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GLOBAL WELL-POSEDNESS OF THE FREE BOUNDARY PROBLEM FOR
INCOMPRESSIBLE VISCOUS RESISTIVE MHD IN CRITICAL BESOV
SPACES

WEI ZHANG, JIE FU, CHENGCHUN HAO, AND SIQI YANG

ABSTRACT. This paper aims to establish the global well-posedness of the free boundary problem
for the incompressible viscous resistive magnetohydrodynamic (MHD) equations. Under the
framework of Lagrangian coordinates, a unique global solution exists in the half-space provided
that the norm of the initial data in the critical homogeneous Besov space B;’}JFN/P(]Rf) is
sufficiently small, where p € [N,2N — 1). Building upon prior work such as (Danchin and
Mucha, J. Funct. Anal. 256 (2009) 881-927) and (Ogawa and Shimizu, J. Differ. Equations
274 (2021) 613-651) in the half-space setting, we establish maximal L'-regularity for both the
Stokes equations without surface stress and the linearized equations of the magnetic field with
zero boundary condition. The existence and uniqueness of solutions to the nonlinear problems
are proven using the Banach contraction mapping principle.

1. INTRODUCTION

In this paper, we address the free boundary problem for the incompressible viscous and
resistive magnetohydrodynamic (MHD) equations in N-dimensions:

O+ (v-V)v—div(D(v) —pI) = (H - V)H — %V\H\Z, in Q(t),

OH + (v-V)H = AH + (H - V)v, in Q(¢), (1.1)
dive =0, divH =0, in Q(t),
which governs the dynamics of incompressible viscous conducting fluids under magnetic effects
and resistivity in an electromagnetic field. Here, v = (vq,...,vn), H = (Hy,...,Hy), and

Q(t) € RY represent the fluid velocity, the magnetic field, and the evolving domain in R with
N > 2, respectively. D(v) denotes the doubled deformation tensor with component d;v; + 9;v;,
I is the identity matrix, and p represents fluid pressure.

Let I'(t) denote the boundary of (¢) and n; the outward unit normal to I'(¢). Due to
resistivity, it is natural to impose a zero magnetic field condition on the free boundary. Thus,
we consider equations (1.1) supplemented with the following initial and boundary conditions:

(D(v) = PI)n; = (H ® H)ny, on I'(t),
H =0, on I'(t), (1.2)
Vlt=0 = vo, H|i=0 = Ho, in o,

where P = p + %]H |2 denotes the total pressure. We do not consider the effects of gravity or
surface tension here. Since H = 0 implies (H ® H)n; = 0 on I'(¢), the boundary conditions in
(1.2) simplify to
(D(v) = PI)n;, =0, H =0, on (). (1.3)

Additionally, in Section 5, we consider the scenario where the magnetic field outside the fluid
is a constant vector, as previously studied in [9], rather than H = 0 on I'(¢).

In recent decades, significant strides have been made in establishing the well-posedness of the
free boundary problems in fluid dynamics, particularly in the contexts of the incompressible
Euler and Navier-Stokes equations, as noted in [27, 7, 3, 17, 13, 23, 1, 19] and related works.
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However, the MHD model holds even greater relevance in physics due to its application in
electrically conductive fluids and magnetic fields. Here, we review notable advancements con-
cerning the free boundary problem within the MHD framework. Hao and Luo [10] contributed
significantly by establishing a priori estimates for the free boundary problem in incompressible
ideal MHD, particularly under the Taylor-type sign condition. They further demonstrated the
local well-posedness of the linearized problem [12] and highlighted the problem’s ill-posed nature
in the two-dimensional scenario when the Taylor-type sign condition is violated [11].

Lee [14] extended this research by deriving uniform estimates for the viscous free bound-
ary MHD problem in infinitely deep domains under constant gravitational forces. Moreover,
in domains of finite depth, he demonstrated the local well-posedness for the ideal case, con-
sidering both vanishing kinematic viscosity and magnetic diffusivity [15]. Luo and Zhang [18]
contributed by deriving a priori estimates for the free boundary incompressible ideal MHD
equations incorporating surface tension, with local well-posedness established by Gu, Luo, and
Zhang [8].

Guo, Zeng, and Ni [9] explored decay rates in the context of viscous incompressible MHD
equations, both with and without surface tension. Sun, Wang, and Zhang [25] tackled the local
well-posedness of the plasma-vacuum problem within the incompressible ideal MHD equations,
focusing on the non-collinear stability condition. Wang and Xin [26] addressed global well-
posedness considerations, factoring in magnetic diffusion. Li and Li [16] investigated the local
well-posedness of the two-phase problem in incompressible MHD, considering the presence of
surface tension. Zhao [28] contributed by establishing local well-posedness for incompressible
ideal MHD equations using various stability mechanisms in Eulerian coordinates.

Despite these advancements, current literature lacks research specifically on the free boundary
incompressible resistive MHD equations within critical spaces and maximal L'-regularity. This
gap contrasts with the extensive research on the Navier-Stokes equations [2, 6, 22, 20] and
related references, which have seen significant exploration in similar contexts.

We now introduce Lagrangian coordinates, where coordinates are constant along the integral
curves of the velocity vector field, thus fixing the boundary in these coordinates. The Lagrangian
transformation is defined as follows:

d

d_ng =v(t,z(t,y)), =(0,y) =y, y € Qo. (1.4)

If v(x) is Lipschitz continuous, the existence and uniqueness of solutions for the ordinary
differential equation ensures that (1.4) can be uniquely solved by:

z(t,y) =y —|—/0 o(r, x(1,y))dT. (1.5)
Define

u(t,y) = o(t, x(t,y)), qlt,y) =P, x(t,y)), Bty)=H{E x(ty))
Let Z—Z denote the Jacobian matrix of the transformation z(t,y) =y + fg u(7,y)dr, that is,

8-%'1' t
T = 5@']’ + (Du)ide, (Du),j = ({9]11,2
Yj 0
: i _ Oy __ N Oy; Oz o _ rdzy—1 .
Since §; = = Y ket Bor By where 0; := 0y, let A = (32)™" denote the inverse of the
Jacobian matrix g—;, namely
oy 9y . Oyn
or1 0x2 ox
A= ox1 0z OTn (1 6)
OYn  Oyn . Oyn
o1 0x2 OTn

Let (cof(g—‘;))é» denote the cofactor of Z—Z at position (7,7); from (1.5), we have det(d:”)gi’i =

‘ dy
(cof(fl—g));.

<
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Since divv = 0, it follows that det(g—g) = 1. Thus,

aipr - | ay [0 QIN
Ay = S (of () = (-1 et | Zapr o [ [y
Ox;j dy
(1.7)
anN;

ani aANN
A A t t t t
— 5} + P]’ </ Viuydr, ... ,/ V;ujldT,/ v,/iuj+1d7—, . ,/0 V;und7> ,

where ajj, = a , and PZ is a polynomial satisfying PZ(O .,0) =0, and
Vi = (ﬁ,..., Ou  Ou Ou )
I OYi—1 OYit1 Oyn

From (1.7), we deduce that P?' is a polynomial of degree (N — 1) without constant terms:

t t
</ V’uldT / V;uj‘_ldT,/ Véu]q_ldT, / V/uNdT>
</ 8gumd7'> s
where ¢, =1 or —1.

Define the half-space and its boundary:
Rf ={(¥,yn) : ¢ € RV gy, > 0},
GRJX =RV x {0} = {(W, yn) -y € RN g, = 0}.
We also denote RY as the negative part of RY, hence RV = Rf U 8Rf URYN. Consider the
kinematic condition ensuring the free surface remains satisfied, where I'(¢) represents the set of

points x = z(t,y) for y € T'(0) = ORY.
Then, equations (1.1) and (1.3) transform into the following equations

(1.8)

= CT’
1

r=

myl<N (mZ #(4,2)

(Ou— Au+ Vg =Vi(u) + Va(u,q) + Va(u, B),  in (0,400) x RY,
OB — AB = Vj(u, B), in  (0,400) x RY,
divu = Vs(u), divB = Vs(u, B), in  (0,400) x RY, 19)
(D(u) — gl)n = V7(u) + Vs(u, q), on (0,+00) x ORY, '
B =0, on (0,400) x BRf,
u(o’y) = uo(y)’ B(O’y) = BO(y)’ in Rf,
wheren = (0, ...,0,—1) denotes the outward normal. The nonlinear terms of (1.9) are expressed
as
Vi(u) = (AATW - Vu) Va(u,q) = —(A — 1)TVq,
Vs(u, B) = B'AJ9,B,  Vi(u, B) = div (AATVB VB) + B AR 9y,
Vs(u) = (4] =87 ) o', Vi(u, B) = (AF - oF ) 0"
Va(u) = —ATVu+ (Vu) T A(A—1)"n — <(A D) Vu+ (Vu) (A - I)) n
Vs(u,q) = qI(A—1)n, (1.10)
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with AT denoting the transpose of a matrix A, and Einstein’s summation convention applied.
By (1.7) and the fact in [24] that

we have

div (AATVu—Vu) =3 f: 0i (A ALDju — Oy
k=

f:ai (3% + B) (6 + P)) by — Ou)

N
=33 o (PiPioju + 6, Ploju + Piooju)

N N N
=Y Pioi (Ploju) + Y- 0i(Ploju) + Y Pioibsu, (1.11)

k=1 i=1 j=1

thus, we can reduce (1.10) to
N ' N N ' ‘
u) = Z P,i@z (Pé@fu) + Z Pj@zﬁju + Z 8Z(PZ]8Ju), ‘/QZ(U, q) == —Pz?ﬁjq,
k=1 j=1 i=1
Va(u, B) = B'9;B + B'P!9; B,
N N N
B) =Y P, (P,f@-B) +> Pl0i0;B+ > 0;(P0;B) + B'oju+ B'Poju,

k=1 j=1 i=1

Vs(u) = P!ojul,  Vi(u, B) = PFORBY,
Ve(u) = —ATVu+ (Vu) TA(A—T)Tn — <(A — 1) Vu+ (Vu) (A - 1)) n
Va(u,q) = gI(A—1)"n. (1.12)

We denote Ry = (0,00) as the half real line and R, = [0,00) as its closure. Let C(I;X)
denote the set of all bounded continuous functions from an interval I to a Banach space X.
Now, the scaling invariance for (1.1) reads, for all A > 0,

v—= M (Nt Az), P — NP (Nt Az), H— AH (Nt \z),
which roughly implies that the critical spaces for the velocity, total pressure, and magnetic field
remain the same as in the homogeneous case. It is well known from [5] that the incompressible
Navier-Stokes equations can be globally solved in time in the invariant Bochner-Sobolev space
Lr (R+;H; (]RN;RN)) where % + % =1+s.
The main results are stated as follows, with details of the functional spaces used provided in
the appendix.

Theorem 1.1. Let p € [N,2N — 1). Suppose the initial data ug, By € B 1JrN/p(IRN) satisfy

ol vvae . 1Boll 1 a y S
p,1 p 1 +
for some small € > 0, and divug = le Bo = 0 in the sense of distribution. Then equation
(1.9) admits a unique global solution (u,q, B) satisfying the following properties:

-1+ N 1,1 Sl N
uBEC<JR+, "(R+)>QW’ (R%Bp,l "(R+)>,
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R Ll
D*u,D?B,Vqe L! <R+; Bpf P (M)) ,

1 1

N N—
o € i 7 (RusB,) 7 @) ) 02t (RusB T (®77),

with the estimates

Oy + 16,B + ||D?u
I ”Ll( R8P ) I ”L1<R+,B ) | HL1<R+, — 5 R/Y)
+||D*B N + IVl LN
| H LY (RysB, S5 &Y LU(RsB, P (RY))
_ < .
* Hq’yNZOHFI%’l%(R+ B, %(]RNfl)) + Hq‘yNZO‘ 5t S 6 (1.13)

L'Ry:B, T (RN-1))

where D? denotes all the second-order derivatives with respect toy, and € is a constant depending
only on N,p and €.

The structure of this paper is outlined as follows. Our proof of Theorem 1.1 strongly relies
on the end-point estimate of maximal regularity for the initial-boundary value problem of the
resistive MHD in the half-space Rf . Thus, in Section 2, we recall the fact that the maximal
L!-regularity theorem for the Stokes equations which have been obtained in [21] and prove L!-
regularity theorem for heat equations with zero boundary conditions. Then, Section 3 focuses on
estimating the nonlinear terms appearing in the resistive MHD equations. In Section 4, we derive
estimates for the difference of nonlinear terms and utilize the contraction mapping principle to
establish the global well-posedness of the resistive MHD equations. Section 5 extends the results
of Section 4 to consider the case where a constant magnetic field is present outside the fluid,
using similar analytical techniques. Finally, in the Appendix, we gather and define important
notations used throughout the paper, and summarize key results for the reader’s convenience.

2. LINEARIZATION THEORY

We investigate maximal L'-regularity to two linearized equations: the Stokes equations with
transmission conditions on ORY, and the other is the heat equations subject to zero magnetic
boundary conditions.

2.1. Maximal regularity for the generalized Stokes equations in the half-space. This
subsection is devoted to presenting maximal L'-regularity for the Stokes equations correspond-
ing (1.9) with inhomogeneous free boundary condition:

ou — Au + Vq = Fi, in Ry xRY,

divu = Fy, in Ry XRf, (2.1)
(D(u) — qI)n = F3, on R, x 9RY, '
u(0,y) = uo(y), in RY,

where n = (0,...,0,—1), F1, F, and F3 are given functions. We can obtain the following

maximal L!-regularity result.

Theorem 2.1 (cf. [21]). Let 1 <p < oo and —1+1/p < s < 0. Let up € BSI(RN) be initial
data for equations (2.1) with divug = Fs|,_, in the sense of distribution and let Fy, Fy and F3
be functions appearing on the right side of equations (2.1) and satisfying the conditions:

Fiel' (RaBL®Y)), VRel' (RuBL®EY), VEA)'HeW™ (BB, RY)).

1

Fye B (Rys B, (RYY)) N Lt <R+,Bs+1 (RN~ 1))
Then, problem (2.1) admits a unique solution (u,q) with
weC (R+7 (RN)) ALl <R+, (RN)) 2u,Vq € L* (R+7 (RN))
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L1 ) i
e B (e ) (s ).
possessing the estimates
2
HatuHLl(R+;B;1(R{X)) + HD UHLI(R-HB;’I(Rﬁ)) + vaHLl(R_F;B;’l(Rﬁ))

50 P @)

LY(Ry;B,

+ H q‘ynZO ) + ‘q’yn=0‘

1_1
‘ =2 " 2p : _
Fry i (R+?B;,1(RN b

< C( HUOHBS’I(Rf) + ”F1HL1(R+;B;’1(]R1)) + HVF2|’L1(R+;B;’1(R1))

-1
+ |8V (-A) FQHLI(R%BZJ(M)) + HF3HF1%1—91;(R+.BS L®N-1))
, p,

+ | £ st1-1 ;
| 3”L1<R+;B,,ﬁl ;(RNI))

where C' > 0 is a constant depending only on p,s and N.

2.2. Maximal regularity for the heat equations with zero magnetic boundary con-
dition in the half-space. This subsection is devoted to presenting the maximal L! regularity
for the heat equations with zero boundary conditions:

OB —AB = f, in Ry x RY,
divB =g, in RixRY,
B =0, on R, x dRY,
B(0,y) = By(y), in RY.

Firstly, we shall remove the divergence data. Introducing the even extension of divergence
data g with respect to yn:

(2.2)

gt,y) = {g (t’y:’yn) . (2.3)
gty ~yn), yn <0,
with ¢ = (y1,y2, - ,yn—1), we consider the following problem
{—Ap:g, t>0, yeRY, 24
Plyn=0=0, t>0, 3 e¢RN"L '

Here, we assume tlim p(t,y,yn) = 0 for almost everywhere (', yn) € R¥V~! x R, one solution
— 00
of (2.4) is given by the Newtonian potential p = (—A)~!'g = I' * g with the Newtonian kernel I'
in RV 1
— log |y| 74, N =2,
F(y) = 278 [yl
(N =2)wn) PN, N=>3,
where wy is the surface area of the unit sphere in RV, Then for 1 < p < oo and —1+41/p <
s < 1/p, Vp satisfies the estimate
3
V20l s iy < VI, @y 25
—1 °
106V pll 2 ey, vy < CIO(=2)""Vll ey ) -

Indeed, the corresponding estimate to (2.5) in RY follows directly from the elliptic estimate
for the Poisson equation and hence estimate (2.5) in the half-space naturally follows from the
definition of the Besov space in Rf .

Remark. For 1 <p<ooand =1+ 1/p <s<1/p, let
B (Ry By, RY)) W (Ry: B3, (RY)), DB € L' (Rys By, (RY)).
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From Theorem A.8, we have
. ! / N-1
tlggoB (t,y ,yN) =0, ae (y ,yN) eR x Ry.
Thus, it is reasonable to assume tlim p(t,y, yn) =0 for a.e. (v/,yn) € RVN"L xRy,
— 00
Then, let w =B + VP|R§’ the function w satisfies the equations

w — Aw = f+ (0,;Vp— AVp)| in Ry xRY,

yn>0"
. . N
divw = 0, in Ry xRY, (2.6)
w= B+ Vp, on R, x dRY,
w(0,y) = Bo(y) + Vp(0,9)], 0 in RY.

In order to extend them into RY, we consider the following Cauchy problem via the even
extension:

(%B — AB = ]F—F ath — AV/), in Ry x RN,
divB =0, in Ry xRY, (2.7)
B‘t:o = Bo(y) + Vp(0,y), in RV,

For the initial data Bo(y), we also employ the same extension to get By(y). Then it is known
that the solution B of equation (2.7) satisfies maximal L'-regularity. Indeed, for any —1+1/p <
s<1/pand 1< p< oo, by [1], we have

_ .
HatBHLl(RJr;B;l(RN)) + HD BHLl(RJr;B;l(RN))
<C ([1Boll g vy + 17 l5s oty vy + 100 = AVl g vy ) (29)
Restricting the solution B to the half-space RY, we directly obtain from (2.5) and (2.8) that
_ o=
HatBHLI(RJr;B;J(M)) + HD BHLl(R_HB;’l(Rﬁ))

<C (IBol gy, gy + Il o sy a2y
—1
IVl e vy + 10 2) 0l g vy (29)

Finally, let B = w — B|y =B+ Vp|yn>0 — B|y ~o- We reduce the original problem into
the following initial-boundary value problem for B :

dB—-AB=0, in R_xRY,

divB = 0, in Ry xRY,
_ \ (2.10)
B =Vp+ B, on Ry x JRY,
B(0,y) =0, in RY.
Then, we consider the following equations to get the maximal L!-regularity for (2.10).
ob— Ab = f, in Ry xRY,
b(LY . yn) lyno =h (t.y/),  on Ry x ORY, (2.11)
b(0,y) = by, in Rf.

Indeed, we have the following the maximal theorem for the Stokes equations with boundary
conditions.

Theorem 2.2 (cf. [22]). Let 1 <p < oo and —1+1/p < s < 0. (2.11) admits a unique solution
be W' (R By, (RY)), D% er! (RyByu(RY))
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if and only if the external, initial and boundary data in (2.11) satisfy
felLl (R+,Bs (RY )), bo € BS(RY),
he B (R By (RYY)) 0Lt (Ry; B2 Y7 (RYTY)

respectively. Then, the solution b satisfies the following estimate for some constant C' > 0
depending only on p,s and N

2
1O 1 (s vy + |D bHLl(RJr;B;’l(Rﬁ))

<O (W0l )+ Wity + Ilagcomge s vy Wil e rivieny ) -

By Theorems A.8 and 2.2, (2.5) and (2.9), we can get the maximal L!-regularity for (2.10).
For 1 < p < oo and —1+1/p<s 0, we have

2
10Bl L1y ;5 | vy + |D BHLl(RJr;B;’l(Rﬁ))
C<vaHF11711/2P(R+;B;1(RN 1)) +HVPHL1 R4 BS+2 1/p(rN-1Y) ||BHFllyzl/QP(R%B;’l(RN—l))

+”B”L1(R+;B;ﬁ2—l/z)([@1\r1)))

c <HBOHB;71(M) Aoy s, @y VIl @y B @)

+ H3tv(—A)AQHU(R%B;J(M))) : (2.12)

We can prove the maximal L!-regularity for the original equations (2.2) by combining with
those estimates (2.5), (2.9), (2.12) and the relation

Thus, the solution B of (2.2) satisfies the following estimates: for 1 < p < oo and —1+1/p <
s <0,

2
10: Bl Ly, s, vy + D BHLI(R%B;J(RK))
< (1Bl ) + 1l ot

+ IVl @2y T 1V (=20l e ey > (2.14)

3. ESTIMATES OF NONLINEAR TERMS
To obtain the estimates of u,q and B, we shall use Theorem 2.1 and (2.14). For this pur-
pose, we shall estimate the nonlinear functions appearing on the right-hand side of equations
(1.9). Let N < p < 2N — 1. For dyu, 8B, D*u, D>B and Vq € L' (R+,B LN /p (R")), let

Vi(u), ..., Vs(u,q) be the terms defined in (1.12). By using Propositions A.5 and A.4, (1.8) and
(1.12), we have

N
Pio; (Plou ‘ n
ZH io. (Fioy) LB EY)
<su /DudT <8i Plou LN
= B%(RM H ( e )HL1<R+;BP§+J’Y<RN>>

+

ZCT H < 8gumd7'> P 8u)
= m <N

1 '_1+% N >
LYR;B,, 7 (RY))

+

A
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N-—1 t r )
S| [ puar| V@I
= o Loo (4 5B7, (RY) T L Een, T ®Y)
N-1
< D2ull” N \V4 Pjau N , 3.1
S 2Pl 3 o IV BRI, oot (3.1)
where the symbol ”<” denotes "< C” for some constant C. We see, for the last term on the
right-hand side of (3 1) that
IVEowl ey < |[VE Ol y BVl v
LB, P RY)) S8 P RY) L'R1B,, P ®RY)

It is then easy to see that a similar argument of (3.1) can be applied to estimate P,g Voju,
and we conclude that

N-1
] < 2ull” 2
Z AT 5 F & 2 1Dl % ey 1P 5%
N
< 2u||”
~ ; HD UHL1(R+,B;1+%(R{]\»})) ’ (32)

By (1.8), we see that PJ’ is a polynomial of degree (N — 1) without a constant term. Then,
we can get that VP; is the product of a polynomial of degree (N — 2) with a constant term and

fg D?udr. Thus, by Propositions A.5 and A.4, (3.1) and Holder’s inequality, we have

VPiv
IV | o ¥ iy

N-—1 T t
< |V Z cr H </ 8gumd7> Vu
r=1  m <N, (m0)#(i) P L'Ry3B, iy RN))
t
<|1+ D?u 4N / D*udrVu
Z | H ‘BB, 7 ﬁ») 0 Li(RiB,, P (RY))
N-2 t
S+ D2u| 1N [IVull N /D2ud7'
( ; | HLI(&;B,, i*?(RN))) ( L ®y;B7 ®Y) (1o Loy B, @Y))
1+ D?u 14 HD2UH2
Z H H . pi+ Rf))) o (R_F,BiH]’Y(RN))
N
<SS ID : (3.3)
Z; LRy, T ®Y))

Combining with (3.1), (3.2) and (3.3), we have that
|t (i)
k=1

_ N
: Z_: HDQuH;(&;B;i*%(RN)) 2, HDQUWD(RMB’H%(RN»

+7 r=2

=1+
LI(R-HBp,l

2N—-1

Z HDQUH s ¥ ayy (3.4)

P ®RY))
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By (3.2) and (3.3), we have estimated the other terms in Vj(u) and we conclude that
2N-1

Vil vy S 22 1P%00

3.5
Lt (R+,B ]RN) ( )

+B b ®RY))

Next, we consider V5 (u, q) given in (1.12). Employlng the same arguments as those in proving
(3.1), we have

N-—1 t r
Vel ey S| [ Dudr IVl .
LResB P @YY Y 2o Le@uBR @Y DMRaB,, P EY))
N—-1
< D%u||" v . 3.6
it 107l st Py | q”Ll(R+,BQi+N(M>> (30

Let V3(u, B) be the nonlinear term given in (1.12), by (A.10), Proposition A.4 and employing
the same argument as in proving (3.1), we have

1Va(u, B)|

-1+
LURE,, T RY))

< |

r=1

,1+N
'Ry;B,1 T (RY))

T

A

g BB
N +1)HBVBH

L'RyB,; P RY)
L®(Ry; B, (RY))

/DudT -
0 N L1<]R+,B P(RN)>

D? N 1 VB B

<ZH Ul ¥ ey ><H e iy 2 151 HN(MJ
N-1

< 2 2

S (Zl |D uHLl(R " HN(RN))H) |D BH . *JX(RN / 9, Bdr

DN T [ S Y

(R3B, | ( ) LY(R43B, (Rf))

(3.7)

A

BT @)

Next, employing the same argument as in proving (3.3), we have

N
VP/VB
; H ! ‘ (RY))

N—-2
< (1 D?ull” LN VB / D?ud
~ < + TZ:; H UHL1(R+;BPJ+IX(R$))> <H ||L1(R+,B ¥ &) udr

N-—1
< 2 2
S, e ) 1P e (35)

-1+ Y
LI(R-HBp,l P

4N

Lo (R B, | "(Rﬁ))) ’

We also have that

N—-1
Pj0;0;B < D2ul|” LN 9,0, B
ZH I, B TNEDD [ uHLl(RHB; ey BN o
N—-1
< D2ul|" N D?B )
i H UHL%R%BP,T]X(M»” | L®eB, T R

(3.9)
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Combining with (3 8) and (3.9), we obtain that

0;(PI9;B) (
L'(Ry;B,, RN))
< HVPJVB‘ 1N =+ leaa BH 1+ N
LNRB,, P (RY)) I(R4;B,, T (RY))
S D2’U, r N D2B X 3.10
T,Zl H HL1R+;BP’1+1)(RN) ” ”LI(R+7 1+N(R-’]Y)) ( )
Thus, we have
N .
pio; (Plo,B ‘ x
ZH k ( keI ) LReB, T RY)
N-1 ,
= y i (Plo;B)| e
;H HLl(R B, Ry B LI(R+'BP,1+JX(R5))
N-1
<3 [ ey s 0B
2 f HLIG&B Z 10>l o gy | HLI(R%B;?%(M))
2N—2
> I | HLW i, 31)
We shall consider the other terms in Vj(u, B) to obtain
Bid;u _ +“Bipija’u‘ -1+
H “Ll(R+7 1+N( f)) J Ll(R+;B 1+]1¥(]RN))
N-1 T
< / Dudr +1)1BVB| A -1
(2 0 LRy, (BY) ) R, RY) D@18, P @)
< (3 | $oy P UIVBL s swplBI
(Z H H . lJrP(RN)) ) ( Ll(R-ﬁ—;szjl(R-Q]Y)) H HBpiJr P (RY)
+ Vu N Ssu B _
(” ”L1<R+;351<M» ! ”Bpi*NoR%)
< ||16,B D? ¥ 1
SIBN, o 51+ (ZH L )
DB ) 1 | D% B ] 3.12
(H HLl(R 3 HN(Rf)) H H (R+,B 1+JZ(RN))> ( )
By (3.9)-(3.12), we have
Va(u, B 14N
Vit M v
2N-2
< D?ul|" N D?B
~ E::z | HL1<R+;B L@y "B, o T @)

+119:B]
L

2
1(]R+,B;1+7 (Z I uHLl(R B ]RN)) * 1)

D?’B D? . 3.13
X(“ HLl(R B’“N<M>>+H gl <R+,B*¥<RN>>> (349)
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Now, we consider V;(u), by (3.3) and (3.2), it yield that
V@I s S|V
Ll N

-1+
RyB, 7 RY) Li(ResB,, T ®Y))
< Hv PNl ox +]|Piveu o
S VRS )L1<R+;Bp,i+]’¥(M>> P e )

< Z HDQUHT N (3.14)

+7Bp 1 P (RN))

By (1.8), we can get that 8,513} is the product of a polynomial of degree (N — 2) with a
constant term and Vu. Since 9;(P/u?) = Pij djut, we have

|0:(=A) IV V5 ()|

x < Ha ~A)1Vo; (Pl on
P 100l K] Y g
< Ha Plyi N 3.15
< |9 (P u) s @) (3.15)
Thus, by Proposition A.4, we get
Oy (P!
Jorcezd DRy @)
S H@tpzjul . 4 + ‘ Pz‘jatuz +
L (Ry:B,, ” (RBY)) L'(Ry:B,, * (RY))
< D?u N uVu N
Z H H By, P (®Y)) H ||L1(R+;B;1+¥M>)
+ D?u N oru
Z H H 1+p(RN) H t ”L (]R+, 1+ (Rf))
N 1
D%u N o _
e 1ol psy ¥ w10 TENE RN 0
N-2
+ D2y Sk Vu N sup ||u N
; 10217 % ey 1V 3 ey SR e
—1
2
; |D UH e m) (| Ol Y (3.16)

LY(R43B, P(RN))

Since the similar arguments in (3.15) and (3.16) can be applied to estimate Vs (u, B), by (3.8),
we conclude that

IVVs(u, Bl

1+N
LY(Ry:B

1 L (RY)
< |veroBy

1 '71+% N
LY(R4;B,, 7 (RY))

s [verhos!

LY(Ry;B, %(M» ‘ L'(Ry;B, “P(RN))
N—-1
< D?ul|” _ D2B VP VB
S D% g o DB ot FITED VB
N—-1
< D%yl LN DB 3.17
T H uHLl(R+;BP,1+I’Y(M)) H | LY(R+:B, +If’Y(RN))’ (3.17)
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and by Proposition A.4, we have
|0 (=2)" VVs(u. B)||

LiRB T @)

S [or-a)1vo;p/ BY)

1 '_H% N
L (R+?Bp,1 (R+ )

< Z HD%HLIOR _1+N HatBHL1 s +’X(RN))
+J§HDQuH;(m,BPi*g(M)) 1B, B, P @)

51:[;11” 2uH21(R+,B;+%( N HatBHL( . ;+%(R$))
. N:Q 980, ey 170y B

: ]:7_11 HDQUHL(RHB;Jri(R HatB” (R+,B:+]X(RN)) . (3.18)

Proposition 3.1 (cf. [21]). Let p € [N,2N — 1) and assume that functions u and q sat-

[
isfy Opu, D*u,Vq € L' (R, Bp iJrN/p(RN)), Q|yN:0 c F117/12*1/2P <R+;B;1+N/p (RN—l)) A
L' <]R+,B( L/p (]RN 1)) For the boundary terms Vz(u) and Vs(u,q) defined by (1.12), the

following estimates hold:

IN-1 "
Vo(u)|| 11 < o N + || D% N ,
IV )Hpﬁl % (151 N 2:; (H t ‘|L1(R+7Bpi+p( RY)) | HLI(R+7 “]’YM)))
2N—-1
Vz(u N-1 < D%y N ,
VN 5557 vy Z 1Pl % ey
Vs(u 1_1 _
Vs ( Q)H 15,1 bz, Bp? Y1)
S Hq _H 11 4N +Hq _‘ 14N
( P T e L P e Y
N-1 "
X O LN + D?u N ,
; (H ' ‘|L1(R+, pf RY H HLI(R+, 1+]’Y(M)))
N—
Va(u,q N-1 SHq _( D%y N :
VDl ) S ol g 25 ) EH s ¥

4. COMPLETION OF THE PROOF OF THEOREM 1.1

We give an iteration scheme to prove Theorem 1.1 by the Banach fixed point theorem. We
define an underlying space U by

-1+5 N 1,1 Sl N
U={(wqB) uBeC (BB, »®))nit (Ry;B, 7 ®Y)),

(D?u, D*B,Vq) € L <R+,B -y (RN)>
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N—-1

1+
qlyy—0 € Ffl e <R+,B P (RN 1)) NnL! <R+;Bpf (RN 1)),

10, B)llo < L},

where the metric in U is induced by the norm

u,q, B =||0,u + || D%u N + |0 B N
(0. Blllw =12 HLI(R+,BP1+¥(RN> | HLl(ﬂh, T @) 4 ||L1(R+,Bpi+g(RN>)
+||D%B B + ||V _
H HLI(RJr, s P (RY)) | q‘|L1(R+,BP i+ P (RY))
Y
Q‘yN—O F117/1271/2P(R+;Bp:+17\’](]RNfl)) Q‘yN—O Ll(R+BNP1(RN 1))

and an absolute constant L > 0 is chosen to be sufficiently small, depending on N and p.
For each (u, B, q) € U, we define the map Z[-] through the solution (u, g, B) of

(Oyu — Au+Vq = V(@) + Va(i,§) + Va(@, B), in Ry xRY,

OB — AB = Vy(u, B), in Ry xRY,

divu = V5(a), divB = Vs(a, B), in Ry xRY, 1)
(D(u) — ¢I)n = Vz(a) + Vs(a, q), on R, x dRY, '
B=0, on Ry x ORY,

u(0,y) = uo(y), B(0,y) = Bo(y), in RY,

Va(it) = —AT Vi + (Vi) TA(A — J)Tn - ((A —NTVia+ (Vi) (A— 1)) n,
Va(ii,q) = gI(A— 1) n, (4.2)

with A and P corresponding to A and P, respectively, in which u is replaced by @. For instance,

t t
Pf = P]? (/ Viaydr, .. / Vi, _1dr, / Vitjdr, .. / V;ﬂNdT> .

Then, we show that the map given by Z[a, ¢ (u, q, B) is a contraction mapping from U
to itself.
Applying Theorem 2.1 and (2.14) to (u,q, B), we obtain
Ou + ||D%u + ||oB
e ”Ll( "y 1+N(Rf)) H |’L1(R+,Bpi+17\’]( RY)) 2 ”Ll( "y 1+N(Rf))
+||D*B LN + | V¢ N
ID5, LR8P BY)) LIRB,, 7 RY)
L RPN L e
q’yN—O Fll’/1271/2p(R+;Bp;+]g(RN—I)) q‘yN—O LI(R+;BPJTIf1(RN_1))
<luwll _n +1Boll +HV VuVB’,Vﬁ,B" o
ool 1o+ 1Bl g+ @D @BV B ey
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+ vag,(a)HLl LN )T V(@) N

) + Hat(—
R+;B,; P (R

) LY(R45B, , P (RY))

+ Hat(—A)—lvv@(a,B)

p,1

+ vaﬁ(a,é)(

4N

_1+ﬂ =14
? LY(R;B,, P (RY))

Ll(R+;B 1

+|[Vz(u)]] 1_1 N
" )”F{‘fl T ResB,,  (RNL)

+1Vs(@, Ol 3 - N HIB@ol | :
2 P (RyB,, P RN LMRy3B, P (RN-1)

1
Combining (3.5)-(3.7), (3.13)—(3.15), (3.17), (3.18) with Proposition 3.1, we have

+ D%y N +H({9tBH N
H HLI(R-h o P (RY) L'(Ry;B p? (RY))

+ | V4| N
L'R1B,, P ®Y)

RY))

+[|[Va(@)]| N1
LYRyB, ] (RN-1)

<

Oru
190 1 e

+ HDZBH 71+ﬂ

N—-1

+ ‘q’ :O‘ ==
YN L\(Ry;B, F

[yl

/9 1
F117/12 1/2P(R+;BP71 P(RN—l)) (RNfl))

2N -1
Slluoll, vy +|[Boll, 5 + > L
p,1 + pl +) r=2
Hence, we obtain that
2N-1

+ > L (4.3)
r=2

[@,4, Bl S lluoll .
p,1 +

(1]

+Boll, 1y x

B,; " ®RY)

If we choose [|uol| 5-1+~/p and [[Bo|| ,-1+n/» sufficiently small, we conclude that
p,1 p,1

IEla, ¢, Blllu < L.
If we establish that = is a contraction mapping, then by the contraction mapping principle,
we conclude the proof of Theorem 1.1.
Let (4;,q;, B;) € U (i = 1,2). We shall mainly estimate ||(u1 — u2,q1 — ¢2, B1 — B2)||u with
(ui, qi, Bi) = Z(t, ¢;, B;), then we shall prove that = is a contraction mapping on U. We set
¢ " =q —uz, B"=DBi— By,

then by (4.1), u*, ¢* and B* satisfy the following equations:

u* = uy — uo,

(O™ — Au* + Vg =1y, in R+><Rf,
OB* — AB* =1, in Ry x RY,
divu* =fs3, divB* =1y, in RixRY, 44)
(D(u* — ¢*I)n = f;, on Ry x dRY, '
B* =0, on R, x dRY,
u*(0,y) =0, B*(0,y)=0, in RY,
where
£y = Vi(in) + Va(tin, @) + Va(@in, Br) — Vi(fie) — Val(iia, G2) — Va(iiz, Bo),
fo = Vi(iin, B) — Vi(tig, Ba), f3 = Vi(in) — Vs(ia), fa = Ve(iia, By) — Vis(ia, Ba),
f5 = Va(ar) + Va(ar, q1) — Vz(a2) — Vs(, G2). (4.5)

We have to estimate the nonlinear terms in (4.5). Firstly, let @; ; denote the j-th component

of t; withi=1,2and j=1,---

,N. Let £ =1,2, we set

t t t t
!~ !~ !/~ !/~
</ Viuk,ldT, ey / Viuk,jldT,/ ViukJJrldT, ey / Viuk,NdT> = Xk,ij-
0 0 0 0
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Since P]’ is a polynomial of degree (N — 1) without a constant term, we can get

1
Pi(X145) — P} (Xa45) = /0 (dx P;) (X245 + 0 (X145 — Xa45)) df (X155 — Xa4j)

(4.6)

where dKPJ’(K) is the derivative of PJ’(K) with respect to K. By (4.2), we consider the following
formula:

N N

ZPIQ(XLM)(?@' <P (X1,jx)0; U1> ZP (Xo,ik) < (X j1)0; U2>

i

1
N , .
> < PiX1a) = PLXa)) 0 (X 31050

N—

+ Pi(Xgi)0; (p (X15%)0jii1 — P! (Xo.j1)0; u2> >

N
— Z ( Pl(Xvk) — Pi(Xo,)) 0; <P,g(X1,jk)aja1>
k=1

+ P (X)) ((P (X1k) = Pg(Xz,jk)) 9yt — Pl (Xo1) (95101 — 53‘@2)) ) (4.7)
From (3.2), (3.3) and (4.6), we have
Pi(X1a) — Pi(Xa, 3inX-8ﬂ‘ o
| (P10 = PiKa0) 0 (B0 ) | ore
1
< / (dx P}) (X2,ik+0(X1,ik_X2,ik))d03< 7 (X1,51) 05 > N
0 LY(R43B,, 7 (RY))
X || X1k — X2,ik|| N
> (Ry;BF) (RY))
N—-2 N
S axX Dzﬁk " N Dzﬂl " L
k=12 | HLI(R+,B “’(M));H HLI(M,B,,,TP(M))
x || D? (g — ig)dT
17 =) HLI(R+;B;1+]‘¥(M>>
2N—2
< max D2 || R D*(ay — ug) LN . (4.8)
k=12 Z:; | HL1<R+;BP,1“’<R$>> | ”L1<R+;BP,1”<R$>>
Then, by (3.1), we have
P Xoi)0: ((PI(X) 1) — P(Xy 1)) 85 (
H k( Q’k) << k( 1’]k) k( 2Jk)> J 1) LI(R+B 1+P(RN))
((PI(X,30) — PI(Xos 3.~‘ D2iy|" LN
(( e (Kge) = Fi( 2’Jk)) ]ul) LB, RY)) 4 Z | LI(R+;BP,1+]’Y(M))
(4.9)
By Proposition A.5 and (4.6), we have
(PL(X k) — P (Xa,50)) 05| _
(P (X1k) = B (X2,51)) 05t s @)
1 ,
S ‘ 0; (/ (dKP;i> (Xojr + 0 (X1 jr — Xoji)) dO (X1 jx — X27jk)> djtiy 14N
0 L'(Ry;B,, * (RY))

IVt |

S ]?l ?; Z HD2akHL1(R+, pl P (RN)) Ignz%gHD U H 71+N

LI(R+7

P (RY)) LY (RysB P (RY))
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X1 X1 gk = Xl N
Le2(Ry;B,)) (RY))
+ Dy Y (X1 6 — Xoj
=1 ZH Ik gy 196500 = Kol @y, P @)
HVulH N
LY(R4;Bf (RY))
N-1
< max D%y ||" N D*(u; —u 4.10
~ =12 £ | kHLl(R+,B LT RY) | ' 2)HL WRysB, 1+f’(RN)) (410
and
Pl (X1 1) — P (Xa, a-a-a( N
H( e (X1,5%) i (X2,j1))0:05u Ll(R+;B;+IZ(R$))
1
S / <dKP ) (X2]k+0(X1 jk — X27jk))d6?8,~8ja1 N
0 LY (R4;B,; " (RY))
X || X1k — Xk N
L= (R4+;B,7, (RY))
N-1
< max D2 LN D?(@y — ia) N . (4.11)
k=12 & | HL1<R+;B,,,1+P (RY)) H HL1<R+;BP,1+" RY))
Then, from (3.2) and (3.3), we get that
i o [ PI _
Hpk(XZlk)az <Pk(X2,Jk)8 (11 UZ))‘D(&B gy
N-1
S DQﬁQ " 4 Y (P (X2 k)a (u1 —2@))‘ 1. N
— H HLl(R+;Bp,1+" RY)) N Ll(R+;Bp’1+p RY))
N-1
< D2, D*a N V(i — @
=D Ol O Dl S LR S
N-1
X D" N D?(iiy — 1)
= H HL1<R+,BM P (@) | HL LR8P (RY))
2N—2
< D2as||" 4 D? (i — Tip) : (4.12)
= H HLI(R %Bp,i+”(M>>H HL1<R+, T @)
Thus, by (4.7)-(4.12), we have
[Vi(ty) — Va(ag)|| N
B,y P (®Y))
IN—2
< max D2 | N D?(@y — 1ip) N : (4.13)
k=12 E;: | HL1<R+;B,,,1“’<M>>H HL1<R+, T ®Y))
Employing the same argument as that in proving (4.13), we can get
|Va(t1, 1) — ‘@(U27Q2)HLI(R+,BP 1+1¥Y(RN))
<H( (X PJX-'>8'~ o x jX~8-~—~‘ x
1,ij) — B (X2,45) ) 00 Ll(RJr;Bpﬁ]’\’[(Rf)) 7 (X2,i5)05 (41 — G2) Ll(RJr;Bp;jL]’Y(Rf))
IN—2
< max D2y, 14N
s 2 1Pl ety
x  |[D*(ay —a +|V(q1 — ¢ LN > 4.14
(H (o 2>HL1 o F oy HITE By (1.1)
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Notice that
Vs(t1, B1) — V3(tg, Be)

= <Bl BZ) 0; Bl + B26 <B1 BQ) + <Bi — Bé) JDZJ(X17Z-j)6j£~31
+ B <P5(X1,ij)3j31 - Rj(szz‘j)aj@) -
By Propositions A.4 and A.5, we have

(3 ) o

14N
1+ 5

a0 (31 2)

. 1+
L'Ry;B,, P RY)) L'(Ry;B,, P (RY))

N supH31 BQH 1+
LY (R4;B,) (RY)) ¢>0

<Jvs) N
P REY)

# v (B -5)]

s o],

. 71+N
LY(R4+;B, (RY)) t>0

P (RN)

<[]

o (- 2)

-1+
L1(R+B P (RYY)

N
L —14 4%
LI(R+'BP71 P

o

(RY))
o (5 )

N . 4.15
LiRB, T @Y) (4.15)

Noting that (4.15) has the similar formula to that in (4.7), we have that
H (Bi - 33) Ej(Xl,z‘j)ajBI‘

+
LY(Ry; B P(RYY)

14N
LI(R-HBPJ p(R_’]\_]))
N-1
S SIS RS B
; | HL LR4;B, +P RY)) Li(Ry:B,, 7 (RY))
N-1
< Dy N HDQB‘ 144 Ha <B B)‘ P RY))
v | 1HL Y(Ry;B, 1JrP(RN) L'(Ry;B +17Y (RY)) A LI(R%BP,T]’Y(R%)
(4.16)
and
By (P} (X1,0)0351 = Pl (X2,5)0; By )| n
|25 (110005 = P (Xa 500, D@y @)
< || Bt pi . B — A B
~ HBQPZ (X15) (8]31 a]B2>‘L1(R+B T ®Y))
+ B (P pJ'X~)a~B( e
2 (P 1) = i (X24) ) 03B LI(R+;BP,1+]’Y(R1))
N-1
S, oy VBB
i H 1HL1(R+;B 1P @®Y)) L LI(R+%BP,1+]X(M))
+max D2~ r HVBB‘ —14
Z H Ll(R B p(Rﬁ)) 27 Ll(R+;BPi+I;(R§))
||X17ik — Xoirll N
L= (Ry; B, (RY))
N-1
S S I 171
~ k:ffé ot H UkHLl(R+;Bp y ®R)) L'(R4;B 1+P RY))
(I (3-8,
L'(R+;B, P (RY))
2 LI(R+;B +]I\)7(RN) H ( ! 2)HLl(R+;BP’i+Ig(Rf)) ( )



GWP OF FBP FOR INCOMPRESSIBLE MHD 19

In conclusion, we can obtain that
2N -2
S Zl LT”%—ﬂ2,51—§2,Bl—B2HU- (4.18)

Employing the same argument as that in proving (4.18), we can obtain
-2

2N
< —
1) ot ey Z L i~ 2. B1 - B (4.19)

We now consider f3 and f4, since fs has the smular formula to that in fs, then we just need
to estimate f4. In view of (4.2), we have

Vi, =V (Pf(Xl,ik)akBi - Pf(XQ,ik)akB;)
=V << F(X1) — Pik(XQ,ik)> Ok B} + PF(Xa1) <3kBi - 31#%)) :
By (3.8), (3.9), (4.10) and (4.11), we have

Vi
IVEel, Li(RyB, 7 RY))

< 7 (700 - PE00) 50

N
r

LU(RyB,, P (RY)
+ HV ( (Xo zk) <8kéi - akB§>>‘ 1 Y
LY(Ry;B,, 7 (RY))
N-3
< max D2 || N max || D?%
’“kl,z; | ’“HL1<R+;B P ®Y)) k= 12” k” LB, ®Y))
X HVBl‘ N | X1,k — Xz,ij N
LL(R4;B7 (RY)) > (R4;B, (RY))
+ D% N 0;(X X,
lgnafrz: H Up, HLl(R B JI\,’ ” ( 1,5k — 2’Jk)HL<><>(R+;B;+%(R§))
X HVBl‘ N
LI(®4:B (BY)
ST S
iy Z | L1<R+;Bp,i+¥ DR P RY))
HXij - X2,ij N

*(Ry;B,) (RY))

N-1
+ D%as|" N + HD2(B1 —B2)‘ .
; H HLI(RJr;Bp,i+ P RY)) Ll(ﬂh;Bpj+ P (RY))

2IN—2 o
< ; L H“l 9, By — BQHU, (4.20)
and by (3.18) and (4.6), it yields that
|0n(=2) 7"V .

L\R4;B,, P ®RY))

< Hat(—A)ﬂV@k (Pik(Xl,ik)B1 - Pz'k(XZik)Bé)‘

LB EY))

1 '_H% N
L'Ry;B, 1 7 (RY))

Hat(( F(X1an) — Pz‘k(XQ,ik)) Bi)‘

o (PERea (B - B2)) |, oy,
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N-2
S Z L Hﬂl — fig, By — BQHU- (4.21)
=1

The similar arguments to (4.20) and (4.21) can be applicable for estimating f3 to get
2N -2

V£ LN + ||0,(=A)"LVE N < L7 ||ty — Gy . (4.22
| 3“L1(R+;Bp,1+]g(Rf)) [0(=4) BHLI(R+;BP,1+J‘¥(M)> Z; [a1 — tolly - (4.22)

We next consider f5 given in (4.5), while the detailed proof was given in [21], we have

2N—2
f5] 1_ 1L N + [|f5 No1 S Lr“ﬂl—ﬂ2,§1—52,é1—32“ .
H ||F12,1 » (1R+;Bp,i+ P (RN=1)) H ||L1(R+;Bpf (RN=1)) TZ:; u
(4.23)
Therefore, if we choose
2N -2 1
C LF< -
> <3
k=1
then by (4.18)-(4.23), it holds that
* 1 ~ ~ o~ ~ >,
', Bl < 5 || — 2, = @2, By = Bo)| (4.24)
which shows the mapping
=:U—->1U

is contracted. By the Banach fixed point theorem, there exists a unique fixed point (u,q, B) of
the mapping = in U. This fixed point satisfies equation (1.9) with all terms on the right-hand
side expressed in terms of (u,q, B), thereby demonstrating the existence of a global solution.
The uniqueness and continuous dependence on the initial data follow naturally from this con-
struction. Thus, we have completed the proof of Theorem 1.1.

5. THE CONSTANT MAGNETIC FIELD OUTSIDE THE FLUID

For each t > 0, (v,p, H) is required to satisfy the following free boundary problem for the
incompressible viscous and resistive MHD equations

o+ (v-V)v—div(D(v) — PI) = (H - V)H, in Q(t),
OH + (v-V)H =AH + (H - V), in Q(t),
divve =0, divH =0, in Q(t),
(D(v) — PT)n; =0, on T(#), (5-1)
H=H, on I'(¢),
(Vli=0 = vo, H|,_q = Ho on Q.

Here H is the constant magnetic field outside the fluid and P is the total pressure. Set

u(t,y) = o(t,z(t,y),  at,y) = P(t,x(t,y), Blty) = H(t,(ty) - H.
Then the free boundary problem (5.1) is equivalent to the following problem for (u, ¢, B) in new
coordinates:

ou— Au+Vq=Vi(u) + Va(u,q) + V3(u,B), in Ry xRY,

OB — AB = V,(u, B), in Ry xRY,

divu = Vs(u), divB = Vs(u, B), in Ry xRY, 52)
(D(u) — gI) n = Vi (u) + Vs (u, q), on Ry x gRY, '
B =0, on Ry x ORY,

u(0,y) = uo(y), B(0,y) = Bo(y), in RY,
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where n = (0,...,0,—1) denotes the outward normal and the nonlinear terms in (5.2) are
exactly the same as those in (1.12), except for V3(u, B) and Vi(u, B), namely

Va(u, B) = (H' + B&;B + (H' + B")P!9;B,
N . - N . N . ~ . . ~ . . .
B) =" B0, (P;B) + Y Pioid;B+ > i(P/o;B) + (' + B)ow + (' + B)Poju.
k=1 j=1 i=1

Remark. In fact, equation (5.1) arises from the plasma-vacuum free-interface model, where the
plasma is confined within a vacuum containing another magnetic field H. A free interface I'(t)
moves with the plasma, separating the plasma region €(¢) from the vacuum region. H satisfies
in vacuum:
curl H =0, divH =0.
On the interface I'(t), it is required that there is no jump for the pressure or the normal
components of magnetic fields:

~ 1 1 =~
Hom=Hm, P:=p+lH?=/AP

We consider a special case where H is a constant vector. Specifically, curl H = 0 and div H = 0.
Thus, in this paper, equation (1.3) corresponds to the scenario where the vacuum magnetic field
H vanishes, and the boundary condition H = 0 is imposed, which is reasonable for resistive

MHD.

From Sections 3 and 4, we only need to estimate V3(u, B) and Vj(u, B). By (A.10), Proposi-
tion A.4 and employing the same argument as that in proving (3.1), we have

Va(u, B)|

L@y, @)

H(HZ+B )PJo; B(
N—1y .t
< <Z /ODudT

r=1 )
N—-1
< D" _n ] supH(H+B)H L
<; H HLl(R_HBijF N > < R+7 P (Rﬁ)) t> B 1+P (RN)
) R+,

+H (H + BY) 83‘

N
1+p
p,1

LY (R;B ®RY LY (R;B

T

N
P

L (Ry; B,

+1) I+ BB
L (RY) L(

! R+§Bp1 p(Rf)>

+ p,1
N-1
< D%l LN D?B / 0. Bdr
O [ e T .
N-1
< D?ul|" LN DB B B :
S (12 1) (19281t 688,
We have used the fact that
pr— 07
e ¥
where f is a constant. Thus, employing the same argument as that in proving (3.13), we obtain
IN—2
Vi(u, B ‘ < N D’B n
H i LRy B,, ”(RN) Z H LI(R B, T P (RY)) | HL( R4;B pfr (RY)t)

+ HatBHLl R —1+N <Z HDQUH _1+7 RN)) + 1)

D’B D? .
(18, ] uuLl(R% H,,(RN»)
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Consequently, the results in Theorem 1.1 remain valid when equations (1.9) are replaced by
equations (5.2).
APPENDIX A. NOTATIONS AND USEFUL RESULTS

Definition A.1. F[f] and Fe ! denote the Fourier transform and the inverse Fourier transform,
respectively, given by

. . 1 ,
— — —ix-& —1 _ iz-&

fl&) = FUN© = [ e fadn, FONo) = gy [ ot

Given a nonnegative, monotonic decreasing, smooth radial function y supported in, say, the
ball B(0,2) of RY, and with value 1 on B(0,1), we set
2(-) = x(-/2) =X()-

We thus have decomposition of unity for y € R, namely

o
suppp C {y € RY :1/2 <|y| < 2}, and Z @(2_%) =1 forall yeRY\{0}.

k=—00
Then we introduce the homogeneous Littlewood-Paley decomposition {Ak}kez over RY by
setting
Apf =3 (27"D) f = F @ () F ),
where Z stands for all integers, and @y (-) = @ (27%+).
Let us define the homogeneous Besov spaces on RY. For that, we introduce the following
homogeneous Besov semi-norms (for all s € R and p,r € [1,00] ):

1/r
.
) (zrmiag) 1< <
flg, = \ie

, (A1)
sup2*¥||Ag £l r = 00.
keZ

As ||f HB;,T(RN )= 0 does not imply that f = 0, functions contained in a homogeneous Besov

space will be assumed to have the following control on the low Fourier frequencies. Let S}, (RN )
stand for the set of tempered distributions f over RY that satisfy

lim [|0(AD) f|eomny =0, for any § € C° (]RN) .
A—00

Here, §(AD) f stands for F~'0(\-)Ff and the notation C° (RY) denotes the set of all smooth
functions with compact supports. Note that the above condition implies that any distribution
in S, (]RN ) tends weakly to O at infinity. In particular, S}, (RN ) does not contain nonzero
polynomial.

Now, we define the homogeneous Besov space B;J,(Rf ) as the set of all the restriction f of

the distribution f € B;T (]RN), ie., f= f|R$ with

1/l s vy = inf {Hf”B;’T(RN) <oo: f=) AfinSy, f= .ﬂ]Rf} :

kEZ
Proposition A.2 (cf. [1]). Let 1 < p,r < co. Then for —1+1/p < s < 1/p, we have

.5 N . N N “.”BZSLT(RN)
Bp7r(R+):{feB;,r(R ):supprR+} .

From Proposition A.2, it is not difficult to prove that if 1 < p,r < oo and —14+1/p < s < 1/p,
then the space C2°(RY) is dense in B .(RY).

We consider the restriction operator R given by

Rf(y) = f()lyery - (A-2)
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for all f € B;J, (RY) with s > 0 and it is understood in the sense of distribution for s < 0. Let

the extension operator E from { fe B;r (RN) : supp f C RY } be given by the zero-extension,
ie.,
fly), nRY,

A3
0, in RV, (4.3)

Ef(y) = {

Proposition A.3 (cf. [21]). Let 1 < p<oo,1 <r<ooand -1+ 1/p <s < 1/p, and let R
and E be operators defined in (A.2) and (A.3). It holds that

R:B;, (RY) = B (RY),

E: B (RY) = B (RY),
are linear bounded operators. Besides, it holds that

RE =1d: B, (RY) = BS (RY),

where Id denotes the identity operator. Namely, R and E are a retraction and a coretraction,
respectively.
Remark. According to Proposition A.3, for —1+1/p < s < 1/p and 1 < p < oo, we can regard
that any distribution in B;m(Rf ) under such restriction on s and p can be extended into a
distribution over the whole space R and conversely any distribution in B;r (RN ) is restricted
into a distribution over the half-space Rf .
Proposition A.4 (cf. [21]). Let 1 < p < oo and =1+ 1/p < s < N/p — 1. Then for any
f e Bs (RY), it holds

HVfHB;J(Rﬁ) = ||f||B;ﬁ1(R§), (A.4)
where ~ denotes that the norms on both sides are equivalent.

14N LN

Proposition A.5 (cf. [21]). Let 1 <p < 2N, then for all f € B,; * (RY) and g € Bp‘il(Rf),
there exists a C > 0 independent of f and g such that the following estimate holds:

S <C Y N . A5
1900y < O v I (A.5)

Definition A.6. Let X be a Banach space with norm | - ||x. Let {¢3},c; be the Littlewood-
Paley dyadic decomposition of unity for ¢ € R, namely

Af =6 (27D) f = F 7 (6 () FF).

For s € R and 1 < p < oo, we define F;f,r(R§ X) as the Bochner-Lizorkin-Triebel space with

norm ,
r\ /T
' <228rk ‘Ak(t,') X> , 1< r<oo,
3 kEZ
HfHF;m(R;X) = € . LP(R)
sup2sk ‘Ak(t, )H , r = 00.
keZ Xl e (r)

Analogously, we define the Bochner-Lizorkin-Triebel spaces F;r(((),T);X ) as the set of all
the restriction f of a distribution f € F;f,r(R§ X) ie., f= f|(07T) on X with

Hf”pps’r((o,T);X) = inf {H‘fHFEm(R;X) <oo: f= JE|(0,T)} .

For any scalar function a = a(x) and N-vector valued function b = (b1(x),...,bx(z)), we
write

Va = (0ia(x),...,0ya(x)), Vb= (Vbi(z),...,Vby(x)),
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N
divb =" 0bj(z), V?a=(did;a);;_;, D’b=(D,...,D%y).
j=1

Fory € RN, (y) = (14|y|?)/2. For any functions f = f (t,y/,yn) and g = g (£, 4/, yn) (*)g,( * )g
t t,x’
and ( * : g stand for the convolution between f and g with respect to the variable indicated under
YN
x, respectively. If both f and g are vector valued functions, f ( * g denotes the convolution in
Ly’

1y’ as well as the inner-product of f and g, i.e.,

N-1
Denote the norm of LP (RV~1) with variable v/ € RN~! by || - | L, For the norm on
F]‘f’r (I;X (]RN_l)), we use
HfHF;J(I;X) = HfHF;T(I;X(RN—I)),

unless it may cause any confusion. We denote B(a,b) as the open ball centered at a with radius
b > 0. Various constants are simply denoted by C unless otherwise stated.
We introduce the Littlewood-Paley decomposition with separation of variables.

Definition A.7. For k € Z, let

17 0 < ’yN‘ < 2k7
Xk (yn) = { smooth, 2F < |yy| < 28+,
0, 25+ <yl (A.6)
Pk (Yn) = Xi+1 (Yn) — Xk (yn) -
and set R
Dr(y) = &k (|v']) @ Xe—1 (un) + Xk (|¥']) ® @r (yn) - (A7)

Then it is obvious that

doy) =1, y= (v, yn) e RN\{0}.
kEZ
Remark (Varieties of the Littlewood-Paley dyadic decompositions). Let (7,9, yn) € Rx RN =1 x
R be Fourier’s adjoint variables corresponding to (¢,z’,1) € R x RV=1 x R,
1. {®(x)};cz : the Littlewood-Paley dyadic decomposition over z = (2/,n) € RY given by
(A.7).
2. {¢r(t)}1ez ¢ the Littlewood-Paley dyadic decompositions in ¢ € R.
3. {or (') }pez and {or(n)} ez ¢ the standard (annulus type) Littlewood-Paley dyadic decom-
positions in 2’ € RV~! and n € R, respectively.
4. {xk (2")}pez and {xx(n)} ez : the lower frequency smooth cut-off function given by (A.6),
respectively.
5. All the above-defined decompositions are even functions.

Theorem A.8. Let 1 < p < oo and =1+ 1/p < s. For all function f = f(t,y,n) €
C (R By (®Y)) n Wi (Rys By (RY)), D2/ (ty' ) € LY (Ry; B3 (RY)), the following
estimate holds:

nselgi <Hf(7 .777)HF%,II/QP(R-ﬁ-;Bz,l(RN_l)) + Hf(7 '7n)HLI(R_’_;B;"EQ_l/P(RN—I)))

(A.8)

2
SN0efllpr ey Bs @y + |D f”Ll(M;B;J(M))'
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Proof. By the definition of Bs 1(RN ), for any € > 0, there exists
fec (R+, (RN)) AW (R+, (RN)) nr! (R+,Bs+2(RN)>
such that
”f|’Lw(R+;B;’1(RN))QWIJ(]R;BE’I(RN)) < HfHLOO(RjL;B;’I(]Rf))ﬁWLl(R%BEJ(Rf)) + €,
”D2ﬂ‘L1(R+;BZ§’I(RN)) S HD2fHL1(]R+;B;71(]R$)) Te

We then extend f into t < 0 by an even extension. For simplicity, we denote f as f in the
following. It directly follows that

fer? (RBT (RY)). (A.9)
From (A.9), we see that
thin ft,y',n) =0, forae. (y,n) €RV"IxR. (A.10)
— 00

~

As E() = f(277.), we have
£i() =27 f(27).
For 1 < p < o0, it holds

UG gasaren @,y @1y

<D0 a0-1Eigst g, e f(,,n)
N—
€7 j>2i Le(®y™) Li(Ry)
222 (1— 1/2p)j2sz ¢ * SDZ * f( , ’,,7) = 1+1I. (All)
N-—-1
(€7 j<2i e, Li(Ry)

Using (A.10), we have

6,(0) 5 f () = _/R+ 9, (/Toogbj(t—r)dr) f (7o) dr
_ (/Tooqﬁj(t—r)dr) f(T,-,n)]iO+/R+ (/Tooqﬁj(t—r)dr) B, () dr
95 (

:8;1 7 t) * atf(t"an)a
)
where we set

t—1 00
Bt_ltﬁj(t —7)= ¢j(r)dr = / ¢j(t —r)dr

Here, we recall the Littlewood-Paley decomposition in Definition A.7. Since 0, 1¢j is also
a rapidly decreasing smooth function, by using the Hausdorff-Young inequality and x;(n) *

Xjfl(ﬁ) = Xjf1(77), we have

ZZQ (1-1/2p)j jgsi

8 ¢j * ©i (*) 815“( ) 777)

€L §>2i L@ Li(Ry)
S D020 30 2070 |27 (072 00) (1) = Nl % Auf(t )
L ] J () (") Le(RY -1
ic j>2i v L (Ry)
, 1 2’
Z Z Ry (20(t —7))° L Fr.1m) Lr (RN
i€Z ]22Z + ( Y ) L%(RJﬁ)
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92
(27t)?

Zq) ©i )3f(t7'=77)

. i>9; 1 N-1
1E€EL j=2i Li(Ry) meZ Lp(Ry, ) .

: (Ry)

S22 S @ ko x xiln)  xia(n) 5 Duf(t )

i€ j>2i m—i|<1 Y’ ) ") (n) (n)

l

Lr RN71
M e

SJZQSi 22 2 HX@ N o '(R)

€L j=2

g ZQSi

1€Z

(bi * 8tf(t7 777)
(v'm)

LP(R;V,*I)

Lr(Ry) Li(Ryt)

(bi * 8tf(t7 K 77)
(v'm)

LP(R+ (v’ n)) LtI(R+)

S Hatf”Ll(R%B;’l(Rf)) . (A.12)
On the other hand, by the Minkowski inequality and p > 1, we have

IJ = 222(1 1/2p]231

€7 j<2i

st 1-1/2p)j
I I AP

€7 J<2i

¢*¢j*f(77n)

LP(]RNil)
v ey

Pi * f(ta,n)
W)

Lr (RN_l )
v Li(Ry)

S Z 9si Z 2(171/2p)j

Zcb x i(n) * xi—1(n) * @i * f(t,-,n)

s e W e 2@ )
t B+

S22 PN B x () ei 5 J(tm)

e meiter ¢ " L@ s,

S

S 22(S+271/p)i”XZ'HLP,(RJFM’) 1 jk f(t77n)

py (') Lr(RY) LLRy)
< Zg(s+2)z (D2)71‘1>¢ X (DQ)’lf(t,-,n)

e ) Lr(RY) LI(Rs)
rg ZQSZ (I)Z :k sz(t’an)

ez W) L@ 11 g,
= CHD?fHLl(RJr;B;’l(Rf))- (A.13)

For 1 < p < 0o, we can apply a similar treatment for the spatial variables. Indeed, we have

||f(a *y 77)||L1(R+;B;ﬁQ*1/P(Ri\C—I))

< ZQSiQ(Q_l/p)i @i * Xi—1(n) * Z @, (v',1m) * f(t-m)
py (") () <1 (y'm) Lo (N1

v ey
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1/p
P
S 26t 27 g« xaoa(m) * xi(n) = @i (y,m) *  f(t,n
Z.GZZ (") ( )(n) ( )(n) ( )(y/m) ( ) Lp(RN-Y)
Y Li(R4)
A A p 1/p
S D20 (272t gy« @i (ym) + f(t-m)
iz W) (v'm) Lr(RY) L)
S 26t @ (' n) x fltm N-1
g ( )<y””) N B LY (R+)
5 2Si ‘bz(,) * DQf(S,-,-) N-1 +
DLy LISRIeS ]
5/ 1D f(t, )l 5 dt. (A.14)
R+ P,
Combining estimates (A.11)-(A.14), we conclude estimate (A.8). O
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