi ∗

(y′,η)
(D2)−1f(t, ·, η)

∥∥∥∥
Lp(RN

+ )

∥∥∥∥∥
L1
t (R+)

.

∥∥∥∥∥
∑

i∈Z

2si
∥∥∥∥Φi ∗

(y′,η)
D2f(t, ·, η)

∥∥∥∥
Lp(RN

+ )

∥∥∥∥∥
L1
t (R+)

= C‖D2f‖L1(R+;Ḃs
p,1(R

N
+ )). (A.13)

For 1 < p < ∞, we can apply a similar treatment for the spatial variables. Indeed, we have

‖f(·, ·, η)‖
L1(R+;Ḃ

s+2−1/p
p,1 (RN−1

y′
))

.

∥∥∥∥∥∥∥

∑

i∈Z

2si2(2−1/p)i

∥∥∥∥∥∥
ϕi ∗

(y′)
χi−1(η) ∗

(η)

∑

|m−i|61

Φm

(
y′, η

)
∗

(y′,η)
f(t, ·, η)

∥∥∥∥∥∥
Lp(RN−1

y′
)

∥∥∥∥∥∥∥
L1
t (R+)
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.

∥∥∥∥∥∥∥

∑

i∈Z

2(s+2)i


2−i

∥∥∥∥ϕi ∗
(y′)

χi−1(η) ∗
(η)

χi(η) ∗
(η)

Φi

(
y′, η

)
∗

(y′,η)
f(t, ·, η)

∥∥∥∥
p

Lp(RN−1
y′

)




1/p
∥∥∥∥∥∥∥
L1
t (R+)

.

∥∥∥∥∥∥

∑

i∈Z

2(s+2)i

(
2−i2i

∥∥∥∥ϕi ∗
(y′)

Φi

(
y′, η

)
∗

(y′,η)
f(t, ·, η)

∥∥∥∥
p

Lp(RN
+ )

)1/p
∥∥∥∥∥∥
L1
t (R+)

.

∥∥∥∥∥
∑

i∈Z

2(s+2)i

∥∥∥∥∥Φi

(
y′, η

)
∗

(y′,η)
f(t, ·, η)

∥∥∥∥Lp(RN−1
y′

×R
+
η )

∥∥∥∥
L1
t (R+)

.

∥∥∥∥∥
∑

i∈Z

2si

∥∥∥∥∥Φi(·, ·) ∗
(y′,η)

D2f(s, ·, ·)

∥∥∥∥Lp(RN−1
y′

×R
+
η )

∥∥∥∥
L1
t (R+)

.

∫

R+

‖D2f(t, y)‖Ḃs
p,1

dt. (A.14)

Combining estimates (A.11)-(A.14), we conclude estimate (A.8). �

Acknowledgments

Hao, Yang and Zhang were partially supported by NSF of China under Grant No. 12171460.
Hao was also partially supported by CAS Project for Young Scientists in Basic Research
under Grant No. YSBR-031 and National Key R&D Program of China under Grant No.
2021YFA1000800.

References

[1] G. Anger, G. Simonett, On the two-phase Navier–Stokes equations with surface tension, Interfaces Free
Bound. 12 (2010) 311–345. doi:10.4171/IFB/237.

[2] Q. Chen, C. Miao, Z. Zhang, On the ill-posedness of the compressible Navier-Stokes equations in the critical
Besov spaces, Rev. Mat. Iberoam. 31 (4) (2015) 1375–1402. doi:10.4171/RMI/872.

[3] D. Coutand, S. Shkoller, Well-posedness of the free-surface incompressible Euler equations with or without
surface tension, J. Amer. Math. Soc. 20 (3) (2007) 829–930. doi:10.1090/S0894-0347-07-00556-5.

[4] R. Danchin, P. B. Mucha, A critical functional framework for the inhomogeneous Navier-Stokes equations
in the half-space, J. Funct. Anal. 256 (2009) 881–927. doi:10.1016/j.jfa.2008.11.019.

[5] H. Fujita, T. Kato, On Navier-Stokes initial value problem 1, Arch. Rational Mech. Anal. 46 (1964) 269–315.
doi:10.1007/BF00276188.

[6] I. Gallagher, G. S. Koch, F. Planchon, Blow-up of critical Besov norms at a potential Navier-Stokes singu-
larity, Comm. Math. Phys. 343 (1) (2016) 39–82. doi:10.1007/s00220-016-2593-z .

[7] P. Germain, N. Masmoudi, J. Shatah, Global solutions for the gravity water waves equation in dimension 3,
Ann. of Math. (2) 175 (2) (2012) 691–754. doi:10.4007/annals.2012.175.2.6.

[8] X. Gu, C. Luo, J. Zhang, Local well-posedness of the free-boundary incompressible magnetohydrodynamics
with surface tension, J. Math. Pures Appl. 182( 2024) 31–115. doi:10.1016/j.matpur.2023.12.009.

[9] B. Guo, L. Zeng, G. Ni, Decay rates for the viscous incompressible MHD with and without surface tension,
Comput. Math. Appl. 77(12) (2019) 3224–3249. doi:10.1016/j.camwa.2019.02.008 .

[10] C. Hao, T. Luo, A priori estimates for free boundary problem of incompressible inviscid magnetohydrody-
namic flows, Arch. Ration. Mech. Anal. 212 (3) (2014) 805–847. doi:10.1007/s00205-013-0718-5.

[11] C. Hao, T. Luo, Ill-posedness of free boundary problem of the incompressible ideal MHD, Comm. Math.
Phys. 376 (1) (2020) 259–286. doi:10.1007/s00220-019-03614-1.

[12] C. Hao, T. Luo, Well-posedness for the linearized free boundary problem of incompressible ideal magneto-
hydrodynamics equations, J. Differential Equations 299 (2021) 542–601. doi:10.1016/j.jde.2021.07.030 .

[13] A. D. Ionescu, F. Pusateri, Global solutions for the gravity water waves system in 2d, Invent. Math. 199 (3)
(2015) 653–804. doi:10.1007/s00222-014-0521-4 .

[14] D. Lee, Initial value problem for the free-boundary magnetohydrodynamics with zero magnetic boundary
condition, Commun. Math. Sci. 16 (3) (2018) 589–615. doi:10.4310/CMS.2018.v16.n3.a1.

[15] D. Lee, Uniform estimate of viscous free-boundary magnetohydrodynamics with zero vacuum magnetic field,
SIAM J. Math. Anal. 49 (4) (2017) 2710–2789. doi:10.1137/16M1089794.

[16] C. Li, H. Li, Well-posedness of the free boundary problem in incompressible MHD with surface tension, Calc.
Var. Partial Differential Equations 61 (5) (2022) Paper No. 191, 51. doi:10.1007/s00526-022-02302-8.

[17] H. Lindblad, Well-posedness for the motion of an incompressible liquid with free surface boundary, Ann. of
Math. (2) 162 (1) (2005) 109–194. doi:10.4007/annals.2005.162.109.

https://doi.org/10.4171/IFB/237
https://doi.org/10.4171/RMI/872
https://doi.org/10.1090/S0894-0347-07-00556-5
https://doi.org/10.1016/j.jfa.2008.11.019
https://doi.org/10.1007/BF00276188
https://doi.org/10.1007/s00220-016-2593-z
https://doi.org/10.4007/annals.2012.175.2.6
https://doi.org/10.1016/j.matpur.2023.12.009
https://doi.org/10.1016/j.camwa.2019.02.008
https://doi.org/10.1007/s00205-013-0718-5
https://doi.org/10.1007/s00220-019-03614-1
https://doi.org/10.1016/j.jde.2021.07.030
https://doi.org/10.1007/s00222-014-0521-4
https://doi.org/10.4310/CMS.2018.v16.n3.a1
https://doi.org/10.1137/16M1089794
https://doi.org/10.1007/s00526-022-02302-8
https://doi.org/10.4007/annals.2005.162.109


28 WEI ZHANG, JIE FU, CHENGCHUN HAO, AND SIQI YANG

[18] C. Luo, J. Zhang, A priori estimates for the incompressible free-boundary magnetohydrodynamics equations
with surface tension, SIAM J. Math. Anal. 53 (2) (2021) 2595–2630. doi:10.1137/19M1283938.

[19] T. Ogawa, S. Shimizu, Free boundary problems of the incompressible Navier-Stokes equations with non-flat
initial surface in the critical Besov space, Math. Ann. (2024). doi:org/10.1007/s00208-024-02823-x.

[20] T. Ogawa, S. Shimizu, Global well-posedness for the incompressible Navier-Stokes equations in the
critical Besov space under the Lagrangian coordinates, J. Differential Equations 274 (2021) 613–651.
doi:10.1016/j.jde.2020.10.023.

[21] T. Ogawa, S. Shimizu, Maximal L1-regularity and free boundary problems for the incompressible Navier-
Stokes equations in critical spaces, Journal of the Mathematical Society of Japan. 76(2) (2024) 593–672.
doi:10.2969/jmsj/88288828.

[22] T. Ogawa, S. Shimizu, Maximal L1-regularity for parabolic initial-boundary value problems with inhomoge-
neous data, J. Evol. Equ. 22 (2) (2022) Paper No. 30, 67. doi:10.1007/s00028-022-00778-7.

[23] J. Prüss, G. Simonett, Moving Interfaces and Quasilinear Parabolic Evolution Equations, Monogr. Math.
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