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ABSTRACT
We prove a continuation criterion for the free boundary problem of three-dimensional incompressible ideal magnetohydrodynamic (MHD)
equations in a bounded domain, which is analogous to the theorem given in Beale, Kato, and Majda [Commun. Math. Phys. 94, 61–66
(1984)]. We combine the energy estimates of our previous works [C. Hao and T. Luo, Arch. Ration. Mech. Anal. 212(3), 805–847 (2014)]
on incompressible ideal MHD and some analogous estimates in Ginsberg [SIAM J. Math. Anal. 53, 3366–3384 (2021); arXiv:1811.06154] to
show that the solution can be continued as long as the curls of the magnetic field and velocity, the second fundamental form and injectivity
radius of the free boundary and some norms of the pressure remain bounded, provided that the Taylor-type sign condition holds.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0167954

I. INTRODUCTION
We consider the following three-dimensional incompressible ideal magnetohydrodynamics (MHD) equations:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ut + u ⋅ ∇u +∇p = B ⋅ ∇B, in𝒟,

Bt + u ⋅ ∇B = B ⋅ ∇u, in𝒟,

div u = 0, div B = 0, in𝒟,

(1.1)

with boundary conditions
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂t + uk∂k is tangent to ∂𝒟t , on ∂𝒟t ,

p = 0, on ∂𝒟t ,

∣B∣ = κ, B ⋅ n = 0, on ∂𝒟t ,

(1.2)

and initial conditions
{x : (0, x) ∈ 𝒟}= 𝒟0, (u, B)∣t=0 = (u0(x), B0(x)) for x ∈ 𝒟0, (1.3)

where u = (u1, u2, u3) denotes the velocity, B = (B1, B2, B3) denotes the magnetic field, p denotes the total pressure, 𝒟 ∶= ∪t ∈[0,T]({t}×𝒟t)
with a bounded domain 𝒟t ⊂ R3 occupied by the conducting fluid whose boundary ∂𝒟t moves with the velocity of the fluid, n is the outward
unit normal to ∂𝒟t , κ is a non-negative constant and 𝒟0 is diffeomorphic to the unit ball. In Ref. 1, Hao and Luo have given the a priori
bounds for (1.1)–(1.3) in some Sobolev spaces with H4 initial data under the raised Taylor-type sign condition on the total pressure

∂np ≤ −ε < 0 on ∂𝒟t , (1.4)
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with a constant ε > 0, which will hold within a period if it holds initially. They also showed in Ref. 2 that the above free boundary problem
(1.1)–(1.3) under consideration would be ill-posed at least for the two-dimensional case if condition (1.4) was violated. Thus, it will be
much reasonable and necessary to require condition (1.4) in the studies of well-posedness of the considering free boundary problem of
incompressible ideal MHD equations.

In the absence of the magnetic field, the problem reduces to the free-boundary incompressible Euler equations. For the irrotational
case without surface tension, Wu3,4 obtained the well-posedness in Sobolev spaces under the Taylor sign condition. The ill-posedness of
incompressible Euler equations without the Taylor sign condition was proved by Ebin in Ref. 5. One can refer to Refs. 6–9 for more results of
the case without the irrotationality assumption. In the presence of surface tension, the Taylor sign condition is no longer required to establish
the local well-posedness or a priori estimates, such as Refs. 10 and 11 and so on.

If the magnetic field exists, the problem becomes the incompressible free-boundary MHD equations. With the motivation of contributing
to the study of the ideal MHD free surface problem with free closed curved surface with large curvature, the well-posedness of a linearized
problem was proved by Hao and Luo in Ref. 12, via geometric approaches motivated by Refs. 6, 8, and 13 for the Euler equations of fluids, and
developed in Ref. 1 for MHD equations. The a priori estimate for solutions in a bounded domain with small volume with minimal regularity
assumptions on the initial data was established by Luo and Zhang in Ref. 14. One can refer to Refs. 15–17 for some results in other domains.

There are many studies on the breakdown or blow-up criterion for free or fixed boundary problems and Cauchy problems. Ginsberg18

proved an alternative breakdown criterion for the incompressible Euler equations assuming that the Taylor sign condition holds. One can
refer to Refs. 19–21 for other results about the breakdown criterion for Euler equations. The blow-up criterion for the Cauchy problem
of 3D incompressible ideal MHD was considered by Zhang and Liu.22 Through the Fourier frequency localization and Bony paraproduct
decomposition, Cannone et al. established a blow-up criterion of smooth solutions to the ideal MHD equations in Ref. 23. For compressible
MHD equations, Xu and Zhang proved a blow-up criterion of strong solutions in Refs. 24 and 25. In Ref. 26, Kim gave a blow-up criterion for
the ideal MHD equations with respect to vorticities in three dimensions.

We now describe the energy estimates developed by Hao and Luo in Ref. 1. To define higher order energies, we introduce the second
fundamental form of the free surface and tensor products given in Ref. 6. We want to project the system to the tangent space of the boundary.
Let α is (r, s) tensor, the orthogonal projection Π to the tangent space of the boundary of α is defined to be the projection of each component
along the normal:

(Πα) j1 ⋅ ⋅ ⋅ jr
i1 ⋅ ⋅ ⋅is

= Πk1
i1
⋅ ⋅ ⋅Πks

is
Π j1

l1
⋅ ⋅ ⋅Π jr

lr
αl1 ⋅ ⋅ ⋅lr

k1 ⋅ ⋅ ⋅ks
, where Π j

i = δ
j
i − ninj.

Let ∂̄i = Π j
i ∂ j be the tangential derivative. If p = 0 on ∂𝒟t , it follows that ∂̄ip = 0 and

(Π∂2p)
ij
= θij∂np, (1.5)

where θi j = ∂̄in j is the second fundamental form of ∂𝒟t .
Then we define the quadratic form Q of the form:

Q(α,β) = ⟨Πα,Πβ⟩ = f i1j1 ⋅ ⋅ ⋅ f ir jrαi1 ⋅ ⋅ ⋅irβj1 ⋅ ⋅ ⋅jr ,

where
f ij = δij − η2(d)ninj , d(x) =dist(x,∂𝒟t), ni = −δij∂jd.

Here η is a smooth cut-off function satisfying 0 ≤ η(d) ≤ 1, η(d) = 1 if d < d0/4, and η(d) = 0 if d > d0/2. d0 > 0 is a fixed number that is
smaller than the injectivity radius Ϛ0 of the normal exponential map, defined to be the largest number Ϛ0 such that the map

∂𝒟t × (−Ϛ0, Ϛ0)→ {x ∈ R3 : dist(x,∂𝒟t) < Ϛ0},

given by (x̄, Ϛ)→ x = x̄ + Ϛn(x̄) is an injection.

Definition 1.1. Let 0 < ε1 < 2 be a fixed number, and let Ϛ1 = Ϛ1(ε1) the largest number such that ∣n(x̄1) − n(x̄2)∣ ≤ Ϛ1 whenever ∣x̄1 − x̄2∣
≤ Ϛ1, x̄1, x̄2 ∈ ∂𝒟t .

In this paper, we all require Ϛ1 ≥ 1/K1. Since Ref. 1, Lemma 6.4 allows us to pick a K1 depending only on initial conditions, we can assume
that K1 is just a constant, it won’t affect the breakdown of the solution.

The fundamental geometric assumption that we will make is

∣θ∣ + 1
Ϛ0
≤ K on ∂𝒟t ,

which ensures that the domain 𝒟t satisfies the “uniform exterior sphere condition” by Ref. 6.
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Next, we define the higher energies for r ≥ 1 as

Er(t) = ∫
𝒟t

δij(Q(∂rui,∂ruj) +Q(∂rBi,∂rBj))dx + ∫
𝒟t

∣∂r−1 curl u∣2 + ∣∂r−1 curl B∣2dx

+ sgn (r − 1)∫
∂𝒟t

Q(∂rp,∂rp)ϑdS,
(1.6)

where sgn(⋅) denotes the sign function and ϑ = (−∂np)−1.

A. Reformulation in Lagrangian coordinates
We introduce the Lagrangian coordinates to transform the free boundary problem to a fixed boundary problem. Let Ω be the unit ball in

R3, the connection between the Eulerian coordinates x and the Lagrangian coordinates y is given by x = x(t, y) = ft(y) and

dx
dt
= u(t, x(t, y)), x(0, y) = f0(y), y ∈ Ω, (1.7)

where f0 : Ω→ 𝒟0 is a diffeomorphism. The Euclidean metric δij in 𝒟t induces a metric in Ω for each fixed t

gab(t, y) = δij
∂xi

∂ya
∂xj

∂yb ,

we can get its inverse

gcd(t, y) = δkl ∂yc

∂xk
∂yd

∂xl .

We will work with the covariant derivative associated to g, if α = αa1 ⋅ ⋅ ⋅ar dya1 ⋅ ⋅ ⋅dyar is a (0, r) tensor, then ∇α is a (0, r + 1) tensor with
components:

∇aαa1 ⋅ ⋅ ⋅ar = ∂aαa1 ⋅ ⋅ ⋅ar − Γb
a1aαba2 ⋅ ⋅ ⋅ar − ⋅ ⋅ ⋅ − Γ

b
aarαa1 ⋅ ⋅ ⋅ar−1b,

where the Christoffel symbols Γc
ab are defined by

Γc
ab =

1
2

gcd( ∂

∂ya gbd +
∂

∂yb gad −
∂

∂yd gab).

Then, in the y-coordinates, we have

∂i =
∂

∂xi =
∂ya

∂xi
∂

∂ya .

Let us introduce the notation for the material derivative

Dt =
∂

∂t
∣
y= const

= ∂

∂t
∣
x= const

+ uk ∂

∂xk .

If k(t, x) is a (0, r) tensor expressed in the x-coordinates, we have

Dtwa1 ⋅ ⋅ ⋅ar =
∂xi1

∂ya1
⋅ ⋅ ⋅ ∂xir

∂yar
(Dtki1 ⋅ ⋅ ⋅ir +

∂uℓ

∂xi1
kℓ⋅ ⋅ ⋅ir + ⋅ ⋅ ⋅ +

∂uℓ

∂xir
ki1 ⋅ ⋅ ⋅ℓ),

where w(t, y) expressed in the y-coordinates is given by

wa1 ⋅ ⋅ ⋅ar(t, y) = ∂xi1

∂ya1
⋅ ⋅ ⋅ ∂xir

∂yar
ki1 ⋅ ⋅ ⋅ir(t, x), x = x(t, y).
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Let v(t, y), β(t, y) and q(t, y) represent the velocity, the magnetic field, and the pressure in the Lagrangian coordinates, respectively.
Then from Ref. 1, system (1.1)–(1.3) can be rewritten in the Lagrangian coordinates as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dtva +∇aq = vc∇avc + βd∇dβa, in [0, T] ×Ω,

Dtβa = βd∇dva + βc∇avc, in [0, T] ×Ω,

∇ava = 0, ∇aβa = 0, in [0, T] ×Ω,

∣β∣ = κ, βaNa = 0, on [0, T] × ∂Ω,

q = 0, on [0, T] × ∂Ω,

∣θ∣ + 1
Ϛ0
≤ K, ∣∇q∣ ≥ ε > 0, on [0, T] × ∂Ω.

(1.8)

B. Main result
Our results indicate that the breakdown condition can be replaced with a condition on the vorticity of magnetic field and velocity and

some norms of u, B and p on the free boundary ∂𝒟t .
In a seminal paper,27 Beale, Kato, and Majda showed that if u is a smooth solution of the incompressible Euler equations in [0, T) ×R3

and satisfies

∫
T

0
∥∇× u(t)∥L∞(R3

)dt < +∞,

then the solution can be extended after t = T. See also Ref. 28 for a generalization to the Beale–Kato–Majda theorem for ideal MHD. The main
result of this paper is a Beale–Kato–Majda type breakdown criterion for the free boundary problem of the incompressible MHD. By a priori
estimates in Ref. 1, it gives the following breakdown criterion for solutions to (1.8) in Lagrangian coordinates.

Theorem 1.1. Let (v,β) be a solution to (1.8) satisfying

v(t),β(t) ∈ H4(Ω), 0 ≤ t ≤ T. (1.9)

Let 𝒩 be the Dirichlet-to-Neumann operator on ∂Ω; for ψ : ∂Ω→ R, ψℋ : Ω→ R denotes the harmonic extension of ψ to Ω and N denotes the
outward unit normal vector on ∂Ω, then

𝒩ψ = (N ⋅ ∇ψℋ)∣∂Ω.

We also write V = v∣∂Ω. Define

𝒜(t) = ∥∇× v∥L∞(Ω) + ∥∇× β∥L∞(Ω) + ∥∇v(t)∥L∞(∂Ω) + ∥∇β(t)∥L∞(∂Ω) + ∥𝒩V(t)∥L∞(∂Ω),

ℬ(t) = ∥θ(t)∥L∞(∂Ω) +
1

Ϛ0(t)
+ ∥(∇N q(t))−1∥

L∞(∂Ω).
(1.10)

Suppose that T∗ is the largest time so that v and β can be continued as a solution to (1.8) in the class (1.9). Then either T∗ =∞, or
lim supt↗T∗ℬ(t) =∞, or

∫
T∗

0
[𝒜(t)+𝒜2(t) + ∥∇q∥L∞(∂Ω) + ∥∇N Dtq(t)∥L∞(∂Ω) + ∥∇N Dtq∥2

L∞(∂Ω)]dt =∞. (1.11)

In particular, if (1.11) occurs, then
lim sup

t↗T∗
[𝒜(t) + ∥∇q∥L∞(∂Ω) + ∥∇N Dtq(t)∥L∞(∂Ω)] =∞.

Remark 1. Although there is no local well-posedness of (1.1)–(1.4) with initial domain Ω to be the unit ball so far, it does not hinder the
mathematical research on its breakdown criterion. Here, the solution in H4(Ω)we considered is the possible lowest regularity of solutions in view
of the a priori estimates in Ref. 1. Unlike the Euler equation, low-order terms of magnetic field and pressure will always appear in estimating
energy. In this case, we cannot use the Sobolev theorem to deal with them, but we can use 𝒜(t) to control them.
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II. ELLIPTIC ESTIMATES
As is well known, to deal with the blow-up criterion, we need a log-type inequality about velocity and magnetic fields whether in R3 or

the fixed domain. This is difficult to handle on the free boundary because we do not know the value of velocity on the moving boundary ∂𝒟t
or ∂Ω. Therefore, we introduce the Dirichlet–Neumann operator 𝒩 to handle the velocity on the boundary, and for the treatment of magnetic
fields, we can directly use the conclusions in Ref. 28 due to the boundary condition β ⋅ N = 0.

To carry out the point above, we start by writing v = v1 + v2:

Δv1 = ∇×∇ × v, inΩ, v1 = 0, on ∂Ω,

Δv2 = 0, inΩ, v2 = v, on ∂Ω.
(2.1)

The following estimates are well known. The first and second estimates are from Ref. 18, Proposition 2 and the last estimate is from Ref. 29,
Theorem 3.2.

Proposition 2.1. Let Ω ⊂ R3 be diffeomorphic to the unit ball, ∣θ∣ + 1
Ϛ0
≤ K on ∂Ω and 1 < p <∞, we have:

(i) For any q ∈ H2,p(Ω) ∩H1,p
0 (Ω), it holds

∥q∥Lp
(Ω) + ∥∇q∥Lp

(Ω) + ∥∇2q∥
Lp
(Ω) ≤ C(K)∥Δq∥Lp

(Ω).

(ii) If Δ f = ∇× g + ρ for vector fields f , g and ρ ∈ H1,p
0 (Ω), then

∥∇ f ∥Lp
(Ω) ≤ C(K)(∥g∥Lp

(Ω) + ∥ρ∥L1
(Ω)).

Assume that Ω is a bounded and smooth domain in R3. Let 1 < p <∞, v ∈ H1,p(Ω) with v ⋅ N = 0 on ∂Ω in the sense of the trace. Then
the estimate

∥∇v∥Lp
(Ω) ≤ C(K)(∥div v∥Lp

(Ω) + ∥∇× v∥Lp
(Ω))

is true for all v as above if and only if Ω is the unit ball.

Since v2 is harmonic, we can get ∥∇v2∥L∞(Ω) ≤ ∥∇v2∥L∞(∂Ω) by the maximum principle. Now, using v = v1 + v2 in (2.1), the Hölder
inequality, Proposition 2.1, and the fact that v2 is harmonic, we can obtain for 1 < p <∞

∥∇v∥Lp
(Ω) ≤ ∥∇v1∥Lp

(Ω) + ∥∇v2∥Lp
(Ω)

≤ C(K, Vol(Ω))(∥∇× v∥L∞(Ω) + ∥∇̄V∥L∞(∂Ω) + ∥𝒩V∥L∞(∂Ω))
≤ C(K, Vol(Ω))𝒜,

(2.2)

and similarly, by Proposition 2.1 and β ⋅ N = 0 on ∂Ω,

∥∇β∥Lp
(Ω) ≤ C(K,Vol(Ω))∥∇× β∥L∞(Ω) ≤ C(K,Vol(Ω))𝒜, (2.3)

with 𝒜 defined in (1.10).

III. ENERGY ESTIMATES
Let μg , μγ, h, hNN be defined as in Ref. 1. Define the zero-order energy as

E0(t) =
1
2∫Ω
(∣v(t, y)∣2 + ∣β(t, y)∣2)dμg. (3.1)

Obviously, the energy of the system is conserved. Now the r-th order energy for r ≥ 1 is defined as:

Er(t) = ∫
Ω

gab(Q(∇rva,∇rvb) +Q(∇rβa,∇rβb))dμg + ∫
Ω
[∣∇r−1 curl v∣2

+ ∣∇r−1 curlβ∣2]dμg + sgn (r − 1)∫
∂Ω

Q(∇rq,∇rq)ϑdμγ
(3.2)

where ϑ = 1/(−∇N q) as before. Then we have the following energy estimates.

Proposition 3.1. Assume

∣θ∣ + 1
Ϛ0
≤ K, ∣∇q∣ ≥ ε > 0,
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on ∂Ω, then for r = 1, 2, 3, we have

d
dt

Er ≤ C(K, ε−1)((∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω)) + ∥∇q∥L∞(∂Ω)+𝒜2)

r

∑
s=0

Es(t);
(3.3)

and for r = 4, we can obtain

d
dt

E4 ≤ C(K, ε−1)((∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω))

+ ∥∇q∥L∞(∂Ω)+𝒜2)(1 +
3

∑
s=0

Es(t))(1 + E4(t)).

(3.4)

Proof. For r = 1, since Δ is invariant, we have

Δq = −∇avb∇bva +∇aβb∇bβ
a. (3.5)

From the Poincaré inequality (Ref. 1, Lemma A.10), we get

∥∇q∥L2
(Ω) ≤ C(VolΩ)1/6∥Δq∥L2

(Ω) ≤ C(VolΩ)(∥∇v∇v∥L2
(Ω) + ∥∇β∇β∥L2

(Ω)). (3.6)

By some known results in Ref. 1, (3.6), (Ref. 1, Lemma A.2) and the Hölder inequality, we can directly get

d
dt

E1(t) ≤ CK∥∇v∥L2
(Ω)∥∇q∥L2

(Ω) + ∥∇v∥L∞(Ω)∥β∥L2
(Ω)∥∇β∥L2

(Ω)

+ C∥∇v∥L∞(Ω)(∥∇v∥2
L2
(Ω) + ∥∇β∥

2
L2
(Ω) + ∥ curl v∥2

L2
(Ω) + ∥ curlβ∥2

L2
(Ω))

≤ C(K)(∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))(E0 + E1).

For 2 ≤ r ≤ 4, we can set

𝒦r(t) ∶= ∫
Ω
∣∇r−1 curl v∣2dμg + ∫

Ω
∣∇r−1 curlβ∣2dμg

and

ℰr(t) ∶= ∫
Ω

gbdγa f γAF∇r−1
A ∇avb∇r−1

F ∇ f vddμg + ∫
Ω

gbdγa f γAF∇r−1
A ∇aβb∇r−1

F ∇ f βddμg

+ ∫
∂Ω
γa f γAF∇r−1

A ∇aq∇r−1
F ∇ f qϑdμγ.

Firstly, the derivative of ℰr(t) with respect to t is

d
dt
ℰr(t) = ∫

Ω
Dt(gbdγa f γAF∇r−1

A ∇avb∇r−1
F ∇ f vd)dμg

+ ∫
Ω

Dt(gbdγa f γAF∇r−1
A ∇aβb∇r−1

F ∇ f βd)dμg

+ ∫
Ω

gbdγa f γAF∇r−1
A ∇avb∇r−1

F ∇ f vdtrhdμg

+ ∫
Ω

gbdγa f γAF∇r−1
A ∇aβb∇r−1

F ∇ f βdtrhdμg

+ ∫
∂Ω

Dt(γa f γAF∇r−1
A ∇aq∇r−1

F ∇ f q)ϑdμγ

+ ∫
∂Ω
γa f γAF∇r−1

A ∇aq∇r−1
F ∇ f q(ϑt

ϑ
+ trh − hNN)ϑdμγ.

(3.7)
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Hence, we can obtain the following estimate by Ref. 1, Lemma A.2 and β ⋅ N = 0 on ∂Ω,

∫
Ω

Dt(gbdγa f γAF∇r−1
A ∇avb∇r−1

F ∇ f vd) +Dt(gbdγa f γAF∇r−1
A ∇aβb∇r−1

F ∇ f βd)dμg

+ ∫
∂Ω

Dt(γa f γAF∇r−1
A ∇aq∇r−1

F ∇ f q)ϑdμγ

≤ C(∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))Er(t) + CKE1/2
r (t)∥∇rq∥

L2
(Ω) + CK∥β∥L∞(Ω)Er(t)

+ CE1/2
r (t)

r−2

∑
s=1
(∥∇s+1β(∇r−sv +∇r−sβ)∥

L2
(Ω) + ∥∇

s+1v(∇r−sv +∇r−sβ)∥
L2
(Ω))

+ 2∫
∂Ω
γa f γAF∇r

Aaq(Dt∇r
F f q − 1

ϑ
Nb∇r

F f vb)ϑdμγ,

(3.8)

where, for the fourth line of (3.8), we can use the interpolation inequality in Ref. 18, Lemma 9 to obtain

∥∇s+1 f∇r−sg∥
L2
(Ω) ≤ C∥∇ f ∥L∞(Ω)

r

∑
s=1
∥∇sg∥

L2
(Ω) + ∥∇g∥L∞(Ω)

r

∑
s=1
∥∇s f ∥

L2
(Ω). (3.9)

The next ingredients we will need are the following L2 estimates for ΔDtq. These are similar to the estimates in Ref. 1, except that we need to
ensure that ∥∇v∥L∞(Ω) and ∥∇β∥L∞(Ω) appear with the same homogeneity as∇r−2ΔDtq. It follows that for 2 ≤ r ≤ 4,

∇r−2Δq = ∇r−2(−∇avb∇bva +∇aβb∇bβ
a)

= −
r−2

∑
s=0

⎛
⎜
⎝

r − 2

s

⎞
⎟
⎠
∇s∇avb∇r−2−s∇bva

+
r−2

∑
s=0

⎛
⎜
⎝

r − 2

s

⎞
⎟
⎠
∇s∇aβb∇r−2−s∇bβ

a.

Proposition 3.2. Suppose that ∣θ∣ + 1/Ϛ0 ≤ K, we have, for any 2 ≤ r ≤ 4,

∥(∇rv,∇rβ)∥2
L2
(Ω) ≤ CEr , ∥Π∇rq∥2

L2
(∂Ω) ≤ ∥∇q∥L∞(∂Ω)Er ,

∥∇rq∥2
L2
(∂Ω) + ∥∇

rq∥2
L2
(Ω) ≤ ∥Π∇

rq∥2
L2
(∂Ω) + C(K, Vol(Ω))

r

∑
s=0
∥∇sΔq∥2

L2
(Ω)

≤ C(K)(∥∇q∥L∞(∂Ω) + ∥∇v∥2
L∞(Ω) + ∥∇β∥2

L∞(Ω))
r

∑
s=0

Es.
(3.10)

In addition,
∥θ∥2

L2
(∂Ω) ≤ C(ε−1)∥∇q∥L∞(∂Ω)E2,

∥∇̄ r−2θ∥2

L2
(∂Ω) ≤ C(K, ε−1, VolΩ)(∥∇q∥L∞(∂Ω) + ∥∇v∥2

L∞(Ω) + ∥∇β∥2
L∞(Ω))

r

∑
s=0

Es.
(3.11)

Proof. The first estimate follows from Ref. 1, Lemma A.2, and the second estimate follows from the definition

∥Π∇rq∥2
L2
(∂Ω) = ∫∂Ω

γijγIJ∇γ−1
I ∇iq∇γ−1

J ∇jqϑ ⋅ (−∇N q)dμγ ≤ ∥∇q∥L∞(∂Ω)Er.

By Ref. 1, Lemma A.3, we have

∥∇rq∥2
L2
(∂Ω) + ∥∇

rq∥2
L2
(Ω) ≤ C∥Π∇rq∥2

L2
(∂Ω) + C(K, Vol(Ω))

r−1

∑
s=0
∥∇sΔq∥2

L2
(Ω)

≤ C∥∇q∥L∞(∂Ω)Er + C(K, Vol(Ω))
r−1

∑
s=0
∥∇sΔq∥2

L2
(Ω),
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where

∥∇r−1Δq∥
L2
(Ω) ≤ C

r−1

∑
s=0
∥∇1+sv∇r−sv∥

L2
(Ω) +

r−1

∑
s=0
∥∇1+sβ∇r−sβ∥

L2
(Ω),

it follows from Ref. 18, Lemma 9 that

∥∇r−1Δq∥
L2
(Ω) ≤ C(K)(∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))(

r

∑
k=0
∥∇kv∥

L2
(Ω)
+

r

∑
k=0
∥∇kβ∥

L2
(Ω)
).

Thus, we have (3.10).
From (1.5), we get Π∇2q = θ∇N q and then ∥θ∥L2

(∂Ω) ≤ C(ε−1)∥∇q∥1/2
L∞(∂Ω)E

1/2
2 , the first estimate in (3.11) follows. For the second one,

by Ref. 6, Proposition 5.9 combined with estimate (3.10), we have

∥∇̄ r−2θ∥
L2
(∂Ω) ≤ C(∥Π∇rq∥

L2
(∂Ω) +

r−1

∑
k=1
∥θ∥k

L∞(∂Ω)∥∇r−kq∥
L2
(∂Ω)
)

≤ C(K, ε−1)(∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

r

∑
k=0

E1/2
k .

(3.12)

Therefore, we complete the proof. ◻

Owing to Proposition 3.2, we have for 2 ≤ r ≤ 4

E1/2
r (t)∥∇rq∥

L2
(Ω) ≤ C(K, ε−1)(∥∇q∥1/2

L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))
r

∑
s=0

E1/2
s E1/2

r

≤ C(K, ε−1)(∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

r

∑
s=0

Es.

Now, we need to estimate the other integral, by the Hölder inequality and the fact −ϑ−1Nb = δa
b∇aq − γa

b∇aq = ∇bq, we can get

∣∫
∂Ω
γa f γAF∇r

Aaq(Dt∇r
F f q − 1

ϑ
Nb∇r

F f vb)ϑdμγ∣

≤ C∥ϑ∥1/2
L∞(∂Ω)E

1/2
r (t)∥Π(Dt(∇rq) − ϑ−1Nb∇rvb)∥

L2
(∂Ω)

= C∥ϑ∥1/2
L∞(∂Ω)E

1/2
r (t)∥Π(Dt(∇rq) +∇rv ⋅ ∇q)∥

L2
(∂Ω)

(3.13)

By Ref. 1, Lemma 2.3, it follows that

Dt∇rq +∇rv ⋅ ∇q = sgn (2 − r)
r−2

∑
s=1

⎛
⎜
⎝

r

s + 1

⎞
⎟
⎠
(∇s+1v) ⋅ ∇r−sq +∇rDtq.

We have to control ∥∇q∥L∞(Ω). By the Sobolev embedding (Ref. 1, Lemma A.9) with Lebesgue exponent p = 4, (2.2) and (2.3),
Proposition 2.1 and (3.5), we obtain

∥∇q∥L∞(Ω) ≤ C(K)(∥∇q∥L4
(Ω) + ∥∇

2q∥
L4
(Ω)) ≤ C(K)∥Δq∥L4

(Ω)

≤ C(K)(∥∇v∥L∞(Ω)∥∇v∥L4
(Ω) + ∥∇β∥L∞(Ω)∥∇β∥L4

(Ω))

≤ C(K, Vol(Ω))(∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))𝒜.

(3.14)

In addition, we can use the Sobolev inequality with Lebesgue exponent p = 2 and Proposition 3.2 to get

∥∇q∥2
L∞(Ω) ≤ C(K,Vol(Ω))

3

∑
k=1
∥∇kq∥

2

L2
(Ω)

≤ C(K,Vol(Ω))(∥∇q∥L∞(∂Ω) + ∥∇v∥2
L∞(Ω) + +∥∇β∥2

L∞(Ω))
3

∑
s=0

Es.

(3.15)
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For 2 ≤ r ≤ 4, by Ref. 1, Lemma 2.3, (3.5), (Ref. 1, Lemma A.1) and (1.8), it yields

ΔDtq = 4gac∇cvb∇a∇bq + (Δve)∇eq + 2∇evb∇bva∇ave

− 1
2
∇bva∇aβc∇cβb − 1

2
∇bvaβc∇a∇cβb + 1

2
∇bβ

aβe∇e∇avb.
(3.16)

When we estimate ∥∇r−2ΔDtq∥L2
(Ω), we need to control the following terms:

∥(∇r−2Δv)(∇q)∥
L2
(Ω), r = 2, 3, 4,

∥(∇1+sv)(∇r−sq)∥
L2
(Ω), s = 0, . . . , r − 2,

∥(∇1+r1 v)(∇1+r2 v)(∇1+r3 v)∥
L2
(Ω), r1 + r2 + r3 = r − 2,

∥(∇1+r1 v)(∇1+r2β)(∇1+r3β)∥
L2
(Ω), r1 + r2 + r3 = r − 2,

∥(∇2+r1 v)(∇r2β)(∇1+r3β)∥
L2
(Ω), r1 + r2 + r3 = r − 2,

∥(∇2+r1β)(∇r2β)(∇1+r3 v)∥
L2
(Ω), r1 + r2 + r3 = r − 2.

(3.17)

For r = 2, 3, by (3.14) and Proposition 3.2, we can get

∥(∇rv) ⋅ ∇q∥
L2
(Ω) ≤ C(K,Vol(Ω))E1/2

r (∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))𝒜. (3.18)

For r = 4, by (3.15) and Proposition 3.2, we have

∥(∇rv) ⋅ ∇q∥
L2
(Ω) ≤ C(K, ε−1)E1/2

r (∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

3

∑
s=0

E1/2
s . (3.19)

Next, we consider ∥(∇1+sv)(∇r−sq)∥
L2
(Ω). For r = 2, it yields by (2.2) and (2.3), Proposition 2.1 and (3.5),

∥∇v∥L∞(Ω)∥∇2q∥
L2
(Ω) ≤ ∥∇v∥L∞(Ω)∥∇v∥2

L4
(Ω) + ∥∇v∥L∞(Ω)∥∇β∥2

L4
(Ω)

≤ C(K,VolΩ)∥∇v∥L∞(Ω)𝒜(∥∇v∥L4
(Ω) + ∥∇β∥L4

(Ω))

≤ C(K,VolΩ)∥∇v∥L∞(Ω)𝒜(
2

∑
s=0

E1/2
s ).

From Ref. 18, Lemma 9 and Ref. 1, Lemma A.9, it follows that for f = v or β

∥∇s+1 f ∥
L4
(Ω) ≤ C∥∇s f ∥1/2

L∞(Ω)(
2

∑
ℓ=0
∥∇s+ℓ f ∥

L2
(Ω)
)

1/2

≤ C(K)
2

∑
ℓ=0

E1/2
s+ℓ(t). (3.20)

By Ref. 1, Lemma A.3 with δ = 1 and Proposition 3.2, we can get

∥∇3q∥2

L2
(Ω) ≤ ∥Π∇

3q∥2

L2
(∂Ω) + C(K,VolΩ)∑

s≤1
∥∇sΔq∥2

L2
(Ω)

≤ C(K,VolΩ)∥∇q∥L∞(∂Ω)E3 + ∥∇v∇v +∇β∇β∥2
L2
(Ω)

+ ∥∇(∇v∇v +∇β∇β)∥2
L2
(Ω).

From (3.22), (2.2), and (2.3), we have

∥∇v∇v +∇β∇β∥L2
(Ω) ≤ ∥∇v∥L4

(Ω)∥∇v∥L4
(Ω) + ∥∇β∥L4

(Ω)∥∇β∥L4
(Ω)

≤ C(K,VolΩ)𝒜(
2

∑
s=0

E1/2
s (t)),

and

∥∇(∇v∇v +∇β∇β)∥L2
(Ω) ≤ C(K,VolΩ)𝒜(

3

∑
s=0

E1/2
s (t)).
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Thus, we have

∥∇3q∥
L2
(Ω) ≤ C(K,VolΩ)(∥∇q∥1/2

L∞(∂Ω) +𝒜)(
3

∑
s=0

E1/2
s (t)). (3.21)

For r = 3 and s = 0, 1, we have by (3.21)

∥(∇v)(∇3q)∥
L2
(Ω) ≤ ∥∇v∥L∞(Ω)∥∇3q∥

L2
(Ω)

≤ C(K, ε−1)∥∇v∥L∞(Ω)(𝒜 + ∥∇q∥1/2
L∞(∂Ω))(

3

∑
s=0

E1/2
s (t))

and by (3.20), Proposition 2.1, (2.2) and (2.3)

∥(∇2v)(∇2q)∥
L2
(Ω) ≤ ∥∇

2v∥L4
(Ω)∥∇

2q∥
L4
(Ω)

≤ C(K)(
3

∑
s=0

E1/2
s (t))(∥∇v∇v∥L4

(Ω) + ∥∇β∇β∥L4
(Ω))

≤ C(K)∥∇v∥L∞(Ω)𝒜(
3

∑
s=0

E1/2
s (t)).

Owing to Ref. 18, Lemma 9, for r = 4, we can get

∥(∇1+sv)(∇4−sq)∥
L2
(Ω) ≤ ∥∇v∥L∞(Ω)

4

∑
k=1
∥∇kq∥

L2
(Ω)
+ ∥∇q∥L∞(Ω)

4

∑
k=1
∥∇kv∥

L2
(Ω)

,

then, by Sobolev’s inequality (Ref. 1, Lemma A.10), (3.15), Proposition 3.2 and the Hölder inequality, we obtain

∥(∇1+sv)(∇r−sq)∥
L2
(Ω)

≤ C(K, ε−1)(∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

3

∑
s=0

E1/2
s

4

∑
k=0

E1/2
k .

(3.22)

Next, we estimate the remaining terms. We just need to estimate

(∇1+r1 v)(∇1+r2 v)(∇1+r3 v) and (∇2+r1 v)(∇r2β)(∇1+r3β),

then for other terms, we can obtain similar results by using the same method. By Sobolev’s inequality (Ref. 1, Lemma A.9), (2.3) and the fact
that E0(t) is conserved, we can get

∥β∥L∞(Ω) ≤ ∥β∥L4
(Ω) + ∥∇β∥L4

(Ω)

≤ C(K,VolΩ)(∥β∥L2
(Ω) + ∥∇β∥L2

(Ω) + ∥∇β∥L4
(Ω))

≤ C(K,VolΩ)(1 +𝒜).

(3.23)

For r = 2, we get by (2.2) and (3.20)

∥∇v∇v∇v∥L2
(Ω) ≤ ∥∇v∥L∞(Ω)∥∇v∥2

L4
(Ω) ≤ C(K,VolΩ)∥∇v∥L∞(Ω)𝒜(

2

∑
s=0

E1/2
s ),

and by (3.23)
∥∇2vβ∇β∥

L2
(Ω) ≤ ∥β∥L∞(Ω)∥∇β∥L∞(Ω)∥∇2v∥

L2
(Ω) ≤ C(K,VolΩ)(1 +𝒜)∥∇β∥L∞(Ω)E

1/2
2 .

For r = 3, by (2.2), (3.20), and (3.23), we have

∥∇v∥L∞(Ω)∥∇v∥L4
(Ω)∥∇

2v∥
L4
(Ω) ≤ C(K,VolΩ)∥∇v∥L∞(Ω)𝒜

3

∑
s=0

E1/2
s ,

∥∇3v∥L2
(Ω)∥β∥L∞(Ω)∥∇β∥L∞(Ω) ≤ C(K,VolΩ)∥∇β∥L∞(Ω)(1 +𝒜)E1/2

3 ,
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and
∥∇2ββ∇2v∥L2

(Ω) ≤ C(K)∥β∥L∞(Ω)∥∇2v∥L4
(Ω)∥∇

2β∥L4
(Ω)

≤ C(K)∥β∥L∞(Ω)∥∇β∥1/2
L∞(Ω)∥∇v∥1/2

L∞(Ω)

3

∑
s=0

E1/2
s

≤ C(K)(1 +𝒜)(∥∇β∥L∞(Ω) + ∥∇v∥L∞(Ω))
3

∑
s=0

E1/2
s .

For r = 4, we use Sobolev’s embedding and (3.20) to bound them by

∥∇3v∇v∇v∥L2
(Ω) ≤ C∥∇v∥L∞(Ω)∥∇3v∥L2

(Ω)∥∇v∥L∞(Ω)

≤ C(K)∥∇v∥L∞(Ω)(
3

∑
s=0
∥∇sv∥

L2
(Ω))E1/2

3 ,

and
∥∇2v∇2v∇v∥L2

(Ω) ≤ C∥∇v∥L4
(Ω)∥∇

2v∥L∞(Ω)∥∇2v∥L4
(Ω)

≤ C(K)𝒜(
3

∑
s=0
∥∇sv∥

L2
(Ω))(

4

∑
s=0
∥∇sv∥

L2
(Ω)).

For the terms involving magnetic fields, we only consider the highest order term and other terms can be treated similarly. Indeed, we have

∥∇4vβ∇β∥L2
(Ω) ≤ ∥∇

4v∥L2
(Ω)∥∇β∥L∞(Ω)∥β∥L∞(Ω) ≤ C(K)(1 +𝒜)∥∇β∥L∞(Ω)E

1/2
4 ,

and

∥∇3ββ∇2v∥L2
(Ω) ≤ ∥β∥L∞(Ω)∥∇2v∥L4

(Ω)∥∇
3β∥L4

(Ω) ≤ C(K)(1 +𝒜)
4

∑
s=0

E1/2
s

3

∑
s=0

E1/2
s .

Therefore, we have shown that for r = 2, 3

∥∇r−2ΔDtq∥L2
(Ω) ≤ C(K)(∥∇q∥1/2

L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜)

r

∑
k=0

E1/2
k ,

(3.24)

and for r = 4
∥∇r−2ΔDtq∥L2

(Ω) ≤ C(K)(∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜)(E

1/2
r + 1)(1 +

r−1

∑
k=0

E1/2
k ).

(3.25)

Now, we can estimate Π∇rDtq. For r = 2, 3, applying Ref. 1, Lemma A.5 and (3.24), we get

∥∇Dtq∥L2
(∂Ω) ≤ C(K,Vol(Ω))∥ΔDtq∥L2

(Ω)

≤ C(K,Vol(Ω))(∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜)

2

∑
k=0

E1/2
k ,

by Ref. 6, Proposition 5.9 and (3.11), we have

∥Π∇2Dtq∥L2
(∂Ω) ≤ ∥θ∥L2

(∂Ω)∥∇N Dtq∥L∞(∂Ω) + ∥θ∥L∞(∂Ω)∥∇Dtq∥L2
(∂Ω)

≤ C(K, ε−1,Vol(Ω))(∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω))

2

∑
k=0

E1/2
k .
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And by Ref. 1, Lemma A.5, Proposition 3.2 and (3.24), it yields

∥∇2Dtq∥L2
(∂Ω) ≤ C(K,Vol(Ω))(∥θ∥L2

(∂Ω)∥∇N Dtq∥L∞(∂Ω) + ∥ΔDtq∥L2
(Ω) + ∥∇ΔDtq∥L2

(Ω))

≤ C(K, ε−1)((∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))(1 + ∥∇q∥1/2

L∞(∂Ω) +𝒜

+ ∥∇N Dtq∥L∞(∂Ω)))
3

∑
k=0

E1/2
k ,

then from Ref. 6, Proposition 5.9 and Proposition 3.2, we obtain

∥Π∇3Dtq∥L2
(∂Ω)

≤ C(K)(∥∇̄θ∥L2
(∂Ω)∥∇N Dtq∥L∞(∂Ω) + ∥∇Dtq∥L2

(∂Ω) + ∥∇
2Dtq∥L2

(∂Ω))

≤ C(K, ε−1)((∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(∂Ω) + ∥∇β∥L∞(∂Ω))∥∇N Dtq∥L∞(∂Ω)

3

∑
s=0

E1/2
s

+ (∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))(1 + ∥∇q∥1/2

L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω))

⋅
3

∑
s=0

E1/2
s ).

For r = 4, by Ref. 6, Proposition 5.9, Ref. 1, Lemma A.5, Proposition 3.2, we similarly have

∥Π∇4Dtq∥L2
(∂Ω)

≤ C(K)(∥∇̄ 2θ∥L2
(∂Ω)∥∇N Dtq∥L∞(∂Ω) +

3

∑
s=1
∥∇sDtq∥L2

(∂Ω))

≤ C(K, ε−1)(∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(∂Ω) + ∥∇β∥L∞(∂Ω))∥∇N Dtq∥L∞(∂Ω)

4

∑
s=0

E1/2
s

+ C(K, ε−1)((∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω)))(E

1/2
4 + 1)(1 +

3

∑
s=0

E1/2
s )

≤ C(K, ε−1)((∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω)))(E

1/2
4 + 1)(1 +

3

∑
s=0

E1/2
s ).

To estimate (3.13), it only remain to estimate

∥Π(∇1+sv) ⋅ (∇r−sq)∥
L2
(∂Ω) for 1 ≤ s ≤ r − 2.

For r = 3, by Ref. 1, Lemma A.2, (1.5) and (3.5), we get

∥∇2q∥
L∞(∂Ω) ≤ C(∥∇v∥2

L∞(∂Ω) + ∥∇β∥2
L∞(∂Ω) + ∥θ∥L∞(∂Ω)∥∇N q∥L∞(∂Ω)). (3.26)

Hence, we have by Ref. 1, Lemma A.11 and (3.26)

∥Π((∇2v) ⋅ ∇2q)∥
L2
(∂Ω) ≤ ∥∇

2v∥
L2
(∂Ω)∥∇

2q∥
L∞(∂Ω)

≤ C(K,VolΩ)(∥∇3v∥
L2
(Ω) + ∥∇

2v∥
L2
(Ω))

⋅ (∥∇v∥2
L∞(∂Ω) + ∥∇β∥2

L∞(∂Ω) + ∥θ∥L∞(∂Ω)∥∇N q∥L∞(∂Ω))

≤ C(K, ε−1)(𝒜2 + ∥∇q∥L∞(∂Ω))(E
1/2
3 (t) + E1/2

2 (t)).

(3.27)
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For r = 4 and s = 1, by Ref. 1, (A.6), Ref. 1, Lemma A.11 and (3.10), it holds

∥Π((∇2v) ⋅ ∇3q)∥
L2
(∂Ω) = ∥Π∇

2v ⋅Π∇3q +Π(∇2v ⋅N)⊗̃Π(N ⋅ ∇3q)∥
L2
(∂Ω)

≤ C∥Π∇2v∥
L4
(∂Ω)∥Π∇

3q∥
L4
(∂Ω) + C∥Π(Na∇2va)∥L4

(∂Ω)∥Π(∇N∇2q)∥
L4
(∂Ω)

≤ C∥∇2v∥
L4
(∂Ω)∥∇

3q∥
L4
(∂Ω)

≤ C(K,VolΩ)(∥∇3v∥
L2
(Ω) + ∥∇

2v∥
L2
(Ω))(∥∇

4q∥
L2
(Ω) +∇

3q∥L2
(Ω))

≤ C(K, ε−1)(E1/2
3 (t) + E1/2

2 (t))(∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

4

∑
s=0

E1/2
s .

(3.28)

For s = 2, we can get
∥Π((∇3v) ⋅ ∇2q)∥

L2
(∂Ω) ≤ ∥∇

3v∥
L2
(∂Ω)∥∇

2q∥
L∞(∂Ω)

≤ C(K,VolΩ)(∥∇4v∥
L2
(Ω) + ∥∇

3v∥
L2
(Ω))

⋅ (∥∇v∥2
L∞(∂Ω) + ∥∇β∥2

L∞(∂Ω) + ∥θ∥L∞(∂Ω)∥∇N q∥L∞(∂Ω))

≤ C(K, ε−1,VolΩ)(𝒜2 + ∥∇q∥L∞(∂Ω))(E
1/2
4 (t) + E1/2

3 (t)).

(3.29)

Therefore, we have shown that for r = 2, 3

∣(3.13)∣ ≤ C(K, ε−1)((∥∇q∥1/2
L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω))

+ ∥∇q∥L∞(∂Ω)+𝒜
2)(

r

∑
s=0

Es(t)),

and for r = 4
∣(3.13)∣ ≤ C(K, ε−1)((∥∇q∥1/2

L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω))

+ ∥∇q∥L∞(∂Ω)+𝒜
2)(1 +

r−1

∑
s=0

Es(t))(1 + Er(t)).

(3.30)

Finally, we only need to estimate the remainder terms in (3.7). By Ref. 1, Lemma A.1 and Ref. 1, Lemma 2.3, we get

ϑt

ϑ
= −2ha

dNd∇aq
∇N q

+ hNN +
∇N Dtq
∇N q

.

Thus, the remainder integrals can be controlled by the right-hand side of (3.30). Therefore, we obtain for r = 1, 2, 3

d
dt
ℰr(t) ≤ C(K, ε−1)((∥∇q∥1/2

L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω))

+ ∥∇q∥L∞(∂Ω)+𝒜
2)(

r

∑
s=0

Es(t)),

(3.31)

and for r = 4
d
dt
ℰr(t) ≤ C(K, ε−1)((∥∇q∥1/2

L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω))

+ ∥∇q∥L∞(∂Ω)+𝒜
2)(1 +

r−1

∑
s=0

Es(t))(1 + Er(t)).

(3.32)
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We now calculate the material derivatives of 𝒦r(t). From Ref. 1, by the Hölder inequality and the Gauss formula and the same method
as in obtaining (3.31) and (3.32), we can get for r = 2, 3

d
dt
𝒦r(t) ≤ C(K, ε−1)((∥∇q∥1/2

L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω))

+ ∥∇q∥L∞(∂Ω)+𝒜
2)(

r

∑
s=0

Es(t)),

(3.33)

and for r = 4
d
dt
𝒦r(t) ≤ C(K, ε−1)((∥∇q∥1/2

L∞(∂Ω) + ∥∇v∥L∞(Ω) + ∥∇β∥L∞(Ω))

⋅ (1 + ∥∇q∥1/2
L∞(∂Ω) +𝒜 + ∥∇N Dtq∥L∞(∂Ω))

+ ∥∇q∥L∞(∂Ω)+𝒜
2)(1 +

r−1

∑
s=0

Es(t))(1 + Er(t)).

(3.34)

Thus, we complete the Proof of Proposition 3.1. ◻

IV. PROOF OF THE MAIN THEOREM
Because Ω is the unit ball, we can get the following elliptic-type estimates from Ref. 19, Proposition 1 and Corollary 1.

Lemma 4.1. Let F = F(t, x) be a smooth vector field defined in Ω, satisfying

∇ ⋅ F = 0, inΩ, and F ⋅N = 0, on ∂Ω.

Then, for any s ≥ 3

∥F(t)∥H1,∞
(Ω) ≤ C((1 + log+∥∇× F(t)∥Hs−1

(Ω))∥∇× F(t)∥L∞(Ω) + 1),

where log+ f = max(0, log f ).

From Proposition 3.1, we can obtain the following consequence.

Corollary 4.2. Let

∣θ∣ + 1
Ϛ0
≤ K, ∣∇q∣ ≥ ε > 0,

on ∂Ω, then we have
d
dt

E4 ≤ C(K, ε−1)(1 +𝒜 + ∥∇N Dtq∥L∞(∂Ω) + ∥∇N Dtq∥2
L∞(∂Ω)+𝒜

2)

⋅ (1 + log+E4)(E4 + 1)(1 +
3

∑
s=0

Es).

Proof. Since v = v1 + v2, v1∣∂Ω = 0 and β ⋅ N∣∂Ω = 0, by Lemma 4.1, we get

∥∇v1∥L∞(Ω) + ∥∇β∥L∞(Ω) ≤ C((1 + log+E4)𝒜 + 1).

Since v2 is harmonic, by the maximum principle, we have ∥∇v2∥L∞(Ω) ≤ 𝒜(t). Therefore, by Proposition 3.1 and the Hölder inequality, E4(t)
satisfies

d
dt

E4 ≤ C(K, ε−1)(1 +𝒜 + ∥∇N Dtq∥L∞(∂Ω) + ∥∇q∥L∞(∂Ω) + ∥∇N Dtq∥2
L∞(∂Ω)+𝒜

2)

⋅ (1 + log+E4)(E4 + 1)(1 +
3

∑
s=0

Es),
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and similarly for r = 1, 2, 3

d
dt

Er ≤ C(K, δ−1)(1 +𝒜 + ∥∇N Dtq∥L∞(∂Ω) + ∥∇q∥L∞(∂Ω) + ∥∇N Dtq∥2
L∞(∂Ω)+𝒜

2)

⋅ (1 + log+E3)
r

∑
s=0

Es.

Finally, we can prove the main result. ◻

Proof of Theorem 1.1. By Corollary 4.2, we have that

d
dt

E4 ≤ C(K, ε−1)(1 +𝒜 + ∥∇N Dtq∥L∞(∂Ω) + ∥∇p∥L∞(∂Ω) + ∥∇N Dtq∥2
L∞(∂Ω)+𝒜

2)

⋅ (1 + log+E4)(E4 + 1)(1 +
3

∑
s=0

Es),

where Er is defined by (3.2). Since d
dt (E4 + 1) = d

dt E4, we set that ys = Es + 1 for s = 0, . . . , 4, we have

d
dt

y4 ≤ C(K, ε−1)(1 +𝒜 + ∥∇N Dtq∥L∞(∂Ω) + ∥∇q∥L∞(∂Ω) + ∥∇N Dtq∥2
L∞(∂Ω)+𝒜

2)

⋅ (1 + log+y4)y4

3

∑
s=0

ys,

and by Corollary 4.2

d
dt

3

∑
s=0

ys ≤ C(K, ε−1)(1 +𝒜 + ∥∇N Dtq∥L∞(∂Ω) + ∥∇q∥L∞(∂Ω) + ∥∇N Dtq∥2
L∞(∂Ω)+𝒜

2)

⋅ (1 + log+
3

∑
s=0

ys)
3

∑
s=0

ys.

On the other hand, since T∗ is the largest time for which (1.8) has a solution in the space (1.9), by Proposition 3.2, we have
lim supt↗T∗y4(t) =∞ which implies the desired results by Gronwall’s inequality, Corollary 4.2 and the induction argument. ◻
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