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BY 
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Abstract. In this paper, we study the large time behavior and the existence of glob­
ally defined smooth solutions to the Cauchy problem for the bipol'a.r defocusing nonlinear 
Schrodinger-Poisson system in the space JR3: 

1. Introduction. In the present paper, we study the global existence and large time 
behavior for the bipolar defocusing nonlinear Schrodinger-Poisson (BDNLSP) system 

2 . . c 2 
tc'I/Ji = -2fl.'l/Ji + (qiV +hi(l'l/Jil ))1/Ji, j = 1,2, (1.1) 

- -\2fl.V = l1/11l2 -l'l/J212, (1.2) 

with the initial data 

1/Ji(O,·) ='Pi, j = 1,2, (1.3) 

where the wave function 1/Ji = 1/Ji(t, x) : JRl+d ---t C, j = 1, 2, ~i = 81/Ji/8t, fl. is the 
Laplace operator on JRd, and the electrostatic potential V = V(t,x). The nonlinear 
self-interacting potential hj(s) is assumed to be given by 

2 
for s ~ 0 and some ai > 0, d < /i < o:(d), 

where o:(d) = d:_2 if d ~ 3 and o:(d) = oo if d = 1, 2. The charges of the particles 
described by the wave functions 1/Ji are defined by q1 = 1, q2 = -1, respectively. c is the 
scaled Planck constant and ,\ is the scaled Debye length. , , 
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\Ve as.sume that the initial value 

(1.4) 

with the norm 

This system appears in quantum mechanics as well as semi-conductor and plasma 
physics. A large amount of interesting work has been devoted to the study of the 
Schrodinger-Poisson systems (see (2], (3], (4], [6], (7] and references therein). In (4], 
by applying the estimates of a modulated energy functional and the Wigner measure · 
method, Jiingel and Wang discussed the combined semi-classical and quasineutrallimit 
of the (BDNLSP) system with the initial data (1.3) in the 'whole space where a 1 = a2 and 
11 = , 2 , provided the solution of (1.1)-(1.3) exists. But they only declared the existence 
and uniqueness of global small smooth solution under the. assumption that the initial 
data were sufficiently small in H 8 where s > d/2 + 2. And in (3], Castella proved the 
global existence and the asymptotic behavior of solutions in the function space L2 for the 
mixed-state unipolar Schrodinger-Poisson systems without the defocusing ~onlinearity. 
In [6], with the help of madelung transform and WKB expa~ion, Li and Lin discussed 
the following unipolar nonlinear Schrodinger-Poisson system: 

2 

ic:'I/Ji + c2 D.'lj;c:- (Vc:(x, t) + f'(l'l/lc:l2))'1j;c:- (arg'lj;i)'lj;c: = 0, 

-D. vc: = I'I/Jt:l 2
- C(x), V ~ 0 as lxl ~ oo, 

subject to the rapidly oscillating (WKB) initial condition 

'1/lc:(x,O) = '1/Jo = A6(x)e~So(x), (1.5), 

where f E C00 (IR+;JR), So E H 8 (1Rd), .d ~ 1, for s ~ d/2+2, Ao was a function, 
polynomial inc:, with coefficients of Sobolev regularity in x, and the function C(x) > 0 
denoted the background ions. They obtained the existence of smooth solution where the 
wave function was of the form '1/lc:(x,t) = Ac:(x,t)etS~(x,t), with Ac: and '\lSc: bounded 
in L00 ([0, T]; H 8 (1Rd)) and the initial data being sufficiently small in H 8 (JRd). However, 
to our knowledge, there is no previous result on the global existence and the asymptotic 
behavior of solutions for the (BDNLSP) system with arbitrary initial data in 'E(JR3 ) . In 
this paper, by using the pseudo-conformal conservation law of the (BDNLSP) system and 

I 

applying the time-space LP- LP estimate method, we shall establish the global existence 
and uniqueness of the solution to the (BDNLSP) system with initial data in 'E(~3 ). As a 
byproduct, the large time behavior to the solution is also obtained. Although the above 
results are established for the single bipolar defocusing nonlinear Schrodinger-Poisson 
system, the results can be extended to the mixed-state bipolar defocusing honlinear 
Schrodinger-Poisson system within the same framework. 

For convenience, we first introduce some notation. For any p E (2, oo), we denote 
.. JP) = ~(~ - ~). S(t) denotes the unitary group generated by ~iD. in L2 (JR3 ). For 
p E [1, oo], we denote by p' the conjugate exponent of p, defined by 1/p + 1/p' = 1. z 
denotes the conjugate of the complex number z. 
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Now we state the main result of this paper. 

THEOREM 1.1 (Existence and uniqueness) . . Let 'Pj E ~(IR3 ). Assume that p E [2, 6). 
Then, there ~xists a unique solution 

'1/Jj E C(IR; ~(IR3 )) nL00 (1R; H1(1R3
)) nLJo~)(IR; H~(IR3 )), forj = 1,2 

to the (BDNLSP) system with the initial data (1.3). 
Moreover, the solution ('l/J1,'!j;2, V) satisfies the L2-norm, the energy, and the pseudo­

conformal conservation laws (for details, one can see Proposition 2.1 in the cased= 3). 

THEOREM 1.2 (Large time behavior). Let ('!j;1,'1/J2, V) and p be as in Theorem 1.1. Then, 

there exist constants C depending only· o_n II'Pj IIHl and ll\x\r.pJII2 such that 
. 1 

jj'l/Jj \\p ~ Gltl-:yrpJ, Vp E [2, 6), V JtJ ~ 1, (1.6) 

!lvrV(t)\\p ~ C\t1-(1- 23
P), Vp E (~,00), VJtl ~ 1, (1.7) 

\IV(t)\\P ~ C\tl-!(1-~), Vp E (3, oo), V\tl ~ h (1.8) 

In the next section we shall derive three conservation identities including the L 2-norm, 
the energy, and the pseudo-conformal · conservation laws in the whole space JRd for any 
dE N. In Sec. 3, we will give some basic estimates used in our proofs ford== 3. Section 
4 is devoted to the proof of the existence and uniqueness. of the solutions for the initial 
data in ~(IR3 ). Finally, the large time behavior of the solution is. obtained in Sec. 5. 

2. Derivation of the conservation laws. 

PROPOSITION 2.1. Let d E N, { '1/Jj} be a solution of the (BDNLSP) system with the 
initial value <pj(x) E ~(JRd). Then, we have the following ·conservation laws for all t E JR: 

(i) L 2-norm law: 

(2.1) 

(ii) Energy conservation law: 

2 2 a~ · 

c2 L 1\vr'l/Jj(t)l\~ + -\2 llvrVII~ + 2L ~11'1/Jj(t)\1~~~~!!~ = const; (2.2) 
. j=l . j=l f) + 

(iii) Pseudo-conformal conservation law (cf. (9]): 
, 

2 . 2 a~ 
"llx"''· + ictvr'l/J·II2 + -\2t211vrVJI2 + 2t2 " - 1-\l"''·112

hi+I) L '~-'J J 2 2 · L 
1 

+ 1 '~-'J 2(1'1+1) 
j=l j=l J 

2 a2(d - 2) 1t . + 2" j fJ rJJ'l/J·(r)\\2(-yJ+l) dr 
L I+ 1 o J 2(1'j+l) 
]=l J 

(2.3) 

2 t 

= {; 1\lx\r.pill~ + (4- d)-\2h rl!vrV(r)ll~ dr. 



704 C . C. HAO AND L. HSIAO 

Proof. Denote eq('I/Jj) =: ic·0j + e; i).'!j;j- (qjV + hj(I'I/Jii2))'1/Jj-
(i) It is well known that (2.1) holds for j = 1, 2. \Ve omit its proof. 
( ii) \Ve consider 

SR(eq('I/Jj),~j) = 0 

\vhere (·,·)denotes the L2-inner product. From the above, we can get 

Hence, 

f {c 2 I 2 1 2 2 J'B.d 48t(IV'I/J1I + V'I/J2I) + 2V8t(I'I/J1I -I'I/J2I) . 

1 I 2 2 1 2 · . 2} + 2h1( 'I/J1I )8ti'I/J1I + 2h2(I'I/J2I )8t!V,·2I dx = 0. 

Integrating (2.4) over [0, t], we obtain the desired identity. 
(iii) Considering 

we have 

Noticing . 

. we obtain 

Due to 

we have, by taking the imaginary part, that 

r:sat('I/Jj;j;jrr) + ~V · (x"f;j8t'I/Jj) = dr:s8t'I/Ji;j;i + 2r:s(8t'I/Jj;j;jrr). 

From (2.5) and (2.6), we have 

2 
- - E - 2 2 

-Er:s8t('I/Ji'I/Jirr)- ~V · (x~i8t'I/Ji) - 2dSRV · (V'I/Ji'I/Ji)- d(qiV + hi(I'I/Jil ))1'1/Jil 

+ c2SRV · (V'I/Ji;j;jrr- ~IV'I/Jil2)- (qiV + hi(I'I/Jil2))r8ri'I/Jil2 = 0. 

vVe also have 
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Since 

~Dt/ ·lf)Jr/ 2 = .:~(Ot'1/.'jlf;j)r2 = <;Si:::otl/Jj'0jr2 

•) 
c-

= <;S[- ~2 b..~·J + (qJ~r + hj(/li'J/2))l'J]JJr2 

Ot/Xl/Jj + i.:t\77/•j/ 2 = 2.:2 t/'Vi/•j/ 2 + c2eot/'V'l/Jj/ 2
- c<;S\7. (\7't/ylf;jr2

) 

+ 2.:tSSDt('l/.:Jx · 'Vi[J)· 

Integrating (2. 7) over JRd , we obtain that for j = L 2 

(2.7) 

Dt //.r'l/.Jj + i.:t\71/.!j II~ = .:
2 t 2ot II \7 t;Jj II~ - 2t ld { d( qj v + hJ (I ~'J 12 )) 1'1/.,j /2 (2.8) 

+ (qJ V + hJ (/IPJ /2 ) )ro,./i>j 1

2
} dx. 

From the above, \Ve obtain 

2 

+ L hj(l'l/JJ/ 2 )ro,.j'l/Jjl 2
} dx = 0. (2.9) 

j=l 

Noticing that 

(2.10) 

and 
, 

f V rB,. (-b. V) d.r = f \7 \/,. · \7 ( V r) d.1: = 1· ( \7 V,. · \7 V) r + ( \7 V,. · \7 r) V d.r 
}~ }~ ~ 

= -ro,.j\7Vj 2 d.T+ _Vb..Vd:r 1. 1 i' 
JRd 2 ~d 

(2.11) 

= f ~ [\7. (xj\7Vj2
) - d/'VV/2

] dx- f 'VV. 'VV dx 
.J~d 2 .J'B_d 

. d 
= -( 2 + 1)//'VVII~, 
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we can obtain, in view of (2.4) and (2.8)-(2.11), that 

2 2 2 2 

Ot [ L llx~Pj + iEt\71/Jjll~ + .A2t2!1VVII~ + L ~t2 114'jii~~~~!~D 
j=l j=l )J + 

+ 2 ~ a](d"'!j -
2
) t/11/J ·(t)11 2

hi+l) - (4- d).A2ti1VV(t) 11 2 = 0 
L..,; ,. + 1 J 2("u+l) 2 , 
j=l J 

which yields the pseudo-conformal conservation la\v. 0 

3. Basic estimates. 

LEMMA 3.1 (Estimate I). Let -? == ~ + i + ~ - 1, u, v E £r(a)(O, T; H~) and w E 

£r(Pl(O, T; H~). Then we have the estimate 

II(~* uv)wiiL•<Pl'(O,T;H~,) ( CT112 IIuiiL"<a>(o,T;H~) (3.1) 

·II vii L ;(al(O,T; H~) II wilL -y(p) (O,T: H~) · 

Proof. By the known estimate as in [8], we have the following: 

1 1 1 
II(-* uv)wiiH 1 ( Cll- * 11VIILPIIwiiHl + Cll- * ·uviiHtllwiiLP r p' r q r q 

( ClluiiHl llvllw llwiiHl 2rn 2m q 

where -? = ~ + ~, ~ = ~ + ~ - 1. Let 2m = a, q = p, i.e., -? = ~ + i + ~ - 1. By the 
Sobolev embedding theorem (cf. [1]), we obtain 

1 
II(-* uv)wiiH 1 ( ClluiiH 1 IIviiH 1 IIu·IIHl. r P' a a p 

Since 
1 311 1 2 1 

~;(p)' = 1 ~ 2(p'- 2) = 2 + 1(a) + "f(p)' 

we have the desired result. 0 

LEMMA 3.2 (Estimate II). Let p E [2 , 6); we have 

llluiPullcdPl'(O,T;H~,) ( CTl-.JP> lluii~""(O ,T;Hl)II~IIL •<Pl(O,T;H~)· (3.2) 

Proof. From t~ identity 

\l(luiPu) = V(luiP)1L + l·uiP\Ju = E luiP- 2 (\luii. + u\lu)u + iuiP\Ju 
2 ' 

P I P ? 2 = ~ 2 + 1) 11.jP\lu + 21u!P--u \lfi., 

we have in view of .l. = E + l that , p' q p' 

IIV(IuiPu)llv•' ( CllluiP\J·uiiLP' + Clllulp- 2·u2 \JLLIILP' 

( Cll ·u.ll~qll\l·ullu-

Dy the Sobolcv embedding theorem, it yields 

llluiPuiiH~, ( Cllull~~lluiiH~, 
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which implies the desired result in view of the Holder inequality with respect to the time 
nuiable. 0 

Now we introduce the Galilei-type operator 

J(t) = x + ict'V. (3.3) 
i!x! 2 

Let M(t) = e 2~t and w1 = M( -t)'¢1; we easily see that 

J(t) = S(t)xS( -t) = M(t)(ict'V)M( -t), (3.4) 

lwj(t)l = 1'1/Jj(t)l, · IJ(t)'¢j(t)1 = c-ltii'Vwj(t)l. (3.5) 

LEi\IrviA 3.3 (Estimate III). It holds 

II J( 1'1/Jj IP'¢j) II L -y (p)' (O,T; LP') ~ CTl-~ 11 ·1/Jj ll~oo(o ,T ; Hl) II J'¢j II L -y(p) (O.T ; LP). (3.6) 

Proof. We have, in view of (3.5), that 

Since 

V'(lw11Pwj) = V'(lw11P)wj + lu:1IPV'wj, 

we obtain from Holder's inequality 

li'V(IwjiPwj)liu' ~ Cllw111~~ ii'VwjiiLP· 

. Then, by (3.5), (3.7) , and (3.8), we see that 

IIJ(I'¢jlp'¢j)IILP1 · ~ CII'I/Jjllj[l IIJl/ijiiLP , 

(3.7) 

(3.8) 

' 
which implies the desired result (3.6) in view of the Holder inequality with respect to the 
time variable t. 0 

LEMMA 3.4 (Estimate IV). We have the estimate 

IIJ(V'¢j)IIL"Y(P)1 (0,T;LP') ~ CT112 11('¢1,'¢2)11L..,(a)(O,T;La) (3.9) 

·li(J'¢1, J'¢2)ii£-,(Pl(O,.T; LP) 

where ii(u,v)llx := iiuiix + llvllx· 

Proof. Noticing that 

V'(Vwj) = V'Vw1 + VV'w1, 

V'V = CV'( ~ * (lw1l2 - lw212)) = C * V'(lw1l2 - l·w2l 2
) 

r . , r 
c 

= - * (w1 V'w1 + V'w1 w1 - w2 V'w2 - 'Vw2·w2), · 
r 

we have for l.. = 1 + l + 1 - 1 
p' p a 3 

Thus, we can get 

IIJ(V'I/;j)IILP' = cltlii'V(Vwj)IILP' ~ Cc-ltl(llwiiila + llw2illa)(IIV'wlllu + ii'V·w2IILP) 

~ C(li'¢IIIia + ll'¢2llia)(IIJ'¢lllu + IIJ'¢2ilu), 



which implies the d~sired result. 

LEl\E\1.-\ 3.5 (Estimate V). \Ve have the follo\ving estimate 

:::;; CT112 II ( L'l k. li'2J.: .'li·u. 'l;''2t) IIi-, (") (0 . T: H,~) (3 .10) 

· i!(L'111.:- ·1!·11. ~'2k- '!,''2t)liL -· '">(o,T:H~)· 

Proof. Since 

C(l"(t'H·· L'2k)L1JJ.: -l'" (~' l[.L'2t)t·j1) 

1 . ') ' ·) . 1 2 •) , 
=(- * (ll'H·I- -IV2kl-))t1'JJ.:- (- * (141'111 -1~:2tj-))G'Jt ,. r 

=( ~ * (lli·'H·I2 -1 ~'2ki 2 ))(~'Jk- Wjt) + 'l/'Jt[~ * ((l t': ll.:l2 -l'l/·111 2
)- (14'zkl 2 -1·~'2tl 2 ))] ,. .,. 

1 •) 2 1 - - 1 . -
=(- * (l·l/·11,1- -l ¢2kl ))(1/.'jJ.:- ·1/Jj!) + [- * (( ~1 lk· -'lj'lt) I/Jlk) +- * ((~·u- -'1/Ju)Wll) 

r r r· 
1 - - 1 -

+ - * ( ('ll·2k - ·lh t) lhk) + - * ( ( ll•2k - W2/) l/J2t) ]1/JJ·I· r · r 

we have the desired result by the Holder inequality. 0 

4. The proof of the existence. In this section. we will prove the local existence of 
the Cauchy problem (BDNLSP) with the initial data (1.3) first. Let S(t) := e~ie~t and 
consider the integral equation 

( 4.1) 

Define the workspace (V, d) as 

,,·ith the distance 

(4.3) 

where !II;;?: 2ma~li'PJIIH1 and p E [2,6). It is clear that (V,d) is a Banach'space. Let 
j=l.-

us consider the mapping T = ~ ® 72 : (V, d) -+ (V, d) defined by 

(4.4) 



£3.'· Lemmas 3.1-3.5 and the Strichartz estimates (cf. [5]), we have 

2 

~ II'PJ IIH 1 + CT
112 (I: II ~'J IIi ''"l(O.T; H~ )) II ~~j II ["l( Pl(O.T: H~) 

j=l . 

+ crl-2 j -.(p)ll , 11 211 II ' II . , l!' j L""'(O.T:H1) '!pj L •(Pl(O.T:H~) . (4 .. 5) 

~ .M/2 + (CT1/21\I2 + CTl-2h(PlJ\I2'~j)l\I 
~ JU. 

where \\'€ have taken T so small that CT 1I 21H 2 +CT1- 2h(P)JU2rJ <~·Similar to the 
aboYe, a straightforward computation shows that it holds 

liT( 'if' lk · 'lhk) - T( ~'ll' ·~121) II L '\(P) (O .T ; HJ) 
1 . 

~211(4'11.:- ·l/•ll,'l/.12k- ·~'2t)IIL 't P > (o .T : H~) · (.:1.6) 

Hence, Tis a contracted mapping from the Banach space (V, d) to itself. By the Banach 
contraction mapping principle, we know that there exists a unique solution (~' I , 1h) E 
L: (Pl(O,T; H~) x £1(P)(O,T; H~) to the .(BDNLSP) system with the initial data (1.3). 

From (4.1) , (3.4) and (3.5), we may easily obtain ]'ljJ 1 ,J~~2 E £l(Pl(O,T; LP) with the 
help of Lemmas 3.3- 3.4. Thus, we can use the standard argument (cf. [3]) to extend it 
to a global one satisfying for any T > 0 

J 

and pro,·e the uniqueness of the global solution. vVe omit the details. 

5. Large time behavior of the solution. By the pseudo-conformal conservation 
law, we get ford= 3 

• ..Xh2 IIVVII~ ~I+ ,\2 t rJIVV(r)ll~ dr. 
Jl ' 

(5.1) 

where I:= L~= 1 l l l.ri4'JII§ + A2 f0
1 riiVV(r)ll~ dr. 

From the Gronwall inequality, we have 

(5.2) 
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By the energy conservation law and the Sobolev embedding theorem, we obtain 

2 2 ? 2 

A2 jjV7FII~ ~ E2 L IIY19Jii~ + IIY1V(O)II~ + L ~~: 11i~PJII~i~~:~; 
j=l j=l ) 

~ C(E./J·ii-PJIIH 1 ) + I!YV(O)II~- (·5.3) 

. 1 2 ? . 1 2 2 
IIY1\ (0)112 = CIIY1(~ * (i'Pll -ly2j-))il2 ~ c"w * (i'Pll -1<p21 )lh 

2 2 

~ c L ii'PJ 11Il2;' .} ~ c L 11-;JII~l (5.-t) 
j=l j=l 

~ C(E./J·Ii'PJiiHl ). 

Therefore, we have the estimate 

(5.5) 

By the Sobolev embedding theorem and the pseudo-conformal conservation law. we 
have 

111/JJ liP = liM( -t)'l/1j lip ~ CIIV7 M( -t)·~'j ll~h(p) IIM(t)'l/'jlg-)'(p) 

~ CI!M(-t)( .:r·tl/Ji + V7l/;J)il;h<Plii'I/1Jii~--;(p) (5.6) 
'lE 

~ Cltl-lh(Pl. 

From the above and the Hardy-Littlev.rood-Sobolev inequality, we obtain 

IIY1V(t)IIP ~ Cltl-(l-i;l, Vp E (~,oo), Vjtj ~ 1, (5.7) 

(5.8) 
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