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LARGE TIME BEHAVIOR AND GLOBAL EXISTENCE
OF SOLUTION TO THE BIPOLAR DEFOCUSING
NONLINEAR SCHRODINGER-POISSON SYSTEM

By

CHENGCHUN HAO- anD LING HSIAO

Academy of Mathematics and Systems Science, CAS, Beijing, 100080, P. R. China

Abstract. In this paper, we study the large time behavior and the existence of glob-
ally defined smooth solutions to the Cauchy problem for the bipolar defocusmg nonlinear
Schrodinger-Poisson system in the space R3.

1.  Introduction. In the present paper, we study the global existence and large time
behavior for the bipolar defocusing nonlinear Schrédinger-Poisson (BDNLSP) system

. . 2 :
ey = _%A¢j +(gV + R (1), 7=1,2, (1.1)
= NAV = [yu|* — [9af?, (1.2)

with the initial data

'll)](ov ) =P, .7 — 1’2) (13)
where the wave function ¥; = ¥;(t,z) : R4 — C, j = 1,2, ¥; = 0;/dt, A is the
Laplace operator on R?, and the electrostatic potential V = V(t,z). The nonlinear
self-interacting potential h;(s) is assumed to be given by

2
(_i < Vi < a(d)a

where a(d) = 33—2 if d > 3 and a(d) = oo if d = 1,2. The charges of the particles
described by the wave functions ; are defined by g1 = 1, g2 = —1, respectively. ¢ is the
scaled Planck constant and A is the scaled Debye lpngth.

hji(s) = a?s’f, for s > 0 and some a; > 0,
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We assume that the initial value

“ ';."l

wi(z) € DRY : = {ue H'(RY): |zju e LA (RY)}, j = 1,2, (14)

with the norm

5l = sl + Nzl e

This system appears in quantum mechanics as well as semi-conductor and plasma
physics. A large amount of interesting work has been devoted to the study of the
Schrodinger-Poisson systems (see (2], [3], {4], [6], [7] and references therein). In [4],

by applying the estimates of a modulated energy functional and the Wigner measure -

method, Jiingel and Wang discussed the combined semi-classical and quasineutral limit
of the (BDNLSP) system with the initial data (1.3) in the whole space where a; = as and
41 = Y2, provided the solution of (1.1)—(1.3) exists. But they only declared the existence
and uniqueness of global small smooth solution under the assumption that the initial
data were sufficiently small in H® where s > d/2 + 2. And in [3], Castella proved the
global existence and the asymptotic behavior of solutions in the function space L? for the
mixed-state unipolar Schrodinger-Poisson systems without the defocusing nonlinearity.
- In [6], with the help of madelung transform and WKB expansion, Li and Lin discussed
the following unipolar nonlinear Schrédinger-Poisson system:

ey + S AU~ (VA 0) + () — (argw o =,
— AV® = |9f}2 - C(x), V- 0as |z — oo,
subject to the rapidly oscillating (WKB) initial condition _
¥5(2,0) = U5 = A5(a)e S, (1:5)

where f € C®(R*;R), So € H*(R?), d > 1, for s > d/2 + 2, A5 was a function,
polynomial in &, with coefficients of Sobolev regularity in z, and the function C(z) > 0
denoted the background ions. They obtained the existence of smooth solution where the
wave function was of the form ¥(x,t) = A%(z,t)e5 @) with A® and VS® bounded
in L*([0,T); H*(R?)) and the initial data being sufficiently small in H*(R%). However,
to our knowledge, there is no previous result on the global existence and the asymptotic
behavior of solutions for the (BDNLSP) system with arbitrary initial data in ©(R3). In
this paper, by using the pseudo-conformal conservation law of the (BDNLSP) system and
applying the time-space L? — L? estimate method, we shall establish the global existence
and uniqueness of the solution to the (BDNLSP) system with initial data in Z(R3). As a
byproduct, the large time behavior to the solution is also obtained. Although the above
results are established for the single bipolar defocusing nonlinear Schrédinger-Poisson
system, the results can be extended to the mixed-state bipolar defocusing nonhnear
Schrédinger-Poisson system within the same framework.

For convenience, we first introduce some notation. For any p € [2,00), we denote
Wlp_) = 5(3 — ;). S(t) denotes the unitary group generated by £iA in L2(R®). For
p € [1,00], we denote by p’ the conjugate exponent of p, defined by 1/p+ 1/p' = 1. z
denotes the conjugate of the complex number z.
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Now we state the main result of this paper.

THEOREM 1.1 (Existence and uniqueness). Let ¢; € S(R3). Assume that p € [2,6).
Then, there exists a unique solution

¥; € C(R; B(RY) N L™(R; H' (R®)) N LLY (R; Hy(R®)), forj = 1,2

loc

to the (BDNLSP) system with the initial data (1.3).
Moreover, the solution (1,2, V') satisfies the L?-norm, the energy, and the pseudo-
" conformal conservation laws (for details, one can see Proposition 2.1 in the case d = 3).

THEOREM 1.2 (Large time behavior). Let (1,2, V) and p be as in Theorem 1.1. Then,
there exist constants C' depending only on |l¢;|lz1 and ||[|z]g;]l2 such that

Iwill, CIHI™7, Vpe(2,6), Vi >1, - (1.6)
[TV, < Cl0~5), ¥pe (5,00), Vit > 1, (L7)
IV, < cm-- =3 vpe(3,0), Vi >1» (1.8)

In the next section we shall derive three conservation identities including the L2-norm,
the energy, and the pseudo-conformal conservation laws in the whole space R? for any
d € N. In Sec. 3, we will give some basic estimates used in our proofs for d = 3. Section
4 is devoted to the proof of the existence and uniqueness of the solutions for the initial
data in (R3). Finally, the large time behavior of the solution is obtained in Sec. 5.

2. Derivation of the conservation laws.

PROPOSITION 2.1. Let d € N, {¢;} be a solution of the (BDNLSP) system with the
initial value ¢;(z) € £(R%). Then, we have the following conservation laws for all t € R:

(i) L2?-norm law:

vz = llesllz forj=1,2; - (2.1)
(ii) Energy conservation law:

: |
2Z||vw, ||2+A2||vvuz+22 2 191 ||§(3¢;;_const; (2:2)
j=1

(ili) Pseudo-conformal conservation law (cf. [9]):

-

1)
Zl s + istTsl3 + AR VVE + 262 Z JED
j=
af(dv; —2 (v;+1)
+2 e /T U ]l G g 2.3
Z 2 [ (23)

2 t
=S zlgs I + (4 — d)a? [ IOV ()2 dr.
i=1 0
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Proof. Denote eq(v;) =: iey; + Q;ij = (q;V + h(J¥;1%);.
(i) It is well known that (2.1) holds for j = 1,2. We omit its proof.
(ii) We consider

R(eq(w;), ¥;) =0
where (-,-) denotes the L2-inner product. From the above, we can get
' € 1
[ GO+ SV byt P)ad P dx =0,
Hence, |

1
[, 50T + 199l + VO = [l
| ' 1 -
+ §h1(|¢1|2)3t|1111|2 + §h2(|¢2|2)3tl¢'2|2} dz = 0.
Integrating (2.4) over [0, t], we obtain the desired identity. '
(iii) Considering
R(eq(¥;)¥;) =0,

we have

2 _ )
—eQ0¥; + SRY - (VUsy) = SV = (0;V + by (52Dl 2 = 0.

Noticing
R(eq(Y;);rr) =0  with r:= |z,
_we obtain
- g2 _ - x g2
2 2
—eSQ0, ;05 + ?%V ' (V¢j¢jrr"2‘|v¢j| )+ ‘4“(d — 2)| V]
' 1
| - —5(%“/ + hi(19;1)rorlw;1* = 0.
Due to

0, (Yi;rm) + V - (z0;04%;5) = 204090 + 2RY;z - VA5 + ddyap;;,
we have, by taking the i;naginary part, that
$0, (b %jrr) + SV - (29;0,9;) = dS0y;9; + 23(0eb;Pjrr).
From (2.5) and (2.6), we have 3
eSO, (y5) ~ SV - (25,0005) — SRV - (Vi) — dlasV + by (5 P
FERY - (Ve = 1V051%) = (45 + by (5 7)rd, w2 = 0.
We also have

Oelzy; + ictVip; |2 = By (|w;m)? + 22|V |* + 2€t5¢j$ - VY;).
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Sinee

%3t"¢j7'|2 = eR(Devjiy)r? = iy’
2 )
S[=5 A5+ (g;V + hi(le ) )0

<2 w g
— —2—S‘A¢.’j'l['j7' .

SV - (Vii5r?) = SAY e — 23(VE5 - ).
we have
A|x; +ict V|2 = 262 |V, + €820 V| — €SV - (Vap;eh,72)

[ntegrating (2.7) over RY, we obtain that for j = 1.2

Oty +istVuy I = POV E -2 [ {dlaV+ il (28)
+(q;V + hj(lzpjlg))r(‘)r(ﬁrj'?} dz.
From the above, we obtain

2 . .
A‘z ) a‘ - .
_— . 12 2 @ 2 . /.2(/+1)
) ,-E=1 llzw; + iet Ve |13 + 4t 8 (FIVVI3 + J; 2, ) Willar )

2 .
+2t [ {dV(=NAV) + VO(-NAV)r+d Y a2+
R4 .

Jj=1
2
j=1
Noticing that
hj(s)rdrs = a2sVrdps = — D[V - (xs1F1) = ds™H]] (2.10)
i+ 1

and
/ Vro.(-AV)dr = / VV, -V(Vr)dr = / (VV,.-VV)r +(VV,. - Vr)Vdr
Jod JRrd Rd
_ / Lo vVda +/ VAV do (2.11)
R 2 Rd

1
=/ —[v-(;L-lvvl?)—dgvvl?]dx—/ VV.-VVdz
o ‘Rll 2 Rd

e
= -G+ DIV
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we can obtain, in view of (2.4) and (2.8)—(2.11), that

2 :
; 2a 2y +1
O [ Y llaw; +istVu; |3 + NPIVVI + Z —4 lf 3llaein)]
=1
2 2 »
aj(dv; ) 2(y;+1)
+23 Lot 50 ) ~ 4= NIV )3 =0,
, =1 "
which yields the pseudo-conformal conservation law. . O

3. Basic estimates.
LemMA 3.1 (Estimate I). Let ;1,- =24 % +3 -1 uv e L7I0,T; H!) and w €
L¥)(0,T; H}). Then we have the estimate

1 12 ’
”(; * uV)W| Lo) (0.1 HY) S CT |lult L~ 0,1 H1) . (3.1)
vl L@ (0.T; H}) llwll Lo (0.T:H})"
Proof. By the known estimate as in [8], we have the folloWing:
1 1 1
I * wolwllay, < Cli-*wellzelwlmy + Cll- * wellmg llwl s
<

C””HH},"“'U”HI lwll ey

. 1,1 1 _ 1,1 _ —
whe1e;;=5+5,5—-;n-+§—1. Let 2m =a, ¢ = p, i.e i:%—t—

7 ~+ % —'1 By the
Sobolev embedding theorem (cf. [1}), we obtain

1
P

1
I *wwllay, < Cllullagllollag llwllsg.-

Since
1 3,1 i 1 2 1
——=1-(= - 5) =5+ o+,
Ty TP T s T
we have the desired result. : 0O
LEMMA 3.2 (Estimate II). Let p € [2,6); we have
12 )
llulPull Loy (0.7 HY,) <CT' ™7 ”u”ix(O.T;Hl)“.u“L"(")(O,T: HY): (32)

Proof. From the identity
V(|ulPu) = V(JulP)u + |ulPVu = B|u|”"2(Vuﬂ + uVa)u + [u|PVu
(2 + D|u|PVu + —|u]p u?Vi, '
we have, in view of 4 o= E + —, that

IV (JulPwllL < ClllulPVull o + ClllulP~2u? Vil .
< ClluliZa IVl Lo

By the Sobolev embedding theorew, it yields

MulPull g, < Cllullp il ay,
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which implies the desired result in view of the Holder inequality with respect to the time

varia.ble. . |
Now we introduce the Galilei-type operator ‘
J(t) =z +ictV. (3.3)
Let M(t) = e2er and w; = M(—t)¥y;; we easily see that
J(t) = S(t)xS(=t) = M(t)(ictVI)M(-t). (3.4)
lw; (@) = 1; (], 1T ();(t)] = elt]|V;(2)]. (3-5)
LEMMA 3.3 (Estimate III). It holds '
B
T (15 PY) vy 0.1 Loty S cT' W”'wjnz[’,oo(o,'r;Hl)“ij”L*I(P)(O.T;LP)- (3.6)
Proof. We have, in view of (3.5), that
T (15 [Pi)ll e = eltlllV (Jws [Pl o - (3.7)

Since
V(lw;[Pw;) = V(lw;[P)w; + |w;[PVw,,
we obtain from Holder’s inequality
IV (s Pws)llLer < Cllw; I IVews |l ze- (3.8)
- Then, by (3.5), (3.7), and (3.8), we see that
- (15 P e < Cllbi Il 195 e,

which implies the desired result (3.6) in view of the Holder inequality with respect to the
time variable t. 0

LEMMA 3.4 (Estimate IV). We have the estimate
N TV Loy 0,7 Loty S CT1/2”(¢1,1/12)||Lv<a>(0,:r; Le) (3.9)
”(le7 J"I’Z)”L“f(p) (0.T; L*)
where [|(u, v)||x = llullx + [lv[x-
Proof.l Noticing that
V(Vw;) = VVw; + VVuw;,
1 C .
vV = CV(; * (lw1]? — fwp?)) = pal V(|wif? - fuwal?)
= 7 * (’wlvu_)1 + Vww; — we Vg — Vwaws),”
wehavefor§=%+%+%—l
IV(Vwjllr < C(IIW1I|%a + wallze)(IVwill o + [[Vwzl o).
Thus, we can get
IT(VY)lliLe = eltllV(Vw)li e < Celti(JwrliZa + llwellza) (Ve llLe + [Vl ze)
< C(lllZe + w2l 7a) N T¥ e + | T82] o),



ToR

which implies the desired result.

LeaniA 3.5 (Estimate V). We have the following estimate

[(Viik = Vit Vivar = Vida)ll o o 7 H;,j
< CTY2|| (Vg ¥or w20 3 o 0.1 ha - (3.10)
Nk = Vo = Vo)l L o.1: a1y '

Proof. Since

C(V(vik var)Uje — V(Uu- wa)tr)

= (Jed? = o) = = (el = o)
=( ,l  (0nel® = a2 (e — ) +'l.f"jl[_,—, * ((Jewl* = l¢’11|2) = (lax* = [rl*))]
= (5 » (el = 1ok (W= ) + [ w (k= Fa)nid) + - » ((wne = )
+ % * ((Vok — Yot )¥oar) + % * ((Can — P2r) ) ¥j1.
we have the desired result by the Holder inequality-. . O

4. The proof of the existence. In this section. we will prove the local existence of
the Cauchy problem (BDNLSP) with the initial data (1.3) first. Let S(t) := e2iBt and
" cousider the integral equation

_ 1. [t
w(0 = SOp; - i [ St=n@V)+ bGP @)
Define the workspace (D,d) as
D :={(¥;)j=12: ¥ < 0.1 HU)NL> W (0.T: HY) S < A, for any a L € (2,6)}, (4.2)

with the distance

A((frue-var)- (W b)) = [(¥ax = Y1 Yar = ¥20)ll o 0.1 1) (4.3)

where A > 2 max ljller and p € [2,6). It is clear that (D,d) is a Banach'space. Let
71=1.2 .
us consider the mapping 7 =7, ® 7, : (D, d) — (D, d) defined by

T; - i(t) — S(t)p; — 'i‘l /0 S(t = 7)(q;V(7) +;lj(|‘/fj(7)|2))¢j(7)d77 i=12(44)
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By Lemmas 3.1-3.5 and the Strichartz estimates (cf. [5]), we have
175wl 0. my) < Mesllas V5l o oz ) + A5 (15125l Lo 0.1 HY,)

““f*J”Hl + CT1/2 Z ”L"J”Lw(a) 0.T; Hl))”d!j”L‘Y(P)(O.T: H})

j=1
24 . =
+ CT =210y |7 .1 mnll¥ill oo my) (4.5)
< M/2+ (CTY2M% 4 CT "2/ O A[25 )M
< M. '

where we have taken T so small that CTY/2A[2 + CTI=2/ A2 < % Similar to the
above, a straightforward computation shows that it holds

T (Y1x: 2n) = T (@u, Y2)ll Lo 0.1 1) -

1 ' .

<§H('¢‘1k = Y1, Y2k — Y2)ll Lo 0.1 B2 (4.6)

Hence. 7 is a contracted mapping from the Banach space (D, d) to itself. By the Banach
contraction mapping principle, we know that there exists a unique solution (¥¢.v%) €
L3 (0, T; H}) x L) (0. T; H;) to the. (BDNLSP) system with the initial data (1.3).
From (4.1), (3.4) and (3.5), we may easily obtain Jy,Jy, € LY, T; LP) with the

help of Lemmas 3.3-3.4. Thus, we can use the standard argument (cf. [3]) to extend it
to a global one satisfying for any 7" > 0 - i
U1(t,z), ¥o(t.z) € C(R; B(R?)) N L=(R; HY(R®)) N L) (-T, T; HA(R?)),

and prove the uniqueness of the global solution. We omit the details.

5. Large time behavior of the solution. By the pseudo-conformal conservation
law, we get for d = 3

t
N2 UVIE ST+ Xl/ vV ()2 dr. (5.1)
1 ’

where [ := ZJ Lzl l13 + A2 fo r|VV(r 7)|3 dr.
Fromn the Gronwall inequality, we have

11/2 ) ’ : :
I9Vll2 < 11142 , (5.2)
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By the energy conservation law and the Sobolev embedding theorem, we obtain

M|V < 2va%ug+nvw ”,,+Z uwn;;?,;:i;
ji=1
< Clevs-lwsllan) + VY )112. - (5.3)

HV‘ (O)Hz)—C'HV(l I*(I‘PIIZ lie2f? ))Hz\Cll‘ 7 * (lo1l? = lo2l®)ll2

2 : 2
<CY Moildias €Y lIwillhn (5.4)
j=1 j=1

< Cle.vs lejllan)-
Therefore, we have the estimate
IVVi2 < —lfl" (5.5)

By the Sobolev embeddmo theorem and the pseudo—conformal conservation law. we
have

il = IM(=t)¢5l, < CHOM(=t)e;13 " IIM(Eye; 07
< CIM0CEY + VoI Pl (5.6
< Clt|~V e,

From the above and the Hardy-Littlewood-Sobolev inequality, we obtain

; 3
IVV@lle < Cl™07%), ¥ € (5.00), Vit > 1, (5.7)
IV©l, < Clt=279). vp e (3,00), Yt > 1. | (5.8)
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