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ABSTRACT

We prove a continuation criterion for the free boundary problem of three-dimensional incompressible ideal magnetohydrodynamic (MHD)
equations in a bounded domain, which is analogous to the theorem given in Beale, Kato, and Majda [Commun. Math. Phys. 94, 61-66
(1984)]. We combine the energy estimates of our previous works [C. Hao and T. Luo, Arch. Ration. Mech. Anal. 212(3), 805-847 (2014)]
on incompressible ideal MHD and some analogous estimates in Ginsberg [SIAM J. Math. Anal. 53, 3366-3384 (2021); arXiv:1811.06154] to
show that the solution can be continued as long as the curls of the magnetic field and velocity, the second fundamental form and injectivity
radius of the free boundary and some norms of the pressure remain bounded, provided that the Taylor-type sign condition holds.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0167954

I. INTRODUCTION
We consider the following three-dimensional incompressible ideal magnetohydrodynamics (MHD) equations:
ur+u-Vu+Vp=B-VB, in 9,
Bi+u-VB=B-Vu, in 9, (1.1)
divu=0, divB=0, in 9,

with boundary conditions
O + u" O is tangent to 0%,  on 0D,

p=0, on 09, (1.2)
|Bl=x, B-n=0, on 09,
and initial conditions
{x:(0,x) e D}=Do, (u,B)l,_, = (uo(x),Bo(x)) for x € Do, (1.3)

where u = (u1, 42, u3) denotes the velocity, B = (By, B,, Bs) denotes the magnetic field, p denotes the total pressure, & := Use[0,1] ({t} x D)

with a bounded domain P c R? occupied by the conducting fluid whose boundary 8%, moves with the velocity of the fluid, # is the outward
unit normal to 09, k is a non-negative constant and 9 is diffeomorphic to the unit ball. In Ref. 1, Hao and Luo have given the a priori
bounds for (1.1)-(1.3) in some Sobolev spaces with H* initial data under the raised Taylor-type sign condition on the total pressure

Onp<—e<0 ondIy, (1.4)
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with a constant € > 0, which will hold within a period if it holds initially. They also showed in Ref. 2 that the above free boundary problem
(1.1)=(1.3) under consideration would be ill-posed at least for the two-dimensional case if condition (1.4) was violated. Thus, it will be
much reasonable and necessary to require condition (1.4) in the studies of well-posedness of the considering free boundary problem of
incompressible ideal MHD equations.

In the absence of the magnetic field, the problem reduces to the free-boundary incompressible Euler equations. For the irrotational
case without surface tension, Wu™" obtained the well-posedness in Sobolev spaces under the Taylor sign condition. The ill-posedness of
incompressible Euler equations without the Taylor sign condition was proved by Ebin in Ref. 5. One can refer to Refs. 6-9 for more results of
the case without the irrotationality assumption. In the presence of surface tension, the Taylor sign condition is no longer required to establish
the local well-posedness or a priori estimates, such as Refs. 10 and 11 and so on.

If the magnetic field exists, the problem becomes the incompressible free-boundary MHD equations. With the motivation of contributing
to the study of the ideal MHD free surface problem with free closed curved surface with large curvature, the well-posedness of a linearized
problem was proved by Hao and Luo in Ref. 12, via geometric approaches motivated by Refs. 6, 8, and 13 for the Euler equations of fluids, and
developed in Ref. 1 for MHD equations. The a priori estimate for solutions in a bounded domain with small volume with minimal regularity
assumptions on the initial data was established by Luo and Zhang in Ref. 14. One can refer to Refs. 15-17 for some results in other domains.

There are many studies on the breakdown or blow-up criterion for free or fixed boundary problems and Cauchy problems. Ginsberg'®
proved an alternative breakdown criterion for the incompressible Euler equations assuming that the Taylor sign condition holds. One can
refer to Refs. 19-21 for other results about the breakdown criterion for Euler equations. The blow-up criterion for the Cauchy problem
of 3D incompressible ideal MHD was considered by Zhang and Liu.”> Through the Fourier frequency localization and Bony paraproduct
decomposition, Cannone et al. established a blow-up criterion of smooth solutions to the ideal MHD equations in Ref. 23. For compressible
MHD equations, Xu and Zhang proved a blow-up criterion of strong solutions in Refs. 24 and 25. In Ref. 26, Kim gave a blow-up criterion for
the ideal MHD equations with respect to vorticities in three dimensions.

We now describe the energy estimates developed by Hao and Luo in Ref. 1. To define higher order energies, we introduce the second
fundamental form of the free surface and tensor products given in Ref. 6. We want to project the system to the tangent space of the boundary.
Let a is (1, s) tensor, the orthogonal projection IT to the tangent space of the boundary of « is defined to be the projection of each component
along the normal:

Jiejr _ yrh ki Jr Jueecl J_ si )
(H“)il---rg =I0 - TTG T e s where II) = &/ — nind.

Let 9; = Hij 0j be the tangential derivative. If p = 0 on 09, it follows that éip =0and
(110°p),, = 050up, (1.5)

where 0;; = din j is the second fundamental form of 0Z;.
Then we define the quadratic form Q of the form:

Q(aB) = (e, TIR) = ™'+ f" i By
where
fI=8" - (d)n'nd, d(x)=dist(x,02;), n'=-8"8d.

Here 7 is a smooth cut-off function satisfying 0 < 4(d) < 1, n(d) =1 if d < do/4, and n(d) =0 if d > dy/2. dy > 0 is a fixed number that is
smaller than the injectivity radius ¢, of the normal exponential map, defined to be the largest number ¢, such that the map

0D x (=60,60) — {x e R :dist(x, 09;) < go},

given by (X,¢) — x = X + ¢n(X) is an injection.

Definition 1.1. Let 0 < & < 2 be a fixed number, and let ¢ = 1(e1) the largest number such that |n(x,) — n(x2)| < q1 whenever |x1 — x|
<61, X1, %2 € 0D

In this paper, we all require ¢; > 1/K. Since Ref. 1, Lemma 6.4 allows us to pick a K; depending only on initial conditions, we can assume
that K is just a constant, it won’t affect the breakdown of the solution.
The fundamental geometric assumption that we will make is

1
|6‘ + — <K ond9,
So

which ensures that the domain 9 satisfies the “uniform exterior sphere condition” by Ref. 6.
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Next, we define the higher energies for r > 1 as

E/(t) = /9 SiJ(Q(Brui,aruj) + Q(arBi,arBj))dx + L |6'_1 curlu|2 + |8r_1 curlB|2dx
! ' (1.6)
+sgn(r— 1)/59 Q(0"p,d"p)9ds,

where sgn(-) denotes the sign function and 9 = (-8,p) .

A. Reformulation in Lagrangian coordinates

We introduce the Lagrangian coordinates to transform the free boundary problem to a fixed boundary problem. Let Q be the unit ball in
RR?, the connection between the Eulerian coordinates x and the Lagrangian coordinates y is given by x = x(t,y) = f;(y) and

B w3, 50 =fol0) yeo, (17)

where fo : Q— 9y is a diffeomorphism. The Euclidean metric §; in &, induces a metric in Q for each fixed ¢

Ox' Ox
ab(ty) =022~

& b( y) ]8}}61 ayb

we can get its inverse

c d

od w1 9y Oy
ty) =0 ———.

g (ty) Ax* ox

We will work with the covariant derivative associated to g, if & = &g,...o,dy™ - - - dy™ is a (0,7) tensor, then Va is a (0,7 + 1) tensor with
components:

b b
Vala,-a, = Oalay--a, — LayaObayea, = * = Lag, Xayeva,_,b>

where the Christoffel symbols I, are defined by

e o taf0 L0 9
ab = 2g 8yugbd aybgad aydgab :

Then, in the y-coordinates, we have

5 i B " 0
Tox T ox oy
Let us introduce the notation for the material derivative
0 0 1o}
D[ = - = - + uk—k.
ot y= const ot Xx= const Ox

If k(t,x) is a (0, r) tensor expressed in the x-coordinates, we have

ox"  Ox"
6 yal 8 ya,

DtWal---a, = P) 8xl' i

¢ ¢
(D,k,-l...i, + 871/‘1-11([..‘1" oot %k- ...g),
X
where w(t,y) expressed in the y-coordinates is given by

Ax™ Ax'"
Wayeoa, (£, Y) = W e Wk,',...,-y(t,x), x =x(t,y).
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Let v(t,y), B(t,y) and q(t,y) represent the velocity, the magnetic field, and the pressure in the Lagrangian coordinates, respectively.
Then from Ref. 1, system (1.1)-(1.3) can be rewritten in the Lagrangian coordinates as

Diva + Vaq = VVave + f'VaPar  in[0,T] x Q,

DiBa = BV gva + BV ave, in[0,T] x Q,

Vo' =0, Vof°=0, in[0,T] x Q,

IBl=x, PB.N"=0, on [0, T] x 8Q, (1.8)
q=0, on [0, T] x 8Q,

\9|+§—10§K, Vgl >e>0, on [0, T] x OQ.

B. Main result

Our results indicate that the breakdown condition can be replaced with a condition on the vorticity of magnetic field and velocity and
some norms of 4, B and p on the free boundary 0.

In a seminal paper,”” Beale, Kato, and Majda showed that if « is a smooth solution of the incompressible Euler equations in [0, T) x R?
and satisfies

T
V X u(t)]| o g3y dt < +00,
L9 (0= o,

then the solution can be extended after t = T. See also Ref. 28 for a generalization to the Beale—-Kato—Majda theorem for ideal MHD. The main
result of this paper is a Beale-Kato—Majda type breakdown criterion for the free boundary problem of the incompressible MHD. By a priori
estimates in Ref. 1, it gives the following breakdown criterion for solutions to (1.8) in Lagrangian coordinates.

Theorem 1.1. Let (v, 3) be a solution to (1.8) satisfying
W) € H'(Q), 0<tsT. )

Let /¥ be the Dirichlet-to-Neumann operator on 0C; for v : 0Q — R, yg : Q — R denotes the harmonic extension of y to Q and N denotes the
outward unit normal vector on €, then

Ny = (N V‘//%’)L?Q-

We also write V = v|,,. Define

A(t) = |V x vy + |V x Bllr=(ay + [VV(E) 1= a0) + [VB(B)IL=(aa) + |4V (E) 1= (a0),

B(t) = 0(t) = (o0 + ﬁ + H(VN‘I(t))_IHLm(an)'

Suppose that T* is the largest time so that v and B can be continued as a solution to (1.8) in the class (1.9). Then either T* = oo, or
lim sup, , 7+ B(t) = oo, or

(1.10)

.
[ [0+ @) + 190l omy + 198D 1= o) * 1 T3Deli o Jt = oo (111)

In particular, if (1.11) occurs, then

limsup [/(t) + | V4]~ (o0 + [INDea() = (5] = .

tAT*

Remark 1. Although there is no local well-posedness of (1.1)-(1.4) with initial domain Q to be the unit ball so far, it does not hinder the
mathematical research on its breakdown criterion. Here, the solution in H* (Q)) we considered is the possible lowest regularity of solutions in view
of the a priori estimates in Ref. 1. Unlike the Euler equation, low-order terms of magnetic field and pressure will always appear in estimating
energy. In this case, we cannot use the Sobolev theorem to deal with them, but we can use o/(t) to control them.

J. Math. Phys. 64, 091505 (2023); doi: 10.1063/5.0167954 64, 091505-4
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Il. ELLIPTIC ESTIMATES

As is well known, to deal with the blow-up criterion, we need a log-type inequality about velocity and magnetic fields whether in R* or
the fixed domain. This is difficult to handle on the free boundary because we do not know the value of velocity on the moving boundary 02;
or Q. Therefore, we introduce the Dirichlet-Neumann operator ./ to handle the velocity on the boundary, and for the treatment of magnetic
fields, we can directly use the conclusions in Ref. 28 due to the boundary condition § - N = 0.

To carry out the point above, we start by writing v = v1 + va:

Avi=V xVxv inQ, v =0, ondQ,

(2.1)
Avy =0, inQ, v, =v, ondQ.

The following estimates are well known. The first and second estimates are from Ref. 18, Proposition 2 and the last estimate is from Ref. 29,
Theorem 3.2.

Proposition 2.1. Let Q c R be diffeomorphic to the unit ball,

0 + i <KondQand1 < p < oo, we have:
(i) Foranyq ¢ H**(Q)n Hé’P(Q), it holds
lalizcay + 194l ) + [9°a] 1y < CEDIAGl 1 0.

(i) If Af =V x g+ p for vector fields f,g and p € Hé’P(Q), then

19f ¢y < CCE) (gl oy + Iy )

Assume that Q) is a bounded and smooth domain in R®. Let 1 < p < oo, v € H"'(Q) with v - N = 0 on OQ in the sense of the trace. Then
the estimate
1V¥] 1 cay < CCR)(Idiv vl pgay + [V x V]2 (ay)

is true for all v as above if and only if Q is the unit ball.

Since v, is harmonic, we can get | Vv2|| = (q) < [ VVv2[1=(a0) by the maximum principle. Now, using v = vi + v, in (2.1), the Holder
inequality, Proposition 2.1, and the fact that v, is harmonic, we can obtain for 1 < p < oo

IV¥lr ) < 1Vvillpeay + 1Vv2lr oy
< C(K, Vol() ([ V % v]z=(ay + |V VIi=(a0) + |4V ]1=(a0)) (22)
< C(K,Vol(Q)),

and similarly, by Proposition 2.1 and - N = 0 on 0€,
IVBl1r ) < CLKVOl(Q)) |V x 1= (a) < C(K,Vol(Q)), 2.3)

with &/ defined in (1.10).

lll. ENERGY ESTIMATES
Let pt,, 1, b, hn be defined as in Ref. 1. Define the zero-order energy as

Ea(®) = 5 [ (W + (6. ) G

Obviously, the energy of the system is conserved. Now the r-th order energy for r > 1 is defined as:

E/(t) = fggah(Q(Vrva,Vrvb) + Q(vrﬂmvrﬁb))d#g + /Q[|Vr71curlv|2

(3.2)
- 2
|V’ 1 curl | ]dyg +sgn (r— I)AQQ(qu, v'q)9du,
where 9 = 1/(-Vnq) as before. Then we have the following energy estimates.
Proposition 3.1. Assume
1
0]+ — <K, |Vgl>e>0,
So
J. Math. Phys. 64, 091505 (2023); doi: 10.1063/5.0167954 64, 091505-5
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on 0Q, then for r = 1,2, 3, we have

d - 1/2
2B <Ko ) (1Yl oy + 19V~ ) + IVBlL= (o)
r (3.3)
1/2
A1+ 1ValZ gy + @+ V8Dl o0y ) + [ V4l 00y +) 3 Belt);
s=0

and for r = 4, we can obtain

d —1 1/2
B < C ) (1902 o) + 19V @) + [ 9Bli=a) )
(1194012 gy + o+ 198Dl (o0 ) (3.4)

1 alem o)1+ 32 B0 (1 B0
s=0
Proof. Forr = 1, since A is invariant, we have

Aq = V' Vv + VoIV, B (3.5)

From the Poincaré inequality (Ref. 1, Lemma A.10), we get
1Vall2q) < C(VOI‘Q)I/éHAqHLZ(Q) < C(VOIQ)(”VVVV”LZ(Q) + HV/3V/3HL2(Q))- (3.6)

By some known results in Ref. 1, (3.6), (Ref. 1, Lemma A.2) and the Holder inequality, we can directly get

d
EEl(f) < CK[[ VY 200y IVl 2y + 1V =) 1Bl 120y | VA 12 ()

+ C||VV||L°°(Q)(HVVHi2(Q) + ||Vﬁ||iz(0) + CuerHIZf(Q) + curlﬁ”iz(m)
< CK) (VY] (ay + [ VBIL= () ) (Eo + Ev).

For 2 < r < 4, we can set
F(t) = /|Vr_lcurlv|2dyg+f‘vr_lcurlﬁrd,ug
Q Q
and
(1) = /gbd Sy vy VY pvadpg + fgbd PGBV Badig

f y YUK VeV rq9du,.

Firstly, the derivative of &,(¢) with respect to ¢t is

%r(t) /D gbd af AFVA_1VaVbV;_1Vde)d,Ug
_/D gbd af AF 71Vaﬂhv;‘71v‘f/3d)d.ug
fgbd of AFv[lvathFlvadtrhd‘ug

+ [V B TE ' Batchdug
+ [ Dy vV Vaavi ' v a)Sdy

a — r— )
f y f AFVA IVaQVF Iqu(é +trh — hNN)Sd‘uy.

3.7)
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Hence, we can obtain the following estimate by Ref. 1, Lemma A.2 and § - N = 0 on 09,

LDy I TV va) + Dy T BV B

f AF r—1 r—1
+ faa (v YV Vv s q)9duy

< C([ V)= ay + [ VBl=(y )Er(t) + CKE?

OVl ) *+ CKIBL= 0y Er (1) 58)
FCBEOT (177 B0 5By + 17T 9B )
N 2/ v Aszaq(D,v;fq - éNbv;fv”)dey,

where, for the fourth line of (3.8), we can use the interpolation inequality in Ref. 18, Lemma 9 to obtain

Hvs+lfvr_sg‘|LZ(Q) < CHVf”L”(Q)Z; HvngLZ(Q) + HVgHL“’(Q)Z; Hvsf”LZ(Q)' (3~9)
s= 5=

The next ingredients we will need are the following L* estimates for AD;q. These are similar to the estimates in Ref. 1, except that we need to
ensure that | Vv|;=(q) and |VB| = (q) appear with the same homogeneity as V'~*AD,q. It follows that for 2 < r < 4,

vr—qu _ vr—z(ivavbvhva " Vaﬁbeﬂa)

r=2—s a

== VVavV Vv

P
Il
o
“v

=2r-2 r—2—s a
= ARV sh vl v
s=0 N
Proposition 3.2. Suppose that |0] + 1/¢, < K, we have, for any2 < r < 4,

[V VB2 oy < CEn 1972 o < 1Vl o Er

HquHiz(aQ) + HVV‘ZHJZ_Z(Q) < ”Hvrqul(aQ) + C(K’VOI(Q))FZO HVSAquZ(Q)

. (3.10)
< CK)(IVal=(ony + 1VvIT= ) + | VBIT= () Ex
s=0
In addition,
||9HiZ(aQ) < C(e7") V4l 1~ (oa)Ez,
2 -1 2 2 ! (3.11)
v GHLZ(BQ) < C(K, e, VolQ) (V4= a0y + [ VV]i=(a) + HvﬁHL‘”(Q))ZO Es.
Proof. The first estimate follows from Ref. 1, Lemma A.2, and the second estimate follows from the definition
1097415 oy = [, 77" V17 V:a9] 9,09 (~Vxa)duy < |Vali= on)
By Ref. 1, Lemma A.3, we have
roy2 r 1 = s 2
HV qHLz(BQ) + ”V q”LZ(Q) = CHHV qHLZ(BQ) +C(K, Vo (Q))ZO HV Aq”]f(g)
r—1 s 5
< C[[Vqlli= oy Er + C(K, Vol(2)) Y [V'Aq[ 2
s=0
J. Math. Phys. 64, 091505 (2023); doi: 10.1063/5.0167954 64, 091505-7
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where

r—1 =
[V 8d] 2 < Cgo [V v ] ) + ; [V BBl 12y

it follows from Ref. 18, Lemma 9 that

[V 842 < CERV IV 0y + stnm))(z |7 s + 2 778
k=0 k=0

L%n))'

E;/ 2 the first estimate in (3.11) follows. For the second one,

LZ(BQ))

Thus, we have (3.10).
From (1.5), we get TTV?q = 8V xq and then 16112 a0 < c(eH|val
by Ref. 6, Proposition 5.9 combined with estimate (3.10), we have

1/2
L (80)

r—1
1977260 2 o0 < C(HHV’qHﬁ(am + I; 1615 (50 HV’—kq

. (3.12)
< (ke ) (I1Val}2 gy + 19V~ + | vmum(m);) E/.
Therefore, we complete the proof. O
Owing to Proposition 3.2, we have for 2 < r < 4
EP0)9q] gy < ) (190112 oy + 19711 0y + VBl (o) EEN
s=0
< O ) (1981 oy * 19411 o0 + 19810 2 Es
Now, we need to estimate the other integral, by the Holder inequality and the fact —97'Nj, = 8] Vaq — ¥4 Vaq = Vg, We can get
a r r 1 r b
‘ 7 fyAFVAaq(DtVFf‘I - ngvav )dey
< C9LE ooy B (0| 1(De(vg) - 97N V') seon) (3.13)
2 2 r r
= CIOE ooy B2 I(D(V'9) + V'V ¥9) | 2

By Ref. 1, Lemma 2.3, it follows that

r=2 r
DiV'q+V'v-Vg=sgn(2-1)), ( )(VSHV) -V 7q+V'Diq
s=1 \s+1

We have to control |Vq|;=(q). By the Sobolev embedding (Ref. 1, Lemma A.9) with Lebesgue exponent p =4, (2.2) and (2.3),
Proposition 2.1 and (3.5), we obtain

194l 0y < CCRN (194l 50y + [Vl 11y ) < CEOVAGl 1y
< C) (197l ) 197 3¢y + 9Bl (0) | VBl 12y ) (3.14)
< C(K, Vol() (| Vv=(ay + I VBl1=(ay ) .

In addition, we can use the Sobolev inequality with Lebesgue exponent p = 2 and Proposition 3.2 to get

3 2
k
194l 0y < CKVoI(@) Y |74
k=1

*(Q)
(3.15)

3
< C(K,Vol() ([ Vqli= a0y + [ VV]i=(ay + +| VBIi=(ay) Y E-.
s=0
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For 2 < r < 4,byRef. 1, Lemma 2.3, (3.5), (Ref. 1, Lemma A.1) and (1.8), it yields

AD:q = 48"V VaViq + (AV ) Veq + 2V’ V" Var®

1 1 1 (3.16)
- EVbVaVaﬁCVC/-;b - EVquﬁCVuVCﬁb + EVh/jaﬁeVeVavb-
When we estimate H V’_ZAD,qH 2y We need to control the following terms:
’ (vr—zAv)(Vq) HLZ(Q)’ r=2,3,4,
H(VHSV)(VFSq)||L2(Q), s=0,...,r=2,
() () (T |y 1 re =2
(3.17)
[ ) (VB B gy e rara=r-2
|7 BT By rremems=r=2
[T BBV V) |y mratma=r=2
For r = 2,3, by (3.14) and Proposition 3.2, we can get
r 1/2
[(v77) - Val 2 ) < CERNVOUQNE (| V¥~ 0y + [ VB> () ) & (3.18)
For r = 4, by (3.15) and Proposition 3.2, we have
3
. - 1/2
[(V'%) - 4l g, < C(Kee™)E (Va1 gy + 1TV o) + VA= @), E". (3.19)
Next, we consider || (V'**v)(v'~q) HLZ(Q)' For r = 2, it yields by (2.2) and (2.3), Proposition 2.1 and (3.5),
VY= (o) ”VZQHLz(Q) < |VV]=(a) ||VV||24(Q) + V]|~ (a) ||Vﬁ||24(g)
< C(K’VOIQ)”VV”Lw(Q)d(”VV”L*‘(Q) + HvﬂHL"(Q))
2
< C(K,VOIQ)||VV||L°°(Q)527(Z ES‘/Z).
s=0
From Ref. 18, Lemma 9 and Ref. 1, Lemma A.9, it follows that for f = vor 8
1/2 2 v4 2 2 1/2
s+1 s s+
19 ey < €19 fHLw(Q)(EZ:‘6 |vs LZ(Q)) < CIOY B (3.20)
By Ref. 1, Lemma A.3 with § = 1 and Proposition 3.2, we can get
3 112 3 12 sa |12
[Vl gy < 10974l 2 oy + C(K,Volﬂ); [vaa: g
< C(K,VolQ) |V = an) Es + | VvVv + VAVB| 12 )
+ [V (TvVv+ VBVB) [72qy-
From (3.22), (2.2), and (2.3), we have
IVvev + VBVBI 2y < 1VVIsay VY1) + 1VBl L0y [ VB 110y
2
< C(K,VolQ)&zi(Z Esl/z(t)),
s=0
and ,
[V (Vvov+ VBB | 2 () < C(K,VolQ)d(Z E}“(t)).
s=0
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Thus, we have
3 1/2 3 1/2
[7°4]2 ) < CRNVOIQ) (9412 50 + )| D B (1) )
s=0
Forr =3 ands =0, 1, we have by (3.21)
H(VV)(Vsq)HLZ(Q) < HVVHL”(Q) HVSqHLZ(Q)
3
< Um0 ) (3 B0)
s=0
and by (3.20), Proposition 2.1, (2.2) and (2.3)
[(V*) (%) 2y < 197V sy |97 s

<)% B0 (1955 + 195l

< c<1<)HwHLw<md(z Ei/2<r>).

s=0

Owing to Ref. 18, Lemma 9, for r = 4, we can get

4 4
[CARIICAR ) PN 27 eSS L] ISR 2T FEPD O L
k=1 k=1

12(Q) 12(Q)

then, by Sobolev’s inequality (Ref. 1, Lemma A.10), (3.15), Proposition 3.2 and the Hélder inequality, we obtain
1+s r—s
() (VD) 2

3 4
< (K, ) (IValiZ oay + 19Vli= (o) + 1VBl1=()) Ei/zkzo E/.

s=0

Next, we estimate the remaining terms. We just need to estimate

(v1+rlv)(vl+rzv)(vl+r3v) and (v2+rl V)(Vrzﬁ)(vl+r3ﬁ);

(3.21)

(3.22)

then for other terms, we can obtain similar results by using the same method. By Sobolev’s inequality (Ref. 1, Lemma A.9), (2.3) and the fact

that Eo(t) is conserved, we can get
1Blle= 0y < 1Blzscqy + IVBI 2 q)

< C(K»Vom)(”ﬁ”ﬁ(o) + [ VB2 + Hvﬂ”L"(Q))
< C(K,VolQ)(1 + o).
For r = 2, we get by (2.2) and (3.20)

2
Vv ol < 19V | 912 < c<1<,vOm>kuLm<md(z Ei/Z),

s=0

and by (3.23)
”Vz"ﬁvﬂ”ym) <Blle= ) [ VBI= (o) HVZVHLz(Q) <C(KVolQ)(1 + )| VﬁHL""(Q)E;/Z-

For r = 3,by (2.2), (3.20), and (3.23), we have

3
< C(K,VolQ) | Vv 1= 0y &Y. EY?,

s=0

[9¥ o) 19V sy 1927 1

||V3VHL2(Q) 1Bl (0) VBl 1=y < CIKVOIQ) [V 1= 0y (1 + QY)E;/Z,

(3.23)

J. Math. Phys. 64, 091505 (2023); doi: 10.1063/5.0167954
Published under an exclusive license by AIP Publishing

64, 091505-10


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

and
IV BBV V] 12y < CCRVIBI= 0 | V2Vl sy 9Bl 2y

3
< C(K) Bl I VAILE (o 197112 0D B
s=0

3
< C(K)(1+ ) ([ VBlL=(ay + IVVI1=(0)) D EY.
s=0
For r = 4, we use Sobolev’s embedding and (3.20) to bound them by
||V3VVVVV||LZ(Q) <C|Vv[i=(a) HV3V”L2(Q) 1Vvli=(a)

3
<135 14 B
s=0

and
2 2 2 2
IV vV vVl 2y < ClIVV] ) [V V= @) VY] 150y

3 4
< C(K),Q((ZO |v5v|Lz(Q))(ZE) Hv5v||L2(Q)).
For the terms involving magnetic fields, we only consider the highest order term and other terms can be treated similarly. Indeed, we have

9" vBYBl 20y < 19"Vl 20y | VB~ (o) IBl=(ay < C(K)(1+ ) | VBl ) Ey,
and
4 3
HV3/3/5V2V||L2(Q) < |Bllz=(a) ||V2VHL4(Q) ”vsﬂ”L"(Q) <CK)(1+4)) Ei/zz EY
s=0 s=0
Therefore, we have shown that for r = 2,3

|90 12 g < CCRV(IVALZ gy + 1VV]1= ) + IVBli= (o)

. (3.24)
1/2 1/2
(4 [Vl gy + DY B
k=0
and forr =4
-2 1/2
|92 aDug] 2 ) < CERV(IValE o0y + 197 ) + VBl o))
r_1 (3.25)
2 2 2
(14 Vgl 2 ooy + A (E + 1)(1 + S B/ )
k=0
Now, we can estimate IIV'D;q. For r = 2,3, applying Ref. 1, Lemma A.5 and (3.24), we get
19Dl 2 o0 < CCKVol(2)) |ADiql 2
1/2
< &Vl () (19412 oy + V9] + | VBli= )
2
1/2 1/2
(1+ HV‘ZHLw(ag) + 'Q{)kz:;) E’,
by Ref. 6, Proposition 5.9 and (3.11), we have
2
HHV Dt‘iﬂLz(BQ) < ||6||L2(ag) HVNquHL“’(BQ) + ||6HL°°(BQ) I VDt‘ZHLZ(aQ)
- 1/2
< €™ Vol(@)) (17412 5y + 19V~ (0 + VB~ (o)
2
1/2 1/2
(1194052 gy + o+ HvNthan(am);) V2
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And by Ref. 1, Lemma A.5, Proposition 3.2 and (3.24), it yields

[9°Dud] 2 5 < CCRVOUQ)) (1612 o0y | VND1dl = o2y + 1ADuG ]2y + | TADug 2 )

<C(K,e ) ((IVal2 ooy + 19Vli= o) + VB~ ) (1 + 174112 gy +

HVNquHL‘”(BQ)))Z E”,
then from Ref. 6, Proposition 5.9 and Proposition 3.2, we obtain
ITV°De] 2
< CK) (1961200 | F3Digl 1= oy + 191l 2oy + [V°Drdl] 2y )
<C(K.e )((nwnL 2 o0y + 1VV1i= o0y + VBl (o0 ) IVNDidl 1= (o z E?
(1V41:2 50y + 19V1= ) + 9Bl ) (1 + 194112 50y + o+ [V8De4l 1= (50

3
. E1/2).
S:Z(:) s

For r = 4, by Ref. 6, Proposition 5.9, Ref. 1, Lemma A.5, Proposition 3.2, we similarly have

+

‘|HV4D‘qHLZ(aQ)

3
< Y1900 00y 93Dl o+ 35 19D

< (K, e ) (194112 o0y *+ 1VV]i= o0y *+ | VBl1=(om ) IVNDigl = (amzﬂ”

+ (ke ) ((IVal2 oy + 1971y + 1VBlL=(oy )

1+ vql}2

2
( (8Q)+,Q¢+HVNthHL (30)))(E +1)(1+ZE1/ )
< c(Ke™)((I9al2 o0y + 197]i= oy + 1VBli=(a) )
2
(1194052 gy + o+ 198Dl = o0y ) ) (B + 1)(1 +z B )
To estimate (3.13), it only remain to estimate
1+s r—s
[n(v'™v)- (v q)HLZ(BQ) for 1<s<r-2.
For r = 3, by Ref. 1, Lemma A.2, (1.5) and (3.5), we get
19°0]1~ (o0 < C(ITVE= o) + [ VBIE(o0) + 181~ 009 1V Nal =00 ) (3.26)
9l =00y = L (89) 1= (80) 1=0) VNG| = (aq) ) .

Hence, we have by Ref. 1, Lemma A.11 and (3.26)

[0((V*%) - V*0)] 1200y < 97V 200 |7l 1= (00

3 2
< CENOID (17 20y * 192y (327)
(191i= oy *+ 19BlE=con) + 1611~ (o0 I VN4l 1= (o0 )
< (K, e*l)(gf + HanLw(aQ))(E;/Z(t) + E;/Z(t)).
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Forr =4ands=1,byRef. 1, (A.6), Ref. 1, Lemma A.11 and (3.10), it holds

IT((V*) - V°9) ]2y = 10977 - TV g+ TI(9%V- N)SII(N - Vg) | 2 5,
14(80Q) HHV3‘1HL4(30) + CHH(N(ZVZV“) HL"(BQ) HH(VNVZQ) ”ﬁ(ag)

< CIV* 100y 1901 oy

< vy

(3.28)
3 2 4 3
< C(K»VOIQ)(HV VHLZ(Q) v V”LZ(Q))(HV qHLZ(Q) v qHLZ(Q))
4
< (ke ) (B0 + B (0) (194112 ogy + 19V ) + [9Bli=0)) 3 B2
s=0
For s = 2, we can get
3 2 3 2
HH((V v) Vv q)HLZ(BQ) S HV VHLZ(BQ) HV qHL""(BQ)
4 3
< CRVI (7] 2y + V7] o) (329)
(1971 oy + | VBli= a0y + 1611~ (o) | VN4l 1= o) )
< C(K, e Vol) (o + | Vql = (ony ) (B (1) + B (1) ).
Therefore, we have shown that forr = 2,3
|313)] < C(Koe ™) (19412 0y + 19Vl ) + VBl
2
(1419412 o0y + L+ 1Vl o0y )
+ kumamwz)(z Es(t)),
s=0
and forr=4
-1 1/2
313)] < C(Koe ™) (19412 oy + 19V~ 0y + VBl
1/2
(1419l gy + 7+ 198Dl o) (3.30)
r=1
+ \\W\\Lw<ag>+d2)(1 +3 Es(t))(l +E(1)).
s=0
Finally, we only need to estimate the remainder terms in (3.7). By Ref. 1, Lemma A.1 and Ref. 1, Lemma 2.3, we get
anrd
& _ _Zth Vaq +hay + VNth.
) VNg VNg
Thus, the remainder integrals can be controlled by the right-hand side of (3.30). Therefore, we obtain for r = 1,2, 3
d -1 1/2
280 < C(Koe ) (Va2 gy + 19¥]e= o) + VBl o)
(141941 o0y + 7+ 198Dl (o0 ) (3.31)
N kuLm(ammf)(z E;(t)),
s=0
and forr=4 J
-1 1/2
280 < C(Koe ) (Va2 gy + 19¥]1= ) + VBl o)
A1+ 1ValiZ2 gy + o+ V8Dl 1= o0y ) (3.32)
r—1
S (RS EI0) (RVAON
s=0
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We now calculate the material derivatives of %, (). From Ref. 1, by the Hélder inequality and the Gauss formula and the same method
as in obtaining (3.31) and (3.32), we can get for r = 2,3

d -1 1/2
20 <C(K ) (19412 gy + 19V (@) + VBl ()

1/2

(1419412 gy +  + | VDl = (o) (3.33)

. ||VqHLoo<BQ)+d2)(Z;0 Es(t)),

and forr =4

d -1 1/2
20 < C(Koe ) ((1Va1E gy + 190y + | VBli= )
A1+ 1ValZ oy + + 1 VNDi] 1= o0 ) (3.34)

. ||VqHLoO(aQ)+d2)(1 +ZO Es(t))(l +E(1)).

Thus, we complete the Proof of Proposition 3.1. O

IV. PROOF OF THE MAIN THEOREM
Because (Q is the unit ball, we can get the following elliptic-type estimates from Ref. 19, Proposition 1 and Corollary 1.

Lemma 4.1. Let F = F(t,x) be a smooth vector field defined in Q, satisfying
V-F=0,inQ, andF-N =0, on0oQ.

Then, for any s > 3

[EC) ey < C((1+1087 [V % F() |1 ) IV X F(0) | 1=y + 1),

where log" f = max(0,log f).
From Proposition 3.1, we can obtain the following consequence.
Corollary 4.2. Let

1
6|+ =<K, |vqlze>0,
So

on 0Q), then we have

d _
TE<C(Ke D(1+ e+ V8Dl = oy + | VDl o0y +F )

(1 +1log*Ey)(Es + 1)(1 + 23: Es).

s=0
Proof. Since v =v1 +v2, viJoq = 0and B - N|pq = 0, by Lemma 4.1, we get
”Vl/l HLw(Q) + ”Vﬁ”]jx(g) < C((l + lOg+E4)ﬂ+ l).

Since v, is harmonic, by the maximum principle, we have | Vv2 ;= oy < &(t). Therefore, by Proposition 3.1 and the Hélder inequality, E4(t)

satisfies
d _ 2
B < C(Ke)(1+ o+ |VnDigl = o0y + IVl o0y + | V3Dl o0y +oF")
3
-(1+log"Es)(Es + 1)(1 +3 E)
s=0
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and similarly forr = 1,2, 3

d .
ZE < C(K,0 1)(1 + o+ | VNDigl = oy + 1Vl 1= o0y *+ HVNquHim(aQ)WZ)

-(1+log"Es)> E.
s=0

Finally, we can prove the main result. O

Proof of Theorem 1.1. By Corollary 4.2, we have that

d _
TE<C(Ke D(1+ o+ 198Dl = oy + 19011~ o0y + | VDl o0y +F )

(1 +1log"Eq)(Es + 1)(1 + 23: Es),

s=0

where E, is defined by (3.2). Since %(E;; +1) = %Eb we set thatys =FE;+1fors=0,...,4, we have

d _
T SC(KE)(1+ o+ |[VNDgl = o0y + V4l 1= a0y * [VNDedlim o0y +F)

3
(1+log ya)ya) ys

s=0

and by Corollary 4.2

dd _
s O N(1+ o+ VDl = oy + 1Vali= (oay *+ | VNDali= o0y +F )
3 3
. (1 +log" > ys)z Vs.
s=0 s=0

On the other hand, since T* is the largest time for which (1.8) has a solution in the space (1.9), by Proposition 3.2, we have
lim sup, , ;+y4(t) = oo which implies the desired results by Gronwall’s inequality, Corollary 4.2 and the induction argument. O
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